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Abstract: Sama-ae [18] characterized local boundedness and 

boundedness of the superposition operator acting from the 

Maddox sequence space𝒍(𝒑) into 𝒍𝟏. Sağır & Güngör [14]defined 

the superposition operator 𝑷𝒈 where 𝒈: ℕ² × ℝ → ℝ by 𝑷𝒈 𝒙 =

 𝒈 𝒌, 𝒔, 𝒙𝒌𝒔  𝒌,𝒔=𝟏

∞
 for all real double sequences  𝒙𝒌𝒔 . The main 

goal of this paper is constructing the necessary and sufficient 

conditions for the local boundedness and boundedness of the 

superposition operator𝑷𝒈acting from Maddox double sequence 

spaces 𝓛(𝒑) into 𝓛(𝒒) where 𝒑 =  𝒑𝒌𝒔  and 𝒒 =  𝒒𝒌𝒔  is 

bounded double sequences of positive numbers. 
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I. INTRODUCTION 

Et  be set of all real numbers,  be the set of all natural 

numbers and ℕ² = ℕ × ℕ.  Ω denotes the space of all 

real double sequences which is the vector space with 

coordinate wise addition and scalar multiplication. Let 

𝑥 =  𝑥𝑘𝑠 ∈ Ω . If for any 𝜀 > 0 there exist 𝑁 ∈ ℕ and 𝑙 ∈ ℝ 

such that  𝑥𝑘𝑠 − 𝑙 < 𝜀 for all 𝑘, 𝑠 ≥ 𝑁, then we call that the 

double sequence 𝑥 =  𝑥𝑘𝑠   is convergent in the Pringsheim's 

sense and denoted by 𝑝 − lim𝑥𝑘𝑠 = 𝑙. The space of all 

convergent double sequences in the Pringsheim's sense is 

denoted by 𝐶𝑝 .The space ℒ𝑝  is defined by 

ℒ𝑝 : =  𝑥 =  𝑥𝑘𝑠 ∈ Ω:   

∞

𝑘 ,𝑠=1

 𝑥𝑘𝑠  
𝑝 < ∞  

where 1 ≤ 𝑝 < ∞ and   ∞
𝑘 ,𝑠=1 =   ∞

𝑘=1   ∞
𝑠=1 [2,3]. ℒ𝑝  is a 

Banach space with the norm 

 𝑥 𝑝 =    

∞

𝑘 ,𝑠=1

 𝑥𝑘𝑠  
𝑝 

1

𝑝

. 

The Maddox space ℒ(𝑝)is denoted by 

ℒ 𝑝 =  𝑥 =  𝑥𝑘𝑠 ∈ Ω:   

∞

𝑘 ,𝑠=1

 𝑥𝑘𝑠  
𝑝𝑘𝑠 < ∞  

Where 𝑝 =  𝑝𝑘𝑠  is a bounded sequence of positive numbers. 

Let  .  ℒ(𝑝): ℒ(𝑝) → ℝ be defined by  

∥ 𝑥 ∥ℒ 𝑝 =   

∞

𝑘 ,𝑠=1

 𝑥𝑘𝑠  
𝑝𝑘𝑠
𝑀1  

where 𝑀1 = max  1, sup
𝑘 ,𝑠∈ℕ

 𝑝𝑘𝑠  . We can easily show 

that  𝑥 ℒ(𝑝) ≥ 0,  𝑥 ℒ(𝑝) = 0 if 𝑥 = 0,  

 𝑥 ℒ(𝑝) =  −𝑥 ℒ(𝑝) and  𝑥 + 𝑦 ℒ(𝑝) ≤  𝑥 ℒ(𝑝) +  𝑦 ℒ(𝑝) 

holds for all 𝑥, 𝑦 ∈ ℒ(𝑝).  .  ℒ(𝑝) can not be a norm; however, 

we can define a metric 𝑑 on ℒ(𝑝) by letting 𝑑 𝑥, 𝑦 =∥ 𝑥 −
𝑦 ∥ℒ 𝑝  for each 𝑥, 𝑦 ∈ ℒ(𝑝)[18, 19, 21]. 

