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I. INTRODUCTION 

on-Newtonian calculus was firstly defined by Michael 

Grossman and Robert Katz between years 1967 and 

1970. They published the book about fundamentals of 

non-Newtonian calculus which includes some special 

calculus such as geometric, harmonic, quadratic. At the 

recent times, Duyar and Erdogan [10] studied on non-

Newtonian real number series and there are many works 

about non-Newtonian calculus as [8,12,13,16,18]. 

Many studies are done until today on superposition operator 

which is one of the non-linear operators. Dedagich and 

Zabreiko [2] worked on the superposition operators in the 

space 
p . After, some properties of superposition operator, 

such as boundedness, continuity, were studied by Kolk and 

Raidjoe [5], Tainchai [3] and many others [4,7,9,11,14]. 

Non-Newtonian superposition operator was defined and 

characterized in some non-Newtonian sequence spaces by 

Sağır and Erdoğan [15] . Also Erdoğan and 

Sağır [17] worked on *-boundedness of some non-

Newtonian superposition operators. 

Our purpose in this paper is to extend some topological 

properties of superposition operators in classical calculus to 

*-calculus. So we obtained that the necessary and sufficient 

conditions for the *- boundedness and *-locally 

boundedness of the non-Newtonian superposition operator

, 1,:N f pP     in here. 

A generator is defined as one-to-one function with 

domain   and the range of generator is a subset of  . Let  

take any   generator with range A    . Let define      

 -addition,  - subtraction,  -multiplication,  -

division and  -order as follows respectively; 
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for ,x y   [1]. 

 , , ,      is totally ordered field [6]. 

Grossman and Katz described the *-calculus with the help of 

two arbitrary selected generators. In this study, we studied 

according to *-calculus. Let take any generators   and 

 and let * ("star") is shown the ordered pair of arithmetics (

 -arithmetic,  -arithmetic). The following notations will 

be used. 

 α-arithmetic β-arithmetic 

Realm A    B  
  

Addition        

Subtraction        
Multiplication        
Division 

/   /   
Order        

N 
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In the *-calculus,  -arithmetic is used on arguments 

and  -arithmetic is used on values. 

The isomorphism from  -arithmetic to  -arithmetic is the 

unique function ı (iota) that possesses the following three 

properties. 

1. ı  is one-to-one. 

2. ı   is on A  and onto B . 

3. For any numbers u  and v  in A , 

It turns out that 
1( ) ( ( ))ı x x     for every 

number x  in A  and that  ( )ı n n   for every integer n [1]. 

The non-Newtonian sequence spaces S  and 
,p  over 

the non-Newtonian real field   are defined as following: 

  

 ,

1

: ;

: (1 ).

k k
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The sequence space 
,p   is non-Newtonian normed 

spaces with the non-Newtonian norm 
,

.
p 

which is 

defined as 

 
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1
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p
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 [6].  

Let S  be space of non-Newtonian real number 

sequences, X  be a sequence space on   and Y  be a 

sequence space on  . A non-Newtonian superposition 

operator 
N fP  on X is a mapping from X  into S

 defined by  
1

( ) ( , )N f k k
P x f k x






where  :f       satisfies condition 1( )NA  as 

follows; 

1( )NA   ( ,0) 0f k    for all k  

If 
N fP Y  for all ( )kx x X   , we say 

that 
N fP  acts from X  into  Y  and 

write :N fP X Y   [15]. 

Also, we shall assume the following conditions: 

2( )NA ( ,.)f k   is *-continuous for all k . 

'

2( )NA ( ,.)f k  is  -bounded on every  -bounded 

subset of    for all k . 

Sağır and Erdoğan [15] have characterized the non-

Newtonian superposition operators 
N fP  on 

,p   as the 

following. 

Theorem 1: Let  :f       satisfies the condition 

'

2( )NA  . Then 
, 1,:N f pP     if and only if there 

exist  -numbers  , 0     and a  -

sequence    1,kc   such that   

( , ) ( ) ( )
p

kf k t c ı ı t 

 
      whenever  t


   

for all k . 

