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non-Newtonian calculus and superposition operators until
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I. INTRODUCTION

on-Newtonian calculus was firstly defined by Michael

Grossman and Robert Katz between years 1967 and

1970. They published the book about fundamentals of
non-Newtonian calculus which includes some special
calculus such as geometric, harmonic, quadratic. At the
recent times, Duyar and Erdogan [10] studied on non-
Newtonian real number series and there are many works
about non-Newtonian calculus as [8,12,13,16,18].

Many studies are done until today on superposition operator
which is one of the non-linear operators. Dedagich and
Zabreiko [2] worked on the superposition operators in the

space ¢ b After, some properties of superposition operator,

such as boundedness, continuity, were studied by Kolk and
Raidjoe [5], Tainchai [3] and many others [4,7,9,11,14].
Non-Newtonian superposition operator was defined and
characterized in some non-Newtonian sequence spaces by
Sagir and  Erdogan [15]. Also  Erdogan  and
Sagir [17] worked on *-boundedness of some non-
Newtonian superposition operators.

Our purpose in this paper is to extend some topological
properties of superposition operators in classical calculus to
*-calculus. So we obtained that the necessary and sufficient
conditions for the *- boundedness and *-locally
boundedness of the non-Newtonian superposition operator

nPr il L, inhere.

A generator is defined as one-to-one function with
domain [J and the range of generator is a subset of [ . Let

take any a generator with range A=L0 _ . Let define

o -addition, « - subtraction, a -multiplication, a -
division and ¢ -order as follows respectively;

y+z=a(a™(y)+a(2))

y=z=a(a(y)-a*(2))
a(a(y)xa™(2))

ylz=a(a™(y)/a™(2)),z#0,a"(2) %0

yxz=«

y<z(yi e al(y)<a@(a (V) <a™(2))

for X,y el , [1].
(0, %,<) is totally ordered field [6].

Grossman and Katz described the *-calculus with the help of
two arbitrary selected generators. In this study, we studied

according to *-calculus. Let take any generators & and [
and let * ("star") is shown the ordered pair of arithmetics (
o -arithmetic, [ -arithmetic). The following notations will
be used.
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a-arithmetic p-arithmetic
Realm — —

A=0, B=0,
Addition F il
Subtraction - =
Multiplication x %
Division / j
Order < Z
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In the *-calculus, & -arithmetic is used on arguments
and /3 -arithmetic is used on values.

The isomorphism from o -arithmetic to /3 -arithmetic is the

unique function 1 (iota) that possesses the following three
properties.

1. 1 is one-to-one.
2.1 ison A andonto B.

3. For any numbers U and V in A,

It turns out that 1(x)=B(a(x)) for every
number X in A and that i(72) =7 for every integer N [1].

The non-Newtonian sequence spaces S, and / p. OVET

the non-Newtonian real field [ , are defined as following:

S, ={x=(x):VkeD; x €0}

Coa :{x:(xk)esa: ai|xk|2” &400} (1< p< o).
k=1

The sequence space fpa is non-Newtonian normed

spaces with the non-Newtonian norm ||||V which is
Coa

© Yp),
defined as [|x], :(azm Zj [6].
“ k=1

Let S, be space of non-Newtonian real number

sequences, X, be a sequence space on [l , and Yﬂ be a
sequence space on [J rE A non-Newtonian superposition
operator \ P, on X _is a mapping from X, into S,
by Pf (X) =(f(k, Xk))le

where f:[ x[J —[ , satisfies condition (NA) as
follows;

(NA) f(k,0)=0 forall k e[l

defined

If P eYﬁ for all
that  P; acts
write \ P 1 X, =Y, [15].

X=(x)eX,, we say

from X into Y, and

Also, we shall assume the following conditions:

(NA,) f(k,.) is*-continuous forall K [ .

(NA,) f(k,.) is B -bounded on every & -bounded
subset of [J  forall kel .

Sagir and Erdogan [15] have characterized the non-
Newtonian superposition operators  P; on Zp’ as the

a

following.