If we consider the sequence 𝑠𝑚𝑛   defined by 𝑠𝑚𝑛 =
  𝑚

𝑘=1   𝑛
𝑠=1 𝑥𝑘𝑠(𝑚, 𝑛 ∈ ℕ), then the pair of   𝑥𝑚𝑛  ,  𝑠𝑚𝑛    is 

called double series. Also 𝑥𝑚𝑛   is called thegeneral term of 

the series and  𝑠𝑚𝑛   is called the sequence of partial sum. If 

the sequence of partial sum  𝑠𝑚𝑛   is convergent to a real 

number s in the Pringsheim's sense, i.e., 

𝑝 − lim
𝑚 ,𝑛

   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝑥𝑘𝑠 = 𝑠 

Then the series   𝑥𝑚𝑛  ,  𝑠𝑚𝑛     is called convergence in the 

Pringsheim's sense , i.e., 𝑝 −convergent and the sum of series 

equal to 𝑠, and is denoted by 

  

∞

𝑘 ,𝑠=1

𝑥𝑘𝑠 = 𝑠 

It is known that if the series is 𝑝 −convergent, then the 

𝑝 −limit of the general term of the series is zero. There 

maining term of the series   ∞
𝑘=1   ∞

𝑠=1 𝑥𝑘𝑠  is defined by 

𝑅𝑛𝑚 =   

𝑛−1

𝑘=1

  

∞

𝑠=𝑚

𝑥𝑘𝑠 +   

∞

𝑘=𝑛

  

𝑚−1

𝑠=1

𝑥𝑘𝑠 +   

∞

𝑘=𝑛

  

∞

𝑠=𝑚

𝑥𝑘𝑠 . 

and it is demonstrated briefly with 

  

𝑚𝑎𝑥 {𝑘 ,𝑠}≥𝑁

𝑥𝑘𝑠  

for 𝑛 = 𝑚 = 𝑁. It is known that if the series is 𝑝 −convergent, 

then the 𝑝 −limit of the remaining term of the series is zero. 

Once find before mentioned, and more details in 

L 
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[1,2,3,9,13,20]. 

Superposition operators on sequence spaces are discussed 

by some authors. Petranuarat and Kemprasit[11] have 

characterized continuity of the superposition operator acting 

from sequences pace 𝑙𝑝  into 𝑙𝑞  with 1 ≤ 𝑝, 𝑞 < ∞. Sağır and 

Güngör [14] generalized these works as the superposition 

operator acting from the space ℒ𝑝  into ℒ𝑞  where 1 ≤ 𝑝, 𝑞 <

∞. Sama-ae [18] characterized local boundedness and 

boundedness of the superposition operator acting from 

sequence space𝑙(𝑝) into 𝑙₁. Formore details see 

[4,5,6,7,8,10,11,12,14,15,16,17,19] 

Let 𝑋, 𝑌 be two double sequence spaces. A superposition 

operator 𝑃𝑔  on 𝑋 is a mapping from 𝑋 into  defined by 

𝑃𝑔(𝑥) =  𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  𝑘 ,𝑠=1

∞
where the function 𝑔: ℕ² × ℝ →

ℝ satisfies 

(1) 𝑔(𝑘, 𝑠, 0) = 0 for all 𝑘, 𝑠 ∈ ℕ. 

If 𝑃𝑔(𝑥) ∈ 𝑌 for all 𝑥 ∈ 𝑋, we say that 𝑃𝑔  acts from 𝑋 into 𝑌 

and write 𝑃𝑔 : 𝑋 → 𝑌 [14]. Moreover, we shall assume the 

additionally some of the following conditions: 

(2)𝑔(𝑘, 𝑠, . ) is continuous for all 𝑘, 𝑠 ∈ ℕ 

(2′)𝑔(𝑘, 𝑠, . ) is bounded on every bounded subset of  for 

all 𝑘, 𝑠 ∈ ℕ. 

It is obvious that if the function 𝑔(𝑘, 𝑠, . ) satisfies the 

condition (2), then g satisfies the condition(2′). Also, it is not 

hard to see that if the function 𝑔(𝑘, 𝑠, . ) is locally bounded on 

, then 𝑔 satisfies condition (2′). 

    Güngör and Sağır [6] characterized the superposition 

operator 𝑃𝑔  on ℒ(𝑝) as the following: 

Theorem 1. 𝑃𝑔 : ℒ(𝑝) → ℒ(𝑞) if and only if there exist 

𝛼 > 0, 𝛽 > 0, 𝑁 ∈ ℕ and  𝑐𝑘𝑠 𝑘 ,𝑠=1
∞ ∈ ℒ1 such that 

 𝑔 𝑘, 𝑠, 𝑡  
𝑞𝑘𝑠
𝑀2 𝑐𝑘𝑠 + 𝛼 𝑡 

𝑝𝑘𝑠
𝑀1  

whenever 𝑡 ≤ 𝛽for all 𝑘, 𝑠 ∈ ℕ with max{𝑘, 𝑠} ≥ 𝑁. 

In this paper, we characterize local boundedness and 

boundedness of the superposition operator acting from the 

double sequence space ℒ(𝑝) into ℒ(𝑞) where 𝑝 =  𝑝𝑘𝑠  and 

𝑞 =  𝑞𝑘𝑠  is bounded double sequences of positive numbers. 

