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Abstract: The integral transforms have recently been the focus of 

the studies, because the integral transforms provide simple and 

minimal computations for solving complicated problems in 

engineering and science. In this study, the Formable transform is 

utilized to solve convolution type linear Volterra integral 

equations of the first kind and the second kind. Several examples 

are offered to illustrate the Formable transform approach for 

solving convolution type Volterra integral equations. 
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I. INTRODUCTION 

In applied mathematics, engineering, and physics, integral equ

ations have been used to solve a broad range of problems. Due 

to the association with differential equations, which have a 

broad variety of applications, the integral equations have 

started to enter engineering and other areas' problems, and as a 

result, their significance has grown in recent years. 

Terminology for integral equations can be found in 

[10, 14, 15].  

Linear Volterra integral equation of the second kind 

(LVIESK) is constructed as 

𝑣(𝑡) = ℎ(𝑡) + 𝜆 ∫  
𝑡

0

𝑘(𝑡, 𝑧)𝑣(𝑧)𝑑𝑧, 

where the unknown function 𝑣(𝑡) that will be determined, 

𝑘(𝑡, 𝑧) is kernel of the equation and 𝜆 is a parameter. The first 

kind linear Volterra integral equation (LVIEFK) is given as 

ℎ(𝑡) = ∫  
𝑡

0

𝑘(𝑡, 𝑧)𝑣(𝑧)𝑑𝑧 

The integral transform methods are among the most widely 

utilized mathematical techniques to determine the analytical 

solutions of problems in engineering and sciences without large 

computation labor. There are numerous integral transforms to 

solve integral equations, the Laplace transform is the most 

popular of these methods. Asiru [5] revealed how to use the 

Sumudu transform to solve integral equations of the 

convolution type. Song and Kim [13] examined convolution 

type Volterra integral equations of second kind and Haarsa [9] 

obtained the solutions of convolution type linear Volterra 
integral equations of first kind by utilizing the Elzaki transform. 

Kumar et al. [12] showed how to find solutions of convolution 

type linear Volterra integral equations by aid of Mohand 

transform. Aggarwal et al. [1-4] used Kamal, Aboodh, Shehu 

and Mahgoub transformations to solve linear Volterra integral 

equations with an integral in the form of a convolution. 

Gnanavel et al. [6] used Tarig transform to find the solutions of 

convolution type linear Volterra equations. Güngör [7,8] 

applied Kharrat-Toma and Kashuri-Fundo transforms to solve 

convolution type linear Volterra integral equations. 

A novel integral transform, the Formable transform, was 

described by Saadeh and Ghazal [11]. They proved some 

properties of this transform for handling both ordinary and 

partial differential equations. Additionally, they investigated 

the duality among the new transform and some existing 

transforms. The purpose of this research is to use the Formable 

integral transform to find exact solutions of convolution type 

linear Volterra integral of the first kind and the second kind 

without large computational work.  

Here, we will provide some essential information regarding 

the Formable integral transform: 

Definition.1.1.. [11] If there exits a positive number 𝑀 that 

satisfying 

|𝑓(𝑡)| ≤ 𝑀𝑒𝛼𝑡 , 𝛼 > 0, ∀𝑡 ≥ 0 

then the function 𝑓(𝑡) is said to have exponential order on 

every finite interval in [0, +∞). 

Definition.1.2. [11].Over the set of functions 

𝒲 = {𝑓(𝑡): ∃𝑁 ∈ (0, ∞), 𝜌𝑖 > 0 for 𝑖 = 1,2, |𝑓(𝑡)| < 𝑁𝑒
𝑡

𝜌𝑖, if 𝑡 ∈ [0, ∞)}, 

the Formable integral transform of an exponential order 

function 𝑓(𝑡) is described as 

ℛ[𝑓(𝑡)] = 𝐵(𝑠, 𝑢) = 𝑠 ∫  
∞

0

𝑒−𝑠𝑡𝑓(𝑢𝑡)𝑑𝑡. 

This is equivalent to 

ℛ[𝑓(𝑡)] =
𝑠

𝑢
 ∫  

∞

0

𝑒−
𝑠𝑡
𝑢 𝑓(𝑡)𝑑𝑡 

where 𝑠 and 𝑢 are the variables of Formable transform. 