Theorem 1: Let f :[J x[J —[] , satisfies the condition
(NA)) . Then P 0, =Ly 50f and only if there
exist & -numbers 1,77 >0 and ap-

sequence (C, )€/, 5 such that

| f(k,t)|ﬂ <c, %Lz(n)ié|z(t)|;” whenever |t|a <u
forall k el] .
Definition 1: Let (X,,d,)and (Yﬂ,d'ﬂ)be non-
Newtonian sequence spaces. An operator F: X —>Yﬁ is

*-pounded if F(A) is [ -bounded for every « -bounded
subset A of X .

Definition 2: Let (X,,d,)and (Yﬂ,d'ﬂ) be non-
Newtonian sequence spaces. An operator F: X —)Yﬂ is
*-locally bounded X, e X, if there exist «a -number
#>0 and  S-number 730  such  that
F(x) e Bd)] [F(XO)J]] for Xxe By [XO,,u]. Fois *
locally bounded if it is *-locally bounded it is *-locally
bounded for every X e X, .

Theorem 2: Let (Xa,da) and (Yﬂ,d;) be non-
Newtonian metric  sequence spaces. An operator
F: X, =Y} is *-locally bounded if F is *-bounded.
Theorem 3: If the function f :[] x[]  —[] 5 1s *-locally
bounded, it is satisfies the condition (NA,) .[17]

Il.  MAIN RESULTS

Theorem 4: Let f :[J x[J , —[J ;. The non-Newtonian
superposition operator P il —/{, ; is *-locally

bounded if and only if f satisfies the condition (NA,).
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Proof: Assume that P, 10, —/, ; is *-locally bounded.
Let kel and aell . Let y=(Y,) beas follows

a, n=k
Yo = 0, n=k

for all ke[l . Then ye/ . Since \P; is *-locally

bounded, there exist z,77 >0 such that

[P 0= Py, Zer) when =y, <.
(1)

Let bell , with |b;a|aé,u. Let X=(X,) be as

follows
b, n=k
X, =1 .
0, nzk

Then X e/ b’ Since

(U/p),
) (s

T e, 2

- =[az_l:|xn .,

nmommmnmthJH;NR(wkﬂédmtwa)
Then

|f (k,b)= f(k,a)|, =ﬂi|f(n,xn)i f(n,y,)l,

= HN P (X) = P (Y)H(W
<u(n).

Thus f(K,.) is *-locally bounded at aell ,. Since
aell  is arbitrary, f(K,.) is *-locally bounded. Then,
f (k,.) satisfies the condition (NA,) by Theorem 3.

Conversely, assume that T (K,.) satisfies the condition
(NA). Let z=(z,) €l,,- Since f satisfies the

condition (NA,) and P o —> 1y 5, by Theorem 1,

15
there exist 2,77 >0 and (c)e ?, 4 such that

|f (kD) Lo Fu(m)%[u(0)] when [t], < u
@)

for each Kell . Let yzga and let xe/  , with

, < 400, there exists a
p.a

[x~2|

<y. since ||

(p,a
positive integer I such that

w , (1/p)a'
e, [ ZE) 2
(3)

for /le{l’,l’+l,...}. Since ||X;Z|

<y, it is written

loa

vp),
fj <y, (@)

(4) and

that

o p), ‘ o
[azm;zk;:“j s[azm;zk
k=r k=1

From inequalities of (3),
Minkowski, we have that

2 Wp), © Wp),
[a2|xk Zaj :(a2|xk;zk+zk Zaj

non-Newtonian

k=r k=r

. w (l/p)a » (l/p)bY
ﬁ(aZIXk =L Zj J{QZM Zj

k=r k=r

<y+y

Then |Xk|a§,u for all kK>r. From (2), we get

| f (K, Xk)|ﬁ <c, 3&1(77)52|1(xk)|;” for each kK >r. Then

p 2 kx|, £, 0 Fum)% D (%))
k=r k=r k=r

<20 | 1% ﬁZIZ(Xk)Uf
k=r k=r
2@, ¥,

Thus we get that
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ST, 2@, Film i)
(5)

Let m, = ﬂt su‘p | f (K, t)| for each k €] . Since f
4, Sy

satisfies the condition (NA, ), it seen that m, < oo for all

kell. Since | it is written that

X, ;Zk|a <y forall k e[l . This implies that

£ (k,x)], <m,
(6)

forall kK €[] . From (5) and (6), we find that

Pl =520k,
SDILCER IS Y [ICENTA
= ,,; my ), F10m) %)™
Thus

[P 00=uP@] 2P0, P

r-1
2 m el Fn ki + P (@),
=1 y b1,

Then we get that HN P (x)= P, (Z)Hé < ¢ whenever
1B

r-1
=52 M F|C],,, Fumxu(u)” Hur @), .
= , 1,

o, yPil,, =1, is*locally bounded at Z =(z,).