II. MAIN RESULTS 

Theorem 2. If 𝑃𝑔 : ℒ(𝑝) → ℒ(𝑞), then 𝑃𝑔  is locally bounded 

on ℒ(𝑝) if and only if 𝑔 satisfies (2′). 

Proof. Assume that 𝑔 satisfies (2′) and let 𝑧 =  𝑧𝑘𝑠 ∈ ℒ(𝑝). 

There exist 𝑁′ ∈ ℕ, 𝛼, 𝛽 > 0 and  𝑐𝑘𝑠 𝑘𝑧 ,𝑠=1
∞ ∈ ℒ1 such that 

 𝑔 𝑘, 𝑠, 𝑡  
𝑞𝑘𝑠
𝑀2 𝑐𝑘𝑠 + 𝛼 𝑡 

𝑝𝑘𝑠
𝑀1 whenever 𝑡 ≤ 𝛽                      (1) 

foreach 𝑘, 𝑠 ∈ ℕ with max{𝑘, 𝑠} ≥ 𝑁′. Let  

𝑥 =  𝑥𝑘𝑠 ∈ ℒ(𝑝) satisfying ∥ 𝑧 − 𝑥 ∥ℒ(𝑝)≤
𝛽

𝑝𝑘𝑠
𝑀1

2
.  So, we have 

that 

  

𝑚𝑎𝑥 {𝑘 ,𝑠}≥𝑁

 𝑧𝑘𝑠 − 𝑥𝑘𝑠  
𝑝𝑘𝑠
𝑀1 ≤

𝛽
𝑝𝑘𝑠
𝑀1

2
.                                           (2) 

Since 𝑧 =  𝑧𝑘𝑠 ∈ ℒ(𝑝), there exists 𝑁 ∈ ℕ with 𝑁 ≥ 𝑁′ 

  

max {𝑘 ,𝑠}≥𝑁

 𝑧𝑘𝑠  
𝑝𝑘𝑠
𝑀1 ≤

𝛽
𝑝𝑘𝑠
𝑀1

2
.                                                       (3) 

Byusing (2) and (3), wefind 

  

max  𝑘 ,𝑠 ≥𝑁

 𝑥𝑘𝑠  
𝑝𝑘𝑠
𝑀1  

≤   

max  𝑘 ,𝑠 ≥𝑁

 𝑧𝑘𝑠 − 𝑥𝑘𝑠  
𝑝𝑘𝑠
𝑀1 +   

max  𝑘 ,𝑠 ≥𝑁

 𝑧𝑘𝑠  
𝑝𝑘𝑠
𝑀1  

≤ 𝛽
𝑝𝑘𝑠
𝑀1  

For all 𝑘, 𝑠 ∈ ℕ with max{𝑘, 𝑠} ≥ 𝑁. We obtain that  𝑥𝑘𝑠  ≤
𝛽, hence we can write 

  

max  𝑘 ,𝑠 ≥𝑁

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2  

≤   

max  𝑘 ,𝑠 ≥𝑁

𝑐𝑘𝑠 + 𝛼   

max  𝑘 ,𝑠 ≥𝑁

 𝑥𝑘𝑠  
𝑝𝑘𝑠
𝑀1                                   (4) 

forall 𝑘, 𝑠 ∈ ℕ with max{𝑘, 𝑠} ≥ 𝑁 by using (1). Let 

𝑚𝑘𝑠 = sup
 𝑡−𝑧𝑘𝑠  ≤

𝛽

2

𝑀1
𝑝𝑘𝑠

 |𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 . 

Since 𝑔 satisfies condition(2′) we see that 𝑚𝑘𝑠 < ∞ for all 

𝑘, 𝑠 ∈ ℕ. We have 

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2 ≤ 𝑚𝑘𝑠                                                                   (5) 

forall 𝑘, 𝑠 ∈ ℕ. By using (4) and (5), we obtain 

∥∥𝑃𝑔 𝑥 ∥∥
ℒ 𝑞 

=   

∞

𝑘 ,𝑠=1

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2  

=   

𝑁−1

𝑘 ,𝑠=1

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2 +   

max {𝑘 ,𝑠}≥𝑁

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2  

≤   

𝑁−1

𝑘 ,𝑠=1

𝑚𝑘𝑠 + ∥∥𝑐𝑘𝑠∥∥1
+ 𝛼𝛽

𝑝𝑘𝑠
𝑀1 < ∞. 