Definition 1: Let  ,X d  and  ',Y d  be non-

Newtonian sequence spaces. An operator :F X Y   is 

*-bounded if ( )F A  is  -bounded for every  -bounded 

subset A  of X . 

Definition 2: Let  ,X d  and  ',Y d   be non-

Newtonian sequence spaces. An operator :F X Y   is 

*-locally bounded 0x X  if there exist  -number 

0    and  -number 0    such that 

 ' 0( ) ( ),
d

F x B F x


  for  0 ,dx B x


 . F  is *-

locally bounded if it is *-locally bounded it is *-locally 

bounded for every x X . 

Theorem 2: Let  ,X d   and  ',Y d   be non-

Newtonian metric sequence spaces. An operator 

:F X Y   is *-locally bounded if F  is *-bounded. 

Theorem 3: If the function :f       is *-locally 

bounded, it is satisfies the condition 
'

2( )NA .[17] 

II. MAIN RESULTS 

Theorem 4: Let :f      . The non-Newtonian 

superposition operator 
, 1,:N f pP     is *-locally 

bounded if and only if f  satisfies the condition 
'

2( )NA . 
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Proof: Assume that 
, 1,:N f pP     is *-locally bounded. 

Let k  and a  . Let ( )ny y  be as follows 

 
,

0,
n

a n k
y

n k


 




 

for all k . Then 
,py  . Since 

N fP  is *-locally 

bounded, there exist , 0     such that 

,1,

( ) ( ) ( )
p

N f N fP x P y when x y


     


   .          

(1) 
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

  . Let ( )nx x  be as 
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,px  . Since 
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it is obtained that 
1,

( ) ( ) ( )N f N fP x P y


  


  by (1). 
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Thus ( ,.)f k  is *-locally bounded at a  . Since 

a   is arbitrary, ( ,.)f k  is *-locally bounded. Then, 

( ,.)f k  satisfies the condition 
'

2( )NA  by Theorem 3. 

 Conversely, assume that ( ,.)f k  satisfies the condition 

'

2( )NA . Let 
,( )k pz z   . Since f  satisfies the 

condition 
'

2( )NA  and 
, 1,:N f pP    , by Theorem 1, 

there exist , 0     and   1,kc   such that 

 ( , ) ( ) ( )
p

kf k t c ı ı t 

 
     when  t


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(2) 

for each k . Let 
2


    and let 

,px   with 

,p

x z


 


 . Since 
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z

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 , there exists a 

positive integer r  such that 
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for  , 1,...r r  . Since 
,p

x z

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

 , it is written 

that  
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From inequalities of (3), (4) and non-Newtonian 

Minkowski, we have that 
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Then kx


  for all k r . From (2), we get 

( , ) ( ) ( )
p

k k kf k x c ı ı x 

 
      for each k r . Then 

 

1,
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Thus we get that 
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1,

( , ) ( ) ( ) ( )
p

k k

k r

f k x c 


 

   



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(5) 

Let sup ( , )
k

k
t z

m f k t





 




 for each k . Since f  

satisfies the condition 
'

2( )NA , it seen that km    for all 

k . Since 
,p

x z


 


 , it is written that 

k kx z


   for all k . This implies that 

 ( , )k kf k x m

                                                             

(6) 

for all k . From (5) and (6), we find that 

 

1,

1,

1

1

1

1

1

( ) ( , )
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1, 1, 1,

1, 1,

1

1
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r
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Then we get that 
1,

( ) ( )N f N fP x P z


 


  whenever 

1, 1,

1

1

( ) ( ) ( ) ( )
r

p

k k N f

k

m c P z

 
    





      
   . 

So, 
, 1,:N f pP     is *-locally bounded at  kz z . 

Corollary 1: Let :f       satisfy the condition 

2( )NA . If 
, 1,:N f pP     , then 

N fP  is *-locally 

bounded. 