The expression  

ℛ−1[𝐵(𝑠, 𝑢)] = 𝑓(𝑡) =
1

2𝜋𝑖
∫

1

𝑠
 

𝑐+𝑖∞

𝑐−𝑖∞

𝑒
𝑠𝑡
𝑢 𝐵(𝑠, 𝑢)𝑑𝑠. 
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denotes the inverse Formable transform of a function 𝑓(𝑡). 

Some functions' Formable transformations are presented 

below [11]: 

𝑓(𝑡) ℛ[𝑓(𝑡)] = 𝐵(𝑠, 𝑢) 

1 1 

𝑡 
𝑢

𝑠
 

𝑡𝑛

𝑛!
 

𝑢𝑛

𝑠𝑛
 

𝑒𝛽𝑡 
𝑠

𝑠 − 𝛽𝑢
 

𝑡𝑛

𝑛!
𝑒𝛽𝑡 

𝑠𝑢𝑛

(𝑠 − 𝛽𝑢)𝑛+1
 

sin (𝛽𝑡) 
𝛽𝑠𝑢

𝑠2 + 𝛽2𝑢2
 

cos (𝛽𝑡) 
𝑠2

𝑠2 + 𝛽2𝑢2
 

sinh (𝛽𝑡) 
𝛽𝑠𝑢

𝑠2 − 𝛽2𝑢2
 

cosh (𝛽𝑡) 
𝑠2

𝑠2 − 𝛽2𝑢2
 

Theorem.1.3.. (Linearity property) [11] If 𝑓1(𝑡) and 𝑓2(𝑡) are 

two functions in 𝒲, then 𝑐1𝑓1(𝑡) + 𝑐2𝑓2(𝑡) ∈ 𝒲 where 

𝑐1 and 𝑐2 are arbitrary constants, and 

ℛ[𝑐1𝑓1(𝑡) + 𝑐2𝑓2(𝑡)] = 𝑐1ℛ[𝑓1(𝑡)] + 𝑐2ℛ[𝑓2(𝑡)]. 

Theorem.1.4..(Formable transform of the derivative) [11] Let  

𝑓(𝑘)(𝑡) ∈ 𝒲 for 𝑘 = 0,1,2, … . Then 

ℛ[𝑓(𝑘)(𝑡)] =
𝑠𝑘

𝑢𝑘
𝐵(𝑠, 𝑢) − ∑  

𝑘−1

𝑖=0

(
𝑠

𝑢
)

𝑘−𝑖

𝑓(𝑖)(0). 

Theorem.1.5..(Convolution Theorem for Formable transform) 

[11] Let 𝑓(𝑡) and 𝑔(𝑡) defined in 𝒲 having Formable integral 

transforms 𝐹(𝑠, 𝑢) and 𝐺(𝑠, 𝑢), respectively. Then  

𝑅[𝑓(𝑡) ∗ 𝑔(𝑡)] =
𝑢

𝑠
𝐹(𝑠, 𝑢)𝐺(𝑠, 𝑢) 

where 𝑓(𝑡) ∗ 𝑔(𝑡) = ∫  
𝑡

0
𝑓(𝑡 − 𝑧)𝑔(𝑧)𝑑𝑧 is the convolution of 

function 𝑓(𝑡) and 𝑔(𝑡). 

Theorem.1.6..(Formable transform of 𝑡𝑛𝑓(𝑡), 𝑛 ≥ 1) [11] If 

the function 𝑓(𝑡) in 𝒲 is multiplied with the shift function 𝑡𝑛, 

then 

𝑅[𝑡𝑛𝑓(𝑡)] = (−𝑢)𝑛𝑠
∂𝑛

∂𝑠𝑛
[
𝑅[𝑓(𝑡)]

𝑠
]. 

 

II. MAIN RESULTS 

In this paper, we focus on the convolution type kernel 𝑘(𝑡, 𝑧), 

which is expressed by the difference (𝑡 − 𝑧). The convolution 

type LVIESK has the form 

𝑣(𝑡) = ℎ(𝑡) + 𝜆 ∫  
𝑡

0

𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧 

and the convolution type LVIEFK is written as  

ℎ(𝑡) = ∫  
𝑡

0

𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧. 