If we take 𝐴 =   𝑁−1
𝑘 ,𝑠=1 𝑚𝑘𝑠 + ∥∥𝑐𝑘𝑠∥∥1

+ 𝛼𝛽
𝑝𝑘𝑠
𝑀1 < ∞, then 
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∥∥𝑃𝑔(𝑥) − 𝑃𝑔(𝑧)∥∥
ℒ(𝑞)

≤ ∥∥𝑃𝑔(𝑥)∥∥
ℒ(𝑞)

+ ∥∥𝑃𝑔(𝑧)∥∥
ℒ(𝑞)

≤ ∥∥𝑃𝑔 𝑧 ∥∥
ℒ 𝑞 

+ 𝐴.
 

Let𝛾 = ∥∥𝑃𝑔(𝑧)∥∥
ℒ(𝑞)

+ 𝐴, then we write  𝑃𝑔 𝑥 −

𝑃𝑔𝑧ℒ(𝑞)≤𝛾.  Hence, 𝑃𝑔 is locally bounded on ℒ(𝑝). 

Conversely, assume that 𝑃𝑔  is locally bounded on ℒ(𝑝). To 

complete the proof, it is sufficient that 𝑔 is locally bounded 

on . Let 𝑘, 𝑠 ∈ ℕ and 𝑎 ∈ ℝ. The sequence 𝑦 =  𝑦𝑘𝑠  is 

defined as 

𝑦𝑘𝑠 =  
𝑎 , 𝑘 = 𝑛  and    𝑠 = 𝑚
0 , others 

  

So, it is obvious that 𝑦 =  𝑦𝑘𝑠 ∈ ℒ(𝑝). From the hypothesis, 

there exist 𝛼, 𝛽 > 0 such that 

∥∥𝑃𝑔(𝑥) − 𝑃𝑔(𝑦)∥∥
ℒ(𝑞)

≤ 𝛽 whenever  𝑥 − 𝑦 ℒ 𝑝 

≤ 𝛼.            (6) 

Also, the sequence 𝑥 =  𝑥𝑘𝑠  is defined as 

𝑥𝑘𝑠 =  
𝑏 , 𝑘 = 𝑛 and    𝑠 = 𝑚
0 , others 

  

forall 𝑘, 𝑠 ∈ ℕ and 𝑏 ∈ ℝ with |𝑏 − 𝑎| ≤ 𝛼
𝑀1
𝑝𝑘𝑠 . So, it is 

obvious that 𝑥 =  𝑥𝑘𝑠 ∈ ℒ(𝑝). Hence, we find 

∥ 𝑥 − 𝑦 ∥ℒ 𝑝 =   

𝑘 ,𝑠∈ℕ

 𝑥𝑘𝑠 − 𝑦𝑘𝑠  
𝑝𝑘𝑠
𝑀1 = |𝑏 − 𝑎|

𝑝𝑘𝑠
𝑀1 ≤ 𝛼. 

Therefore, ∥∥𝑃𝑔(𝑥) − 𝑃𝑔(𝑦)∥∥
ℒ(𝑞)

≤ 𝛽 from (6). Then, we 

obtain 

 𝑔 𝑘, 𝑠, 𝑏 − 𝑔 𝑘, 𝑠, 𝑎  

≤    

∞

𝑘 ,𝑠=1

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠 − 𝑔 𝑘, 𝑠, 𝑦𝑘𝑠   
𝑞𝑘𝑠
𝑀2  

𝑀2
𝑞𝑘𝑠

= ∥∥𝑃𝑔(𝑥) − 𝑃𝑔(𝑦)∥∥
ℒ(𝑞)

𝑀2
𝑞𝑘𝑠 ≤ 𝛽

𝑀2
𝑞𝑘𝑠

 

Since 𝑏 ∈ ℝ is arbitrary, 𝑔(𝑘, 𝑠, . ) is locally bounded on . 

Theorem 3.If 𝑃𝑔 : ℒ 𝑝 → ℒ 𝑞 , then 𝑃𝑔  is bounded on ℒ(𝑝) if 

and only if for every 𝛽 > 0 there exist 𝛼(𝛽) > 0 and a 

sequence 𝑐(𝛽) =  𝑐𝑘𝑠(𝛽) ∈ ℒ1 such that 

 𝑔 𝑘, 𝑠, 𝑡  
𝑞𝑘𝑠
𝑀2 ≤ 𝑐𝑘𝑠 𝛽 +

2𝛼 𝛽 

𝛽
 𝑡 

𝑝𝑘𝑠
𝑀1                                  (7) 

whenever |𝑡| ≤ 𝛽foreach 𝑘, 𝑠 ∈ ℕ. 

