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Abstract: Sama-ae [18] characterized local boundedness and
boundedness of the superposition operator acting from the
Maddox sequence spacel(p) into l;. Sagir & Giingor [14]defined
the superposition operator P, where g:N* xR - R by Py(x) =

9k, s, xis) m __ for all real double sequences (x,). The main
ks=1

goal of this paper is constructing the necessary and sufficient
conditions for the local boundedness and boundedness of the
superposition operatorP gacting from Maddox double sequence

spaces L(p) into £L(q) wherep = (pys)andq = (qys) is
bounded double sequences of positive numbers.
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I. INTRODUCTION

Et R be set of all real numbers, N be the set of all natural

numbers and N =N x N. Q denotes the space of all
real double sequences which is the vector space with
coordinate wise addition and scalar multiplication. Let
x=(x,) €EQ.Ifforany e > 0thereexist NeNandl € R
such that |x;, — ] < € for all k,s = N, then we call that the
double sequence x = (x;,) is convergent in the Pringsheim's
sense and denoted by p —limx,, = 1. The space of all
convergent double sequences in the Pringsheim's sense is
denoted by C,,.The space L, is defined by

L, = {x = (x;5) € QU Z

k,s=1
where1<p <o and Py =X 22 [23]. £, is a
Banach space with the norm

1

[ee)
p
lxll, = (Z |xkslp> .
1

k,s=

|xks|p < oo]

The Maddox space L(p)is denoted by

oo

L(p) = {x = (o) €0 )

|xks |pkS < oo}
k,s=1

Where p = (py,) is a bounded sequence of positive numbers.
Let [[. 1l z»): £(p) — R be defined by

[oe]

Pks
1 legy= ) el ™

k,s=1

where M; = max{l, sup pks}. We can easily show
k,sEN

that |[x|l ;) = 0, [lx|l oy = O if x=0,
lxll ey = l=xllzy and llx + yllzpy < lxllzy + 1Yl
holds for all x,y € L(p). |. |lz¢) can not be a norm; however,
we can define a metric d on L(p) by letting d(x,y) =Il x —
y Iz for each x,y € L(p)[18, 19, 21].

If we consider the sequence(s,,,) defined by s, =

Yy Xy x(m,n € N), then the pair of (X)), (Smn)) i
called double series. Also(x,,,,) is called thegeneral term of
the series and (s,,,) is called the sequence of partial sum. If
the sequence of partial sum (s,,,) is convergent to a real
number s in the Pringsheim's sense, i.e.,

m n
p—limz Z Xps =S
m,n
k=1 s=1

Then the series ((X,n ), (Smn)) is called convergence in the
Pringsheim's sense , i.e., p —convergent and the sum of series
equal to s, and is denoted by

Xps = S

k,s=1
It is known that if the series is p —convergent, then the
p —limit of the general term of the series is zero. There
maining term of the series Y771 Yo% x, is defined by

n-1 oo oo m-—1 oo e
an =Z Z xks+z Z xks+z Z Xks -

k=1 s=m k=n s=1 k=n s=m

and it is demonstrated briefly with

Xks
max {k,s}=N

forn =m = N. It is known that if the series is p —convergent,
then the p —limit of the remaining term of the series is zero.
Once find before mentioned, and more details in
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[1,2,3,9,13,20].

Superposition operators on sequence spaces are discussed
by some authors. Petranuarat and Kemprasit[11] have
characterized continuity of the superposition operator acting
from sequences pace [, into [, with 1 < p,q < 0. Sagir and
Gungor [14] generalized these works as the superposition
operator acting from the space £, into £, where 1 <p,q <
o, Sama-ae [18] characterized local boundedness and
boundedness of the superposition operator acting from
sequence  spacel(p) into l;. Formore  details  see
[4,5,6,7,8,10,11,12,14,15,16,17,19]

Let X,Y be two double sequence spaces. A superposition
operator F, on X is a mapping from X into Q defined by
P(x) = (g(k, S.st)):S=1Whefe the function g:N?x R —
R satisfies

(1) g(k,s,0) =0 forall k,s € N.