Corollary 1: Let f:[0 x0 , —0 ,

(NA) f (Pl , =0 5, then (P is *locally
bounded.

satisfy the condition

Corollary 2: Let
NPl 2,
condition (NA,).

f:DxDa—>Dﬂ. If

is *-bounded, then f satisfies the

Proposition 1: Let f:[ x[J —[] , satisfy the
condition (NA,). If for each « -number 1350 there

existsa /3 -number 77 (1) > O such that

S If k%), En(u) when (ailxk
k=1 k=1

(p),
Ps ] S ,U

for any finite & -sequence X = (Xk ) , then there exists a

/3 -sequence C( )= (Ck (,u)) e, 4 with ¢, (1) 20

forall ke[l and ||C(,u)

<17( ) such that

lip

25&77(#) % Ps
w70

when |t|a < u foreach k el .

£ (kD) 26, () F

Proof: Take o -number x> 0. By the hypothesis, there
exists a 5 -number 77(,u) 50 such that

Wp),
ﬂZ|f(k Xk)| <n () where ( j <u (@)

for any finite & -sequence X = (Xk ) . Let

gﬂ(k,t)zﬂmaX{Qlf(k,t)lﬂ*ZITZ)(S)WIKI)W}
and
¢ (1) =ﬁsup{g# (k,t):[t] < ,U}

for each kell . Let kell

|t|a S’u

L B5n() Loy s
(k1) Sﬁﬂxp(t)u when g, (k,t)=0, it

and tell
By the definition of gﬂ(k,t), since

provided

25&77(/”) % Pp
l(ﬂ)pﬂ / |l(t)|ﬂ.

is written that | f (k,t)|ﬂ <c (u)¥

Assume that g, (k,t) #0. Then
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_ 2X77(/J) % Ps
|F(k.D], =g, (kt)¥ ) B[],

wmo(?mﬁuw

Thus we get that

| f (K, t)| <c (u)F——H 2Xn(1) ﬂx|l(t)|p” whenever
()"

|t|a < u foreach k el . Since f satisfies the condition

subset of « -real numbers for all Kell. Then
0<c,(u)<oofor all kKell. We have that for each

) is *-bounded on every « -bounded

856, there exists an « -sequence a:(ak) with

|ak |a < 4 such that

%WR%M%H%ﬁ
8

forall kK €[] . Let define a'=(a|'() as follows

b™Y =4 for each

A
1M1, "m-1+1, 142, ... Nm-142=N}

i=12,..m=2. then b
m-2 and [az
k=1

(7), we get that ﬁi‘f(k,blgi))‘ én(,u) for all
k=1 A
i=12,..,

is a finite o -sequence for

) Up),
i=12,.., IE') aj < u. From

m-—2.So, foreach i =1,2,...m—2

N -1

ﬁkz f(k,béi))‘ﬂén(y) ©
and

ﬂz‘f b") Zn(n). (10)

k=n;_,

f(k,t), g,(kt)s0

We define that h(k,t) =
0 , g#(k,t)zo

From (9) and (10),

) h(k,b® ) <n(u (11)
() a,, 9,(k,a)=0 (tet )‘,3 (#)
a )=y. .-
716, g,(k.a)=0 and
There exists a  finite  sequence (ni) with 5 Z ‘h K, b(m 1)) <77(,u) (12)
n=1<n,<..<n, =n suchthat s
for i =1,2,...,m—2 . Then we get that
LN, [ na ),
oL, ol (ly g, (k.a)=|nk,a)|, = ( B X pfea)|” . @3)
By (8), (11), (12) and (13), we find
Nyl @/e),
with %a é(a Z a, paJ <u for
k=n; ¢
(1/p),
i=12,..,m-2 and 0<( Z ‘ak J < u for
any nell. Let bt =a/1{_ o and
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k=1

23,0 k) Y

ny-1

n-1
Zgy k ak ﬂzg k ak
_|

5, Y g,
k-”m-l
ﬂz&,

‘”z

i +ﬂz
|(nml
LY.L

a2

1(p)