Proof. Suppose that the inequality (7) holds. Let 𝛽 > 0 and 

𝑥 =  𝑥𝑘𝑠 ∈ ℒ 𝑝  with ∥∥𝑥𝑘𝑠∥∥ℒ(𝑝)
≤ 𝛽

𝑝𝑘𝑥
𝑀1 . Thus, we can 

write   ∞
𝑘 ,𝑠=1  𝑥𝑘𝑠  

𝑝𝑘𝑠
𝑀1 ≤ 𝛽

𝑝𝑘𝑠
𝑀1 , that is,  𝑥𝑘𝑠  ≤ 𝛽 for all 

𝑘, 𝑠 ∈ ℕ. By assumption, there are 𝛼(𝛽) > 0 and a sequence 

𝑐(𝛽) =  𝑐𝑘𝑠 (𝛽) ∈ ℒ1 such that  𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2 ≤ 𝑐𝑘𝑠 (𝛽) +

2𝛼(𝛽)

𝛽
 𝑥𝑘𝑠  

𝑝𝑘𝑠
𝑀1 . Since 𝑃𝑔(𝑥) =  𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  ∈ ℒ(𝑞), we find 

∥∥𝑃𝑔 𝑥 ∥∥
ℒ 𝑞 

=   

∞

𝑘 ,𝑠=1

 𝑔 𝑘, 𝑠, 𝑥𝑘𝑠  
𝑞𝑘𝑠
𝑀2  

                      ≤   

∞

𝑘 ,𝑠=1

𝑐𝑘𝑠 (𝛽) +
2𝛼(𝛽)

𝛽
  

∞

𝑘 ,𝑠=1

 𝑥𝑘𝑠  
𝑝𝑘𝑠
𝑀1  

                     ≤   

∞

𝑘 ,𝑠=1

𝑐𝑘𝑠(𝛽) +
2𝛼(𝛽)

𝛽
𝛽

𝑝𝑘𝑠
𝑀1  

                     ≤   

∞

𝑘 ,𝑠=1

 𝑐𝑘𝑠 (𝛽) + 2𝛼(𝛽)𝛽
𝑝𝑘𝑠
𝑀1

−1
. 

Therefore, 𝑃𝑔  is bounded. 

Assume that the 𝑃𝑔  acting from ℒ(𝑝) to ℒ(𝑞) is bounded. 

Let 𝛽 > 0. For each bounded double sequence 𝑥 =  𝑥𝑘𝑠   with 

∥ 𝑥 ∥ℒ(𝑝)≤ 𝛽, we have that   ∞
𝑘 ,𝑠=1  𝑥𝑘𝑠  

𝑝𝑘𝑠
𝑀1 ≤ 𝛽. Since 𝑃𝑔  is 

bounded, there exists 𝛼(𝛽) > 0 such that ∥∥𝑃𝑔(𝑥)∥∥
ℒ(𝑞)

≤

𝛼(𝛽) < ∞. Also, 𝑔 satisfies condition (2′).We define 

ℎ𝛽 (𝑘, 𝑠, 𝑡) = 𝑚𝑎𝑥  0, |𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 −

2𝛼(𝛽)

𝛽
|𝑡|

𝑝𝑘𝑠
𝑀1   

and 

𝑐𝑘𝑠 𝛽 = 𝑠𝑢𝑝 ℎ𝛽  𝑘, 𝑠, 𝑡 :  𝑡 ≤ 𝛽  

foreach 𝑘 ∈ ℕ. Let 𝑘, 𝑠 ∈ ℕ and 𝑡 ∈ ℝ with |𝑡| ≤ 𝛽. It is 

obvious that |𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 ≤ 𝑐𝑘𝑠(𝛽) +

2𝛼(𝛽)

𝛽
|𝑡|

𝑝𝑘𝑠
𝑀1  if 

ℎ𝛽 (𝑘, 𝑠, 𝑡) = 0. Suppose that ℎ𝛽 (𝑘, 𝑠, 𝑡) ≠ 0, hence we 

get ℎ𝛽 (𝑘, 𝑠, 𝑡) = |𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 −

2𝛼(𝛽)

𝛽
|𝑡|

𝑝𝑘𝑠
𝑀1 . Therefore, 

wefind |𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 ≤ 𝑐𝑘𝑠(𝛽) +

2𝛼(𝛽)

𝛽
|𝑡|

𝑝𝑘𝑠
𝑀1  when |𝑡| ≤ 𝛽. 

We will show that  𝑐𝑘𝑠 (𝛽) ∈ ℒ1. Since 𝑔satisfies 

condition(2′), ℎ𝛽 (𝑘, 𝑠, 𝑡) is bounded on every bounded subset 

of real numbers for all 𝑘, 𝑠 ∈ ℕ. Then we have that 0 ≤
𝑐𝑘𝑠(𝛽) < ∞ for all 𝑘, 𝑠 ∈ ℕ. By definition of 𝑐𝑘𝑠(𝛽), we find 

that for each 𝜀 > 0, there exists the sequence 𝑦 =  𝑦𝑘𝑠  with 
 𝑦𝑘𝑠  ≤ 𝛽 for all 𝑘, 𝑠 ∈ ℕ and 

𝑐𝑘𝑠 𝛽 < ℎ𝛽  𝑘, 𝑠, 𝑦𝑘𝑠 +
𝜀

2𝑘+𝑠
. 