Corollary 2: Let :f      . If 

, 1,:N f pP     is *-bounded, then f  satisfies the 

condition 
'

2( )NA . 

 Proposition 1: Let :f       satisfy the 

condition 
'

2( )NA . If for each  -number 0    there 

exists a  -number   0    such that 

 
1

( , )k

k

f k x 
 





    when  

 1/

1

p

p

k

k

x




 






 
 

 
   

for any finite  -sequence  kx x , then there exists a  

 -sequence      1,kc c     with ( ) 0kc      

for all k  and    
1,

c


  


  such that 

 
2 ( )

( , ) ( ) ( )
( )

p

k p
f k t c t 

 

 
  

 


  

    

when t


  for each k . 

Proof: Take  -number 0   . By the hypothesis, there 

exists a  -number   0     such that 

 
1

( , )k

k

f k x 
 





   where 

 1/

1

p

p

k

k

x




 






 
 

 
    (7) 

for any finite  -sequence  kx x . Let 

 
2 ( )

, max 0, ( , ) ( )
( )

p

p
g k t f k t t 





  

 
 

 

 
   

 

   

and 

   ( ) sup , :kc g k t t

 
    

for each k . Let k  and t   provided 

t


 . By the definition of  ,g k t , since 

2 ( )
( , ) ( )

( )

p

p
f k t t 

 

 
 

 


 
   when  , 0g k t   , it 

is written that 
2 ( )

( , ) ( ) ( )
( )

p

k p
f k t c t 

 

 
  

 


  

   . 

Assume that  , 0g k t   . Then 
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 
2 ( )

( , ) , ( )
( )

2 ( )
( ) ( ) .

( )

p

p

p

k p

f k t g k t t

c t









 



 
 

 

 
  

 


  


  


 

  

 

Thus we get that 

2 ( )
( , ) ( ) ( )

( )

p

k p
f k t c t 

 

 
  

 


  

   whenever 

t


  for each k . Since f  satisfies the condition 

'

2( )NA ,  ,g k t  is *-bounded on every  -bounded 

subset of  -real numbers for all k . Then 

 0 kc      for all k . We have that for each 

0   , there exists an  -sequence  ka a  with 

ka


  such that 

 ( ) ( , )
2

k k k
c g k a





  


                                        

(8) 

for all k . Let define  '' ka a  as follows 

  '
, ( , ) 0

.
0, ( , ) 0

k k

k

k

a g k a
a

g k a





 
 





 
 

There exists a finite sequence  in  with 

1 21 ... mn n n n      such that 

   
32

1 2 1

1/1/ 11
' ' ' '

1

...
m

pp nnn n
p p p p

k k k k

k k n k n k n

a a a a


   

      




   

  
     

   
     

 

with 

 
1

1/
1

'

2

i

i

p
n

p

k

k n

a





 


 

 



 
  
 
 

  for 

1,2,..., 2i m   and 

 

1

1/

'0
m

p
n

p

k

k n

a





 




 
  
 
    for 

any n . Let 
 

 , 1, 2,..., 11

'

n n n ni i i i

i
b a   

  and 

 

 , 1, 2,...,1 1 1 1 1

1 '

n n n n nm m m m

m
b a       


  for each 

1,2,..., 2i m  . then 
 i

b  is a finite  -sequence for 

1,2,..., 2i m   and  
 

 1/

1

p
p

i

k

k

b












 
 

 
  . From 

(7), we get that  
    

1

,
i

k

k

f k b


 




   for all 

1,2,..., 2i m  . So, for each 1,2,..., 2i m   

 
    

1 1

,
i

i

n
i

k

k n

f k b


 
 



                                      (9) 

and 

 
    

1

1
, .

m

n
m

k

k n

f k b


 






                              (10) 

We define that 
( , ), ( , ) 0

( , )
0 , ( , ) 0

f k t g k t
h k t

g k t





 
 





 
 .  