If F,(x) € Y for all x € X, we say that P, acts from X into Y
and write F;:X - Y [14]. Moreover, we shall assume the
additionally some of the following conditions:

(2)g(k,s,.) is continuous for all k,s € N

(2")g(k,s,.) is bounded on every bounded subset of R for
all k,s € N.

It is obvious that if the function g(k,s,.) satisfies the
condition (2), then g satisfies the condition(2"). Also, it is not
hard to see that if the function g(k, s, .) is locally bounded on
R, then g satisfies condition (2").

Giing6ér and Sagir [6] characterized the superposition
operator F; on L(p) as the following:

Theorem 1.P;:L(p) > L(q) if and only if there exist
a>0, #>0, NeNand (c;)is=1 € £y such that

ks Pks
lg(k, s, DMz cps + alt]M
whenever|t| < Bfor all k, s € N with max{k,s} = N.

In this paper, we characterize local boundedness and
boundedness of the superposition operator acting from the
double sequence space L(p) into L(q) where p = (p;,) and
q = (qxs) is bounded double sequences of positive numbers.

Il. MAIN RESULTS

Theorem_ 2. If Pg:L_(p) - L(q), then F, is locally bounded
on L(p) if and only if g satisfies (2').

Proof. Assume that g satisfies (2') and let z = (z;,) € L(p).
There exist N' € N, a, f > 0 and (ci)5, s=1 € £4 such that
ks Phs
|lg(k, s, t)|M2 ¢, + alt|M1whenever|t] < B D

foreach k,s € N with max{k,s} > N'. Let

Pks
Bhs
x = (xps) € L(p) satisfying Il z — x Il ;)< %. So, we have

that

Pks

Prs M1
|st —stlMl < 2 (2)
max {k,s}=N
Since z = (z;,) € L(p), there exists N € N with N > N’
Phs
Prs M1
|zys M1 < 3)

max {k,s}=>N
Byusing (2) and (3), wefind

Pks

|xks |M_1
max {k,s}=N
Pks Pks
< Z |st - stlMl + |st|M1
max {k,s}=>N max {k,s}=>N
Pks.
< B

For all k,s € N with max{k,s} = N. We obtain that |x;,| <
B, hence we can write

Qs
|g(k1 S, xks) | M2
max {k,s}=>N

Pks
|xgs M1 (4)
max {k,s}=N

forall k, s € N with max{k, s} = N by using (1). Let

< Z Cs T @
max {k,s}=N

ks
myes = sup |g(k,s, t)[M2.

|15—st|ST1
2Pks

Since g satisfies condition(2’) we see that m;, < oo for all
k,s € N. We have

ks
|g(k: S, xks)le < Mys (5)

forall k,s € N. By using (4) and (5), we obtain

C Ths
1B, Gl = D 1905, mol

k,s=1
N-1
Iks ks
= lg(k, s, x5 M2 + lg(k, s, x50 |M2
k,s=1 max {k,s}=N
N-1
Pks.
< Z My + llegs |l + a1 < oo,
k,s=1

Prs
If we take A = ¥ 1) my + llegsll, + aBM1 < oo, then
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< [IF @I
< B @l

18, - B, @ v ||P <z>||£(q)

L(q) L(q )
L(q )
Lety = ”Pg(z)”L(q) +A, then we  write|P,(x) -
PgzL(q)<y. Hence, Agis locally bounded on £(p).

Conversely, assume that F, is locally bounded on L(p). To
complete the proof, it is sufficient that g is locally bounded
on R. Let k,s €N and a € R. The sequence y = (y;,) is
defined as

a
Yk.s = {O

So, it is obvious that y = (y,,) € L(p). From the hypothesis,
there exist a, § > 0 such that

(TACIRACD]

Jk=n
, others

and s=m

@) < B whenever [[x — y|l;¢)

<a. (6)
Also, the sequence x = (x;) is defined as
. _{b Jk=n and s=m

ks =10 , others

My

forallk,s e N and b € R with |b—a| < aPks. So, it is
obvious that x = (x,,) € L(p). Hence, we find

Pks
1=y lzgn= D [ = il = b~ al" <.

k,seN
Therefore, ||P, (x) — %()’)”L(q) < B from (6). Then, we
obtain
Lg(k' S, b) - g(k’ S, a)l
My
e s \Tks
<[ D lgtesn) = glies, i)l
k,s=1
My My
— As s
= 1B, - RO <o

Since b € R is arbitrary, g(k, s, .) is locally bounded on R.

