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Abstract: In this section, we derive a formula for the generating function the number of smallest parts including

. j™overGapartitionof n
repetitions in all )

I. INTRODUCTION

Corteal and Love joy [1] initiated the study of over partitions. Hanuma Reddy and Janakamma [3] derived a formula for the
number of i" over Ga partition of n

When the parts are in A.P. In this paper, we obtain a formula for the generating function for the number of smallest parts
including repetitions in all j™ over Ga partitionof n.
1.1 Definitions and notation:

1) Arr-partition of n is a non-deceasing sequence of positive integers whose sum is =n. Each number is called partition
2) A j‘h over r — partition of n is r-partition of n in which a part is over lined j times at its first appearances.

i
3) The cardinality of the set of jm over r — partitions of n is denoted by P (n) :
r

— |
Y p (S,n) : The number of |' over partitionsofN with least part greater than or equal to Sis defined by
r
—
p, (s,n) :
5) Gapartition : A partition of nisa Ga partition if smallest parts are of the forma* ™,k € N .

6) overGapartition Isa Gapartition in which first (equivalently, the final) occurrence of a part is over lined up to
J times successively.

N
) Ga spt(n) : denotes the number of smallest parts including repetitions in all

Hul
J Over r — partition of n

8) (a’q)oo: ﬁ(l_aqn)

n=1

g (@.. LA

10) d(a,n) isthe number of divisors of n of the form? a** k e N

I1. GENARATING FUNCTIONS:

In this section, we obtain a formula for the generating function for the number of smallest parts including repetitions in all
j™ over Ga partitions of n
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2.1 Proposition: The number of partitions of N into r parts each > a“ ! = number of partitions of N — a“?r into r parts.

i

. i
1€ pr(a"‘1+1,n) = pr(n—ak‘lr) (2.3(1)
Proof: Let N=(4,4,,..., ), A4 >a“", write
n—ra“" = (g, tty,.....1t, )Where g = 4 —a**Futherif n—ra“* = (g, tty,....ps, Jand 4, = g, +a“*
then n=(4,,....4 )clearythecorrespondence(4,.....4, ) > (th.....t, )
is one one and onto from ' — partitions of Nwith smallest part greater than 8 and all
r — partitionsof n— a*™ .this one- one correspondence yields the required equality.
2.2 Corollary: For j=1 the number of r-over partitions of n with parts,
greater than or equal to @ +1 is the number of I — overpartitions of n— a*'r parts.

We now derive the generating function for the number of smallest parts of all jth overGa partitions of n with the help of
r — j" overGa partitions of n.

——i
2.3 Theorem: The generating function for 4 Spt(n) is

c———i (<19, < (+)a" (), A
nZ:;Gaspt(n)q o nzz; (1 q"l) Cha (A)

Proof:  From theorem (3.1) of [3] we have

0 00

Gaspt(n ) iip( 1,n—ta“)j+jzzp(a"*l+1,n—tak*1)j+(j+1)d(a’”)

k= k=1 t=1

uN
-
Il

=

Replace a“* +1by a**,n by n—ta** forfirstpartand n by n—ta*™ forsecond partin (2.5) From

Gaspt( ) igﬁ;pr(n—ta“—r( )) Jiirwlpr(n ta“ "k — 1)j
+(i+1)d(an)

n=1
r+tak’1+r(ak’l—l) . r+tak L erakt . a1
3 (£1.9), , sy (-1.9), , 5 (i+1)d
= + + k1
2,22 (a), 222 2T g
» o o qtak’1+rak’l( J,Q)r R qurtak 1+ra“( qu)r o (J+1)qak'1
= + + P
222 EELT @ &g
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Pmkiq” mmlyemgzqw (a),.:

(@), F(1-¢"") (10 (@), F(1-0") (08,

Clae o (@, |, 29
(%D;@wwﬂimw%J ]

_(=i.a), i(j+1)qa“ (a),..

@. & fma') i,

(=09), & (i+)a  (a),,
(@), o (1-0"") (-1

o0 (07) (-ia), | e (jen)e

2.3.4 llustration: We explain our theorem by an illustration. In this context we often come across with terms of the form

1
1T' we replace these terms by the power series expansions
T X
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1
— =14 x+EXE+. X"+

1+x

(With alternate —and + signs for 1+ xand + signs forl— X in the denominator.)

The coefficient of X" in this context can be found with the help of Math lab.