From (9) and (10), 

     
1 1

,
i

i

n
i

k

k n

h k b


 
 



                                (11) 

and 

     
1

1
,

m

n
m

k

k n

h k b


 






                             (12) 

for 1,2,..., 2i m  . Then we get that 

  ' '2 ( )
, ( , ) ( ) .

( )

p

k k kp
g k a h k a a




  

 
 

 


  


    (13) 

By (8), (11), (12) and (13), we find 
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







   

   

  

  




 




 
 

 



  



 

 





 

 
 

 
 
    

 

 
  

 





  

 

 


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


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



3

2

1

1
'
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1

2 ( )
( )

( )

2 ( )
... ( , ) ( )

( )

2

m

n
p

kp
k n

n
p

k kp
k n

n

k
k

a

h k a a











 

  



 
 

 

 
 

 














 
 
 
 

      
 
  
     

  
 
  
 











  




 

   

   

   

2

1

3

2

1

1
1 1

1
2 2

1 1

2 ( )
( , ) ( )

( )

2 ( )
( , ) ( ) ...

( )

2 ( )
( , ) ( )

( ) 2
m

n
p
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k n

n
p

k kp
k n

n p
m m

k kp k
k n k

h k b b

h k b b

h k b b











 


 


 

 
 

 
 

 

 
 

 

  
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


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



 
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
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1

1
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k
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k
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





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


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
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Then we have that 

    
1 1

( ) lim ( )
n

k k
n

k k

c c

     



 

 
   

 
    .  

Since 0    is arbitrary, it is written that 

 
1

( ) .k

k

c   




  Thus we get that 

   
1,

( ) .kc


  


  

Theorem 5: Let :f      . The non-Newtonian 

superposition operator 
, 1,:N f pP     is *-bounded if 

and only if for every  -number 0   , there exist a  -

number   0     and a  -sequence 

     1,kc c     such that 

2 ( )
( , ) ( ) ( )

( )

p

k p
f k t c t 

 

 
  

 


  

    when 

t


  

for each k . 

Proof: Assume that 
, 1,:N f pP     is *-bounded. Let 

 kx x  a finite  -sequence with 
,p

x





 . Then  

 1/

1

p

p

k

k

x




 






 
 

 
  . Since 

N fP  is *-bounded, there 

exists a  -number   0     such that 

 
1,

( )N fP x


   


  . The function f  satisfies the 

condition 
'

2( )NA  by Corollary 2. Then there exists a  -

sequence      1,kc c     with 

 
1,

( )c


  


   such that 

2 ( )
( , ) ( ) ( )

( )

p

k p
f k t c t 

 

 
  

 


  

    when 

t


  for each k  by Proposition 1. 

 Conversely, let 0    and 
,px   with 

,p

x






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. Then  
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



 
 

 
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
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.k  By hypothesis, there exist a  -number   0     

and a  -sequence      1,kc c     such that 
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for each k . Since   1,1
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


  , 

we get that 
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Thus 
N fP  is*-bounded. 

Example: Let :f       be as follows 
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where I  , exp   for all k  and t  . Then 

the function :f      be as 
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for k  and t . Since ( ,.)f k  satisfies the 

condition  

'

2( )NA , it is seen that 
, 1,:N f pP     easily. Let 

0   and t  with t  . We get 
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for all k . Let take 7( )
k

kc e



    for all k . Since 
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it is obtained that    1,kc   . If we choose 

 
1

2

p

e


 



 , we get  

 
2 ( )

( , ) ( ) ( )
( )

p

k p
f k t c t 

 

 
  

 


  

   . 

Therefore, 
, 1,:N f pP     is *-bounded by Theorem 5. 

III. CONCLUSIONS 

In this study we proved that 
, 1,:N f pP     is *-locally 

bounded if and only if f  satisfies the condition 
'

2( )NA . 

Also we obtained that the necessary and sufficient 

conditions for *-boundedness of 
, 1,:N f pP    . 
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