We define the sequence𝑦′ =  𝑦𝑘𝑠
′  suchthat 

𝑦𝑘𝑠
′ =  

𝑦𝑘𝑠 , ℎ𝛽 (𝑘, 𝑠, 𝑡) > 0

0, ℎ𝛽 (𝑘, 𝑠, 𝑡) = 0
 . 

We can find finite sequences  𝑚𝑖  and  𝑛𝑗   with 𝑚1 = 1 <
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𝑚2 < ⋯ < 𝑚𝑟 = 𝑚 and 𝑛1 = 1 < 𝑛2 < ⋯ < 𝑛𝑟 = 𝑛 for 

any 𝑚, 𝑛 ∈ ℕ such that 

  

𝑚

𝑘=1

  

𝑛

𝑠=1

 𝑦𝑘𝑠
′  

𝑝𝑘𝑠
𝑀1  

=   

𝑟−2

𝑖=1

  

𝑟−2

𝑗 =1

   

𝑚 𝑖+1−1

𝑘=𝑚 𝑖

  

𝑛𝑗 +1−1

𝑠=𝑛𝑗

 𝑦𝑘𝑠
′  

𝑝𝑘𝑠
𝑀1  

+   

𝑚

𝑘=𝑚𝑟−1

  

𝑛

𝑠=𝑛𝑟−1

 𝑦𝑘𝑠
′  

𝑝𝑘𝑠
𝑀1  

with 
𝛽

2
≤   

𝑚 𝑖+1−1
𝑘=𝑚 𝑖

  
𝑛𝑗+1−1

𝑠=𝑛𝑗
 𝑦𝑘𝑠

′  
𝑝𝑘𝑠
𝑀1 ≤ 𝛽for 𝑖, 𝑗 = 1,2, . . . , 𝑟 −

2 and 0 ≤   𝑚
𝑘=𝑚𝑟−1

  𝑛
𝑠=𝑛𝑟−1

 𝑦𝑘𝑠
′  

𝑝𝑘𝑠
𝑀1 ≤ 𝛽. For each 𝑖, 𝑗 =

1,2, . . . , 𝑟 − 2, we set 

𝑧 𝑖𝑗  

=  
𝑦𝑘𝑠

′  , 𝑘 ∈  𝑚𝑖 , 𝑚𝑖 + 1, … , 𝑚𝑖+1 − 1  and 𝑠 ∈  𝑛𝑗 , 𝑛𝑗 + 1, … , 𝑛𝑗 +1 − 1 

0,  other 
  

𝑧((𝑟−1)(𝑟−1))

=  
𝑦𝑘𝑠

′  , 𝑘 ∈  𝑚𝑟−1 , 𝑚𝑟−1 + 1, … , 𝑚𝑟 = 𝑚  and 𝑠 ∈  𝑛𝑟−1 , 𝑛𝑟−1 + 1, … , 𝑛𝑟 = 𝑛 

0  ,  other 
  

We see that 𝑧(𝑖𝑗 ) is a bounded double sequence 

and   ∞
𝑘 ,𝑠=1  𝑧𝑘𝑠

(𝑖𝑗 )
 

𝑝𝑘𝑠
𝑀1 ≤ 𝛽 for each 𝑖, 𝑗 = 1,2, . . . , 𝑟 − 1. Since 

𝑃𝑔  is bounded, we obtain that   ∞
𝑘 ,𝑠=1  𝑔 𝑘, 𝑠, 𝑧𝑘𝑠

(𝑖𝑗 )
  ≤

𝛼 𝛽 for all𝑖, 𝑗 = 1,2, . . . , 𝑟 − 1. Thus, 

  

𝑚 𝑖+1−1

𝑘=𝑚 𝑖

  

𝑛𝑗+1−1

𝑠=𝑛𝑗

 𝑔  𝑘, 𝑠, 𝑧𝑘𝑠
 𝑖𝑗  

  

≤ 𝛼 𝛽                                         (8) 

for all𝑖, 𝑗 = 1,2, … , 𝑟 − 2 and 

  

𝑚

𝑘=𝑚𝑟−1

  

𝑛

𝑠=𝑛𝑟−1

 𝑔 𝑘, 𝑠, 𝑧𝑘𝑠
(𝑖𝑗 )

  

≤ 𝛼 𝛽 .                                       (9) 

We define 

𝑔′ 𝑘, 𝑠, 𝑡 =  
𝑔 𝑘, 𝑠, 𝑡 , ℎ𝛽 𝑘, 𝑠, 𝑡 > 0

0 , ℎ𝛽 𝑘, 𝑠, 𝑡 = 0
 . 