= ﬁZU 2)‘ oty

1)

IN
N'\J
z—\x
v\\"
o
=
/ﬁ«

ﬂZ

2"

(1i=1)(u) =

¥

ﬁnzj[\h(k,bm ZX”% Bt

(| . 2577(4)
Uh(k,bk ), e

k=n,

AEPY.

a2

),

i(u

I
s

™)

pﬂﬂ‘

ﬁZ\(b

k=n,

{2 @mm»ﬁ2w|+wzwﬁ]

Ps |
+
B

"% +/jZ‘ b{™ )

)

/}Z[‘h e, :jﬂ_yjﬂg\l(a;)\;ﬂ]
[‘h (k.a) ‘ L 25 ()
)

ﬂ%\ma'k)\;ﬂj

Then we have that
3600 ="tm| 3060 f2n(w)e
k=1 k=1

Since €30 s arbitrary, it is written that

ﬁick (1) <m(p). Thus we get that
k=1

(e, Zn(s)

Theorem 5: Let f :[] x[] —[I 5+ The non-Newtonian
superposition operator P :¢  ~— ¢, ; is *-bounded if
and only if for every @ -number 2> 0, there exist a /3 -

number n (,u) 50 and a [ -sequence

C(,u) = (Ck (,u)) € (, ; such that

|f(k t)| <c (u)¥ (n)(ﬂ)ﬁ | (t)|pﬁ when

tl, < u
foreach k el .

Proof: Assume that P, pr,a —Mlﬁ is *-bounded. Let

X=(Xk) a finite « -sequence with ||X||¢ é,u. Then
o

Wp),
p“J < . Since  P; is *-bounded, there

[ a Z|Xk a
k1
exists a  f-number 7 (,u) $0  such  that
H \ P (X)Hy <1n( )< Foo. The function f satisfies the
»
condition (NA,) by Corollary 2. Then there exists a /3 -
sequence c(u)= (Ck (,u)) €ly, with
» <n(u) such that

0], 2,0+ 24 gy when

=55 ()™
i 25 o )" t| < u foreach k €[] by Proposition 1.
S(m:l)xn(ﬂ);#)(:)ﬂx(m ) ( ﬂ+ﬁz kﬂﬂ | |a H y Frop
LI Conversely, let 230 and X e ¢ with <
=n()* 2 5 : oo Wit [, <
ka2
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® Up), (k. t \lnf(k )|
. Then (012|Xk z”j <u and |Xk|a <u for all | ( )| ( ]
k=1 eltP Jo
k e[]. By hypothesis, there exist a £ -number 77(,u) 50 —e | { J
and a /3 -sequence C(,u) = (Ck (,u)) € {, 4 such that ‘(%Ht\pj\t\‘
=e
110, %)], 26,0) F 25D s _ (S
()™
. (it
for each kell . since P (x)=(f(k,x)),_ €, =€
we get that _ e _e\t\*’ u
Pl =, G, .

forall k €[] . Lettake C, (1) =€™ forall k e[l . Since

ﬁi 6, (1) 21 g 0y

w u 1
- ’ SR R e
= ) o), =, =e el E
< 2 e (), F 2% (p) ok
k=1

=”(C(ﬂ))||/;m%i25&77(ﬂ)- it is obtained that (Ck(,u))eflﬁ. If we choose

+1
u®

77(,u):e 2 we get

Thus | P, is*-bounded.

Example: Let f :[J x[]  —[] ; be as follows |f(k t)| <c (u)¥ (77)(,u) 5&|l(t)|zﬂ-
t(u
i o Pp | Theref : is *-bounded by Th 5
f(k’t):[_7kﬂ ﬂ+|l(t)|ﬂﬂjx|l(t)|ﬂ erefore, P .EM —)ém is *-bounded by Theorem 5.

I1l.  CONCLUSIONS

here =1, f=€Xp forall Kell and tell .Then ) )
w (04 B p a In this study we proved that P, 10—, ; is *-locally

1

—+[t[" |it] .
the function f :0 xU —0 " beas f(K,t) :(3(7k * jH bounded if and only if f satisfies the condition (NA,).
for kell and tell. Since f(k,.) satisfies the Also we obtained that the necessary and sufficient
condition conditions for *-boundedness of (P, : ¢, , —> ¢, ,
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