When j =2 and a = 3 in theorem 2.3.3 we have

> Gas(n) a7 =2 i{(zﬂ)(}lsﬂ (@ ]

n-1 (Q)OO n-1

C 27 - 0i-c)
(@)oo | (1-9)(1+2)(1+2q) (1—q)(2+1)(1+2q (1+2q )(1+29°)

(2+19"(2-a)(1-a*)(1-a")(1-a")(1- ) @Jii-a)i-a’)
1+2 6

(1 q°)(2+1)(1+29)(1+ 297 )(1+29°)(1+ 29° )(

(- 2%[ q ¢°(L-0)(1- qz)

(@)oo | (1-9)(1+29) ( o°)(1+2q)(1+29°)(1+20°)
q°(1-a)(1-a")(2- )( -q°)(1-0°)(1-0")(1-a")(1- ")

=)+ 20) (L 207 1+ 20 )( q')(1+29° )(l+2q6)(l+2q7)(l+2q8)(l+2q9)+"'

-2,
= (72.9)c0 [q —9°+49°-8q" +14q° — 250° + 589" —1180¢° + 226q° — 4489™ + ]

(D)oo
= 3(1+3q+6q° +15¢° +27q* +519° +93¢° +...)

(q-9”+49°>-8q* +149° - 25° +58q —...)

= 3(q+29° +7¢°+13q" +26° +53q° +97q" +...)
= 39+6q9°+219° +39q"* +78q° +159q° + 291q" +...

i . .-
2.35 Corollary: The generating function for Ga A (n) . the number of smallest parts of the j"overGa partitions of n
c

which are multiples of C is

YY) (J+1 ] (—(?)q)

n=1

OO

2.3.6 Corollary: The generating function for Gg A (n) , the number of smallest parts of the overGa partitions of N
c

which are multiples of C is
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(Rl 20T (e
ZORAN ) "2 ),

To evaluate the sum of smallest parts of I — j"overGa partitions of n by applying the concept of
r — j"overGa partitions of n, we propose the following theorem.

2.3.7 Theorem: The generating function for the sum of smallest parts of " overGa partitions of n is

Proof: The sum of smallest parts of j"overGa partitions of a positive integer N s
I &S &S j
sum Gaspt(n) = 2,37 plat n—tatt) +i). D a p(a“*+1,n—ta“?)
t=1 k=1 t=1 k=1

(J+1)d( )

+(j+1)d(an)

Hence From (2.2(i)) the generating function for the sum of smallest parts of the I — j"overGa partitions of n.

kiq a | (qam)r(—j,q)r

“Zig | & (@),

0
k=1

HQJ
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o o, s rakt © k-14a0 o s ak il
=y AT T iy A (fom3)
- k=1 (1—qel )r:o 1-qg'q

_(50a), e (i+Y)ame (),
~ (a), Z (1-a") (0a)e,
(

2.8 lllustration: Whenj=2,a=2by 2.7 we have

. -1 (-2.0), & (2402 (),
nZ:;sumGZSpt(n)q (). ; (l_sz) (=0:9),0,

By using math lab the R.H.S can be simplified into
3q+129° +18q° + 639" +96q° +189q° +336q’ +645¢° +1053q° +17250™ +...

The sum of smallest parts of second overG2 partitions of 6 is 225 and is verified from the following

5+1, §+L §+L 5+i 5+L §+L
5+i §+i §+i 4+2, Z+g, Z+;
442, Z+2, Z+2, 4+§, Z+§, Z+Z
4+1+1, Z+1+L Z+1+1, 4+i+1, Z+i+1, Z+i+;
4+i+; Z+i+; Z+i+; 3+2+1, §+2+; §+2+;
3+§+; §+§+L §+§+L 3+§+L §+§+L §+§+L
3+2+1], §+2+i §+2+i 3+2+i §+§+L §+§+i
3+§+; §+§+i §+§+L 3+2+i §+2+i §+2+i
3+§+i §+§+i §+§+i 3+§+i §+E+i §+§+i
2+2+; 2+2+Z, §+g+g, 3+1+1+1 §+1+1+1
§+1+1+; 3+i+1+;§+i+1+1,§+i+1+; 3+i+1+;
é+i+1+; E+i+1+;2+2+1+;§+2+1+; §+2+1+L
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2424141 2424141242414 2424141 2424141
2+2+1+1 2+1+1+1+1 2+1+1+1+1§ +1+1+1+1,2+ i+1+1+1,
241414141 241414141 241414141, 241414141 2+141+1+1

T+1+1+1+1+1, 1+14+1+1+1+1 1+1+1+1+1+1

In the above table, 1 is under lined in each partition to specify its least property. The over partitions have to be counted taking
into consideration the over lines on the parts. The number of such over partition is 225and therefore the sum of the least parts

(each being 1) is 225.
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