We find that 

  

𝑚 𝑖+1−1

𝑘=𝑚 𝑖

  

𝑛𝑗 +1−1

𝑠=𝑛𝑗

 𝑔′  𝑘, 𝑠, 𝑧𝑘𝑠
 𝑖𝑗  

  ≤ 𝛼 𝛽  

for all 𝑖, 𝑗 = 1,2, … , 𝑟 − 2 and 

  

𝑚

𝑘=𝑚𝑟−1

  

𝑛

𝑠=𝑛𝑟−1

 𝑔′  𝑘, 𝑠, 𝑧𝑘𝑠
 𝑖𝑗  

  ≤ 𝛼 𝛽  

By using (8) and (9). Therefore, we obtain that 

ℎ𝛽 𝑘, 𝑠, 𝑦𝑘𝑠 =  𝑔′ 𝑘, 𝑠, 𝑦𝑘𝑠
′   

𝑞𝑘𝑠
𝑀2 −

2𝛼(𝛽)

𝛽
 𝑦𝑘𝑠

′  
𝑝𝑘𝑠
𝑀1 .          (10) 

Byusing (10), we get that 

  

𝑚

𝑘=1

  

𝑛

𝑠=1

𝑐𝑘𝑠 𝛽  

<   

𝑚

𝑘=1

  

𝑛

𝑠=1

ℎ𝛽  𝑘, 𝑠, 𝑦𝑘𝑠 +   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝜀

2𝑘+𝑠
 

=   

𝑟−2

𝑖=1

  

𝑟−2

𝑗 =1

   

𝑚 𝑖+1−1

𝑘=𝑚 𝑖

  

𝑛𝑗+1−1

𝑠=𝑛𝑗

ℎ𝛽  𝑘, 𝑠, 𝑦𝑘𝑠   

+   

𝑚

𝑘=𝑚𝑟−1

  

𝑛

𝑠=𝑛𝑟−1

ℎ𝛽 𝑘, 𝑠, 𝑦𝑘𝑠 +   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝜀

2𝑘+𝑠
 

=   

𝑟−2

𝑖=1

  

𝑟−2

𝑗 =1

   

𝑚 𝑖+1−1

𝑘=𝑚 𝑖

  

𝑛𝑗+1−1

𝑠=𝑛𝑗

  𝑔′ 𝑘, 𝑠, 𝑦𝑘𝑠
′   

𝑞𝑘𝑠
𝑀2

−
2𝛼(𝛽)

𝛽
 𝑦𝑘𝑠

′  
𝑝ks
𝑀1    

+   

𝑚

𝑘=𝑚𝑟−1

  

𝑛

𝑠=𝑛𝑟−1

  𝑔′ 𝑘, 𝑠, 𝑦𝑘𝑠
′   

𝑞𝑘𝑠
𝑀2 −

2𝛼 𝛽 

𝛽
 𝑦𝑘𝑠

′  
𝑝𝑘𝑠
𝑀1   

+   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝜀

2𝑘+𝑠
 

=   

𝑟−2

𝑖=1

  

𝑟−2

𝑗 =1

   

𝑚 𝑖+1−1

𝑘=𝑚 𝑖

  

𝑛𝑗+1−1

𝑠=𝑛𝑗

  𝑔′ 𝑘, 𝑠, 𝑧𝑘𝑠
(𝑖𝑗 )

  

𝑞𝑘𝑠
𝑀2

−
2𝛼(𝛽)

𝛽
 𝑧𝑘𝑠

(𝑖𝑗 )
 

𝑝ks
𝑀1    

+   

𝑚

𝑘=𝑚𝑟−1

  

𝑛

𝑠=𝑛𝑟−1

  𝑔′ 𝑘, 𝑠, 𝑧𝑘𝑠
((𝑟−1)(𝑟−1))

  

𝑞𝑘𝑠
𝑀2

−
2𝛼 𝛽 

𝛽
 𝑧𝑘𝑠

((𝑟−1)(𝑟−1))
 

𝑝𝑘𝑠
𝑀1   

+   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝜀

2𝑘+𝑠
 

= (𝑟 − 2)2𝛼(𝛽) + 𝛼(𝛽) −
2𝛼 𝛽 

𝛽
(𝑟 − 2)2

𝛽

2
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+   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝜀

2𝑘+𝑠
 

≤ 𝛼(𝛽) +   

𝑚

𝑘=1

  

𝑛

𝑠=1

𝜀

2𝑘+𝑠
 

Then,   ∞
𝑘 ,𝑠=1 𝑐𝑘𝑠 (𝛽) = lim

𝑚 ,𝑛→∞
   𝑚

𝑘=1   𝑛
𝑠=1 𝑐𝑘𝑠 (𝛽) ≤ 𝛼(𝛽) +

𝜀. Since 𝜀 > 0 is arbitrary,  
  ∞

𝑘 ,𝑠=1 𝑐𝑘𝑠(𝛽) ≤ 𝛼(𝛽). Hence we get 

∥∥𝑐𝑘𝑠(𝛽)∥∥
1

≤ 𝛼(𝛽). The proof is completed. 