Theorem.2.1..The solution of convolution type LVIEFK 

ℎ(𝑡) = ∫  
𝑡

0

𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧                                                (1) 

is given by 

𝑣(𝑡) = 𝑅−1[𝐵(𝑠, 𝑢)] = 𝑅−1 [
s

𝑢

𝑅[ℎ(𝑡)]

𝑅[𝑘(𝑡)]
] 

where 𝑘 is the kernel and 𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢). 

Proof. We can write 

𝑅[ℎ(𝑡)]  = 𝑅 [∫  
𝑡

0

 𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧]

𝑅[ℎ(𝑡)]  = 𝑅[𝑘(𝑡) ∗ 𝑣(𝑡)]

 

by taking Formable transform to either side of VIEFK (1). By 

implementing convolution theorem for Formable transform, we 

get 

𝑅[ℎ(𝑡)]  =
𝑢

𝑠
𝑅[𝑘(𝑡)]𝑅[𝑣(𝑡)] 

𝑅[𝑣(𝑡)] =
s

𝑢

𝑅[ℎ(𝑡)]

𝑅[𝑘(𝑡)]
.                                                     (2) 

Having applied the inverse Formable transform on either side 

of (2), we write 

𝑣(𝑡) = 𝑅−1 [
s

𝑢

𝑅[ℎ(𝑡)]

𝑅[𝑘(𝑡)]
], 

which represents the desired solution. 

Theorem.2.2..The solution of convolution type LVIESK 

𝑣(𝑡) = ℎ(𝑡) + 𝜆 ∫  
𝑡

0

𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧                          (3) 

is given by 

𝑣(𝑡) = 𝑅−1[𝐵(𝑠, 𝑢)] = 𝑅−1 [
𝑅[ℎ(𝑡)]

1 − 𝜆
𝑢
𝑠

𝑅[𝑘(𝑡)]
] 

where 𝑘 is the kernel and  𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢). 

Proof. Taking the Formable transform on either side of 

VIESK (3), we find 
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𝑅[𝑣(𝑡)] = 𝑅 [ℎ(𝑡) + 𝜆 ∫  
𝑡

0

 𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧] 

𝑅[𝑣(𝑡)] = 𝑅[ℎ(𝑡)] + 𝜆𝑅 [∫  
𝑡

0

 𝑘(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧] 

𝑅[𝑣(𝑡)] = 𝑅[ℎ(𝑡)] + 𝜆𝑅[𝑘(𝑡) ∗ 𝑣(𝑡)]. 

We find the following expressions 

𝑅[𝑣(𝑡)]  = 𝑅[ℎ(𝑡)] + 𝜆
𝑢

𝑠
𝑅[𝑘(𝑡)]𝑅[𝑣(𝑡)]

𝑅[𝑣(𝑡)]  =
𝑅[ℎ(𝑡)]

1 − 𝜆
𝑢
𝑠 𝑅[𝑘(𝑡)]

.                                   (4)
 

by using convolution theorem for Formable transform. Having 

applied the inverse Formable transform on either side of (4), we 

obtain the solution as 

𝑣(𝑡) = 𝑅−1 [
𝑅[ℎ(𝑡)]

1 − 𝜆
𝑢
𝑠 𝑅[𝑘(𝑡)]

]. 

III. APPLICATIONS 

This section explains how to solve convolution type linear 

Volterra integral equations utilizing the Formable transform via 

a few examples. 

Example 3.1. Use the Formable transform technique to solve 

convolution type LVIEFK 

sinh𝑡 = ∫  
𝑡

0

𝑒𝑡−𝑧𝑣(𝑧)𝑑𝑧. 

Let’s taken 𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢). It is obtained that 

𝑅[sinh𝑡] = 𝑅 [∫  
𝑡

0

𝑒𝑡−𝑧𝑣(𝑧)𝑑𝑧] 

𝑠𝑢

𝑠2 − 𝑢2
= 𝑅[𝑒𝑡 ∗ 𝑣(𝑡)]                                                  (5) 

by implementing the Formable transform. Utilizing 

convolution theorem for Formable transform on (5), we find 

𝑠𝑢

𝑠2 − 𝑢2
=

𝑢

𝑠
𝑅[𝑒𝑡]𝑅[𝑣(𝑡)] 

𝑠𝑢

𝑠2 − 𝑢2
=

𝑢

𝑠

𝑠

𝑠 − 𝑢
𝐵(𝑠, 𝑢) 

𝐵(𝑠, 𝑢) =
𝑠

𝑠 + 𝑢
. 