Theorem 3.If F;: L(p) — L(q), then F; is bounded on L(p) if
and only if for every (> 0 there eX|st a(f) >0 and a
sequence c(B) = (¢, (B)) € L, such that

2a(B)
B

190, O < cpo(B) + 28 ¢y %)

whenever [t| < Sforeach k,s € N.
Proof. Suppose that the inequality (7) holds. Let 8 > 0 and
Thus,

Plx

Pis Pks
write X0y [xs|M1 < pM1, that is, x| <p for all
k,s € N. By assumption, there are a(f) > 0 and a sequence

we can

c(B) = (cxs(B)) € Ly such that [g(k,s, xks)l% < s (B) +

22B) |, Py(x) = (g(k, 5, %)) € L(q), we find

Phs
M1, Since
5 I

- s
1B,GOlL .,y = D lgtks,x )l
k,s=1

S 2 S Pis
< Z ks (B) + a'[g,[)’) kzl |xks|Mk1

k,s=1

< i s (B) +

k,s=1

2a(B) s
B

< lew®] + 2a(B)pH

k,s=1

Therefore, F, is bounded.

Assume that the P, acting from L(p) to £(q) is bounded.
Let 8 > 0. For each bounded double sequence x = (x,5) with

f, we have that Y77 _, |ka|M1 < p. Since F, is
there exists a(B) >0 such that P, (x)||L(q) <

a(f) < oo. Also, g satisfies condition (2').We define

hg (k, s, t) = max {0, lg(k,s, t)I% - [gﬁ) |t|’24’“}

Il x ||1;(p)
bounded,

and
cis (B) = sup{hs (k,s,0): |t| < B}
foreachk e N. Letk,s €N and te Rwith|t|<B. It is
ks « Phs
19k, 5,02 < s (B) + L2t if
Suppose that hs (k, s, t) #0,
e Za(ﬁ)
lg(k,s, t)|"2 — Ilfl’”’1

obvious  that
hg (k,s,t) = 0.
get hg (k,s,t) =

hence we
Therefore,

- e Za(ﬁ) e
wefind |g(k, s, t)|M2 < ¢ (B) +T|t|M1 when [t| < B.

We will show that (c,(B)) € Ly. Since gsatisfies
condition(2"), hg (k, s, t) is bounded on every bounded subset
of real numbers for all k,s € N. Then we have that 0 <
ks (B) < oo for all k, s € N. By definition of ¢, (8), we find
that for each € > 0, there exists the sequence y = (y,,) with
lyks| < B forall k,s € N and

&
as(B) < hﬁ (k,s,yks) + ks’
We define the sequencey’ = (v, )suchthat
/ Vks» hﬁ(k,S,t) >0
Vis = 0