Example 1.Let 𝑔: ℕ² × ℝ → ℝ be defined by 

𝑔(𝑘, 𝑠, 𝑡) =   
1

3𝑘+𝑠
+ |𝑡|

𝑝𝑘𝑠
𝑀1  |𝑡|𝑝𝑘𝑠  

𝑀2
𝑞𝑘𝑠

 

For all 𝑘, 𝑠 ∈ ℕ and 𝑡 ∈ ℝ. Since 𝑔 satisfies condition (2′), 
𝑃𝑔 is locally bounded on ℒ 𝑝 from Theorem 2. Let𝛽 > 0 and 

𝑡 ∈ ℝ with |𝑡| ≤ 𝛽. For each 𝑘, 𝑠 ∈ ℕ, 

|𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 =  

1

3𝑘+𝑠
+ |𝑡|

𝑝𝑘𝑠
𝑀1  |𝑡|𝑝𝑘𝑠  

                         =
1

3𝑘+𝑠
|𝑡|𝑝𝑘𝑠 + |𝑡|

𝑝𝑘𝑠
𝑀1 |𝑡|𝑝𝑘𝑠  

                       ≤
𝛽𝑀1

3𝑘+𝑠
+ 𝛽𝑀1 |𝑡|

𝑝𝑘𝑠
𝑀1 . 

Let 𝛼 𝛽 =
𝛽𝑀1+1

2
 and 𝑐𝑘𝑠 𝛽 =

𝛽𝑀1

3𝑘+𝑠  for all 𝑘, 𝑠 ∈ ℕ. 

Therefore, 𝑐𝑘𝑠 (𝛽) ∈ ℒ1and |𝑔(𝑘, 𝑠, 𝑡)| ≤ 𝑐𝑘𝑠(𝛽) +

2
𝛼 𝛽 

𝛽
|𝑡|𝑝𝑘𝑠 . By Theorem 3, 𝑃𝑔  is bounded on ℒ(𝑝). 

Example 2. Let 𝑔: ℕ² × ℝ → ℝ be defined by 

𝑔(𝑘, 𝑠, 𝑡) =  
 𝑡 

𝑘4 + 𝑠4
+ 2|𝑡|

𝑝𝑘𝑠
𝑀1

+1
 

𝑀2
𝑞𝑘𝑠

 

For all 𝑘, 𝑠 ∈ ℕ and 𝑡 ∈ ℝ. Since 𝑔 satisfies condition(2′),  
𝑃𝑔 is locally bounded on ℒ 𝑝   from Theorem 2. Let 𝛽 > 0 

and 𝑡 ∈ ℝ with |𝑡| ≤ 𝛽. For each 𝑘, 𝑠 ∈ ℕ, 

|𝑔(𝑘, 𝑠, 𝑡)|
𝑞𝑘𝑠
𝑀2 =

 𝑡 

𝑘4 + 𝑠4
+ 2 𝑡 |𝑡|

𝑝𝑘𝑠
𝑀1  

                        ≤
𝛽

𝑘4 + 𝑠4
+ 2𝛽|𝑡|

𝑝𝑘𝑠
𝑀1 . 

Let 𝛼 𝛽 = 𝛽2 and 𝑐𝑘𝑠(𝛽) =
𝛽

𝑘4+𝑠4 for all 𝑘, 𝑠 ∈ ℕ. 

Therefore, 𝑐𝑘𝑠 𝛽 ∈ ℒ1   and |𝑔(𝑘, 𝑠, 𝑡)| ≤ 𝑐𝑘𝑠 (𝛽) +

2
𝛼 𝛽 

𝛽
|𝑡|𝑝𝑘𝑠 . By Theorem 3, 𝑃𝑔  is bounded on ℒ(𝑝). 

III. CONCLUSIONS 

In this paper, the necessary and sufficient conditions for local 

boundedness and boundedness of the superposition operator 

acting from the double sequence space ℒ(𝑝) into ℒ(𝑞) where 

𝑝 =  𝑝𝑘𝑠  and 𝑞 =  𝑞𝑘𝑠  is bounded double sequences of 

positive numbers are obtained. 
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