Therefore, we write 

𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢) =
𝑠

𝑠 + 𝑢
 .                                         (6) 

Having applied the inverse Formable transform on either side 

of (6), we get 

𝑣(𝑡) = 𝑅−1 [
𝑠

𝑠 + 𝑢
] = 𝑒−𝑡 . 

Consequently, we arrive at the answer as 

𝑣(𝑡) = 𝑒−𝑡 . 

Example 3. 2. Find the solution of convolution type LVIESK 

𝑣(𝑡) = cos 𝑡 − ∫  
𝑡

0

(𝑡 − 𝑧)cos (𝑡 − 𝑧)𝑣(𝑧)𝑑𝑡𝑧 

using the Formable transform method. 

Let 𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢). Having applied the Formable transform 

𝑅[𝑣(𝑡)]  = 𝑅 [cos 𝑡 − ∫  
𝑡

0

(𝑡 − 𝑧)cos (𝑡 − 𝑧)𝑣(𝑧)𝑑𝑡𝑧]

 = 𝑅[cos 𝑡] − 𝑅 [∫  
𝑡

0

(𝑡 − 𝑧)cos (𝑡 − 𝑧)𝑣(𝑧)𝑑𝑡𝑧]

 = 𝑅[cos 𝑡] − 𝑅[𝑡 cos(𝑡) ∗ 𝑣(𝑡)].

 

Now, by implementing convolution theorem for Formable 

transform, it is found as 

𝐵(𝑠, 𝑢)  = 𝑅[cos 𝑡] −
𝑢

𝑠
𝑅[𝑡cos (𝑡)]𝑅[𝑣(𝑡)]

 =
𝑠2

𝑠2 + 𝑢2
−

𝑢

𝑠
(−𝑢

∂𝑅[cos (𝑡)]

∂𝑠
+

𝑢

𝑠
𝑅[cos (𝑡)]) 𝐵(𝑠, 𝑢)

 =
𝑠2

𝑠2 + 𝑢2
−

𝑢

𝑠
(−𝑢

2s𝑢2

(𝑠2 + 𝑢2)2
+

𝑢

𝑠

𝑠2

𝑠2 + 𝑢2
) 𝐵(𝑠, 𝑢)

 =
𝑠2

𝑠2 + 𝑢2
+

𝑢4 − 𝑢2𝑠2

(𝑠2 + 𝑢2)2
𝐵(𝑠, 𝑢).

 

Therefore, we obtain 

𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢) =
𝑠2 + 𝑢2

𝑠2 + 3𝑢2
. 

Operating inverse Formable transform, we find 

𝑣(𝑡)  = 𝑅−1 [
𝑠2 + 𝑢2

𝑠2 + 3𝑢2
]

 = 𝑅−1 [
1

3
+

2

3

𝑠2

𝑠2 + 3𝑢2
]

 =
1

3
𝑅−1[1] +

2

3
𝑅−1 [

𝑠2

𝑠2 + 3𝑢2
]

 =
1

3
+

2

3
cos (√3𝑡).

 

Therefore, we find the solution as 

𝑣(𝑡) =
1

3
+

2

3
cos (√3𝑡). 

Example 3.3. Take the initial value problem  

{ 
𝑣′′(𝑡) − 2𝑣′(𝑡) − 3𝑣(𝑡) = 0

𝑣(0) = 1, 𝑣′(0) = 2.
 