hy(k,5,6) = O
We can find finite sequences (m,) and (n;) withm; = 1 <
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m,<--<m,=mandn, =1<n, <--<n, =nfor By using (8) and (9). Therefore, we obtain that
any m,n € N such that Us 58 Pks
, codks g, . Phs
m n Pie hﬁ(kisiyks) = |g (k,s,yks)IMz _lekslMl' (10)
Z Vs |1 Byusing (10), we get that
k=1 s=1
1 m n
— — i -1 n;
r—2 r—2 mi+1 j+1 Pis Z Z Cks(ﬁ)
= Z z Z Vs M1 k=1 s=1
i=1 j=1 k=m; s:nl m n m n
&
Phs <ZZh(ksy)+
+ My BTy 2 Thes k+s
Z Z s k=1 s=1 k=1 s=1 2
k=my_1 s=nr_1
1 w1 r=2 r=2 [mit1=1 Mji+1~1
W|thﬁ<2k‘+1 Z’“ |Vies |M1<ﬁf0rl]_12 LT = = Z Z hg (k, S, Yis)
2 and0<Yp, | Yr, kaSIMl < pB. For each i,j = =1 =1\ k=mi  s=n
1,2,...,r — 2, we set
o) + Z hg (k, s, Vis) +Z Z Skts
:{y,;s, ke{m,m +1,..,my —1}ands € {n,m +1,..,m; — 1} k=my_1 s=n,_1
0, other r—2 r—2 [miz1—1 nj+1-1 .
Z(@=DE-1) . o dks
— {yll{f , ke {mr—l'mr—l +1, e My = m} ands € {nr—l'nr—l +1, oy = n} Z Z (lg (k, S,ykS)le
“lo, other i=1 j=1 [ k=m; s=n;
We see thatz(if) is a bounded double sequence 2a(ﬁ)| IM )
ks Vis
and Y7, |z(”)|”’1 < B for each i,j = 1,2,...,7 — 1. Since B
P, is bounded, we obtain thaty._; |g(k,s,z)| < m n v 20(8)
a(B)foralli,j = 1,2,...,r — 1. Thus, + Z Z (|g (ks yi)I¥e == lyp | )
mip1—1 nj41-1 k=my_1 s=nr_q
55 s L
k=m;  s=n; +Z Z 2k+s
< a(p) (8) k=1 s=1
_ i 1 nj41-1
foralli,j =1,2,...,r — 2 and SE'E GNP
w Z > Z 19’ (k. 2)
. k i
> 2 lalks ) AL
k=my_1 s=ny_q _ 2“(.8) |Z(ij)|M_i
< a(p). 9 g
We define
ks
s t) = gk, s,t) ,hg(k,s,6)>0 + z z (|g (k5,207 DOD)| M2
g e s, 0 ,hﬁ(k,S,t)=O' k=my_1 s=n,_q
We find that _2@ )| (=)= 1))|Ml>
mip1=1 nj41-1
m n
55 st e DI
2k+s
m; s=n; k=1 s=1
foralli,j =1,2,..,r—2and a(p) B
= (T—Z)za(ﬂ)+a(ﬂ)—T )25
Z Z k s, z(”))| < a(p)
k=my_1 s=ny_1
www.ijltemas.in Page 8
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k=1 s=1
Then, £y ces(B) = lim Ti; Ty cis(B) < a(B) +
E. Since e>0 is arbitrary,
Yhs=1 Cks(B) < a(B). Hence we get

lleks (BN, < a(B). The proof is completed.
Example 1.Let g: N? x R — R be defined by

My
1 Phks qks
9k, = (555 + 16171 ) lepes

For allk,s € N and t € R. Since g satisfies condition (2),
Pyis locally bounded on L(p)from Theorem 2. Letg > 0 and
t € Rwith |t] < . Foreach k,s € N,

ks 1 Pks
190,017 = (g5 + el ) el

Pks
=3 |E|Pks + |t M1 |t|Pks

M
B
- 3k+s

Pks
+ B e[,

ﬁM1+1 BMl
Leta(B) = > and ¢, (B) = e for allk,s € N.
Therefore, ¢ (B) € Lyand |g(k, s, t)]| < ¢ (B) +
2 % |t|Pks. By Theorem 3, F, is bounded on L(p).

Example 2. Let g: N? X R — R be defined by

M2
|t Phs 41\ ks
k; ;t = 7+2tM1
g0k,s5,0) <k4+54 ¢

For allk,s e N and t € R. Since g satisfies condition(2"),
Pyis locally bounded on L(p) from Theorem 2. Letf > 0
and t € R with |t| < B. Foreach k,s € N,
|t
k* + s*
B Pks
k4—+S4 + 28|t M1,
Leta(p) = p2and o, (B) = for all kseEN.
Therefore, as(B) € Ly and |g(k, s, t)| < s (B) +
Z%ﬂ) |t|Ps. By Theorem 3, F, is bounded on L(p).

s Phs
lg(k, s, t)|M2 = + 2[t||t] 1

<

I11. CONCLUSIONS

In this paper, the necessary and sufficient conditions for local
boundedness and boundedness of the superposition operator

acting from the double sequence space L(p) into £L(g) where
p = (prs) and q = (q,s) is bounded double sequences of
positive numbers are obtained.
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