This is equivalent to Volterra integral equation 

𝑣(𝑡) = 1 + ∫  
𝑡

0

(3𝑡 − 3𝑧 + 2)𝑣(𝑧)𝑑𝑧. 
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The equation may be expressed as 

𝑣(𝑡) = 1 + 3 ∫  
𝑡

0

(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧 + 2 ∫  
𝑡

0

𝑣(𝑧)𝑑𝑧.              (7) 

If we apply Formable transform on either side of (7), it is found 

as 

𝑅[𝑣(𝑡)] = 𝑅[1] + 3𝑅 [∫  
𝑡

0

(𝑡 − 𝑧)𝑣(𝑧)𝑑𝑧] + 2𝑅 [∫  
𝑡

0

𝑣(𝑧)𝑑𝑧]

= 𝑅[1] + 3𝑅[𝑡 ∗ 𝑣(𝑡)] + 2𝑅[1 ∗ 𝑣(𝑡)].

 

Let’s taken 𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢). Considering the convolution 

theorem for Formable transform, we write 

𝐵(𝑠, 𝑢) = 1 + 3
𝑢

𝑠
𝑅[𝑡]𝑅[𝑣(𝑡)] + 2

𝑢

𝑠
𝑅[1]𝑅[𝑣(𝑡)]

= 1 + 3
𝑢2

𝑠2
𝐵(𝑠, 𝑢) + 2

𝑢

𝑠
𝐵(𝑠, 𝑢).

 

Therefore, we obtain 

𝑅[𝑣(𝑡)] = 𝐵(𝑠, 𝑢) =
𝑠2

𝑠2 − 3𝑢2 − 2𝑠𝑢
. 

Then having applied the inverse Formable transform, we find 

𝑣(𝑡) = 𝑅−1 [
1

4

𝑠

𝑠 + 𝑢
+

3

4

s

𝑠 − 3𝑢
]

=
1

4
𝑅−1 [

𝑠

𝑠 + 𝑢
] +

3

4
𝑅−1 [

s

𝑠 − 3𝑢
]

=
1

4
𝑒−𝑡 +

3

4
𝑒3𝑡

 

Consequently, we have the solution as  

𝑣(𝑡) =
1

4
𝑒−𝑡 +

3

4
𝑒3𝑡 . 

IV. CONCLUSIONS 

The Formable transform is used to determine the exact 

solution of the Volterra integral equations of the convolution 

type. The presented examples illustrate that the Formable 

transform gives the exact solution of the convolution type 

integral equations as the other integral transforms, and further 

requiring less time and effort in computational work to obtain 

solution of equations.  

REFERENCES 

[1] Aggarwal, S., Chauhan, R., Sharma, N., (2018). Application of 

Aboodh transform for Solving Linear Volterra Integro-differential 

Equations of second kind, Int. J. Res. Adv. Tech., 6(8) 1186-1190. 

[2] Aggarwal, S., Chauhan, R., Sharma, N., (2018). A New Application 

of Mahgoub Transform for Solving Linear Volterra Integral 

Equations, Asi. Res., 7(2), 46-48. 

[3] Aggarwal, S., Chauhan, R., Sharma, N., (2018). A New Application 

of Kamal Transform for Solving Linear Volterra Integral Equations, 

Int. J. Lat. Tech. Engg., Magn. &App. Sci., 7(4), 138-140. 

[4] Aggarwal, S., Chauhan, R., Sharma, N., (2019). A New Application 

of Shehu Transform for Handling Volterra Integral Equations of 

First Kind, International Journal of Research in Advent 

Technology, 7(4), 439-445. 

[5] Asiru, M. A., (2001). Sumudu Transform and the Solution of 

Integral Equations of Convolution Type, International Journal of 

Mathematical Education in Science and Technology, 32(6), 906-

910. 

[6] Gnanavel, M.G., Saranya, C., Viswanathan, A., (2019). 

Applications of Linear Volterra Integral Equations of First Kind by 

Using Tarig Transform, International Journal of Innovative 

Technology and Exploring Engineering (IJITEE), 8(10), 2278-

3075. 

[7] Güngör, N., (2021). Solving Convolution Type Linear Volterra 

Integral Equations with Kashuri Fundo Transform, Journal of 

Abstract and Computational Mathematics 6(2), 1-7. 

[8] Güngör, N., (2020). Application of Kharrat-Toma Transform for 

Solving Linear Volterra Integral Equations, Journal of Universal 

Mathematics, 3(2), 137-145. 

[9] Haarsa, P., (2017). On Volterra integral equations of the first kind 

by using Elzaki transform, Far East J. Mat. Sci. (FJMS), 102(9), 

1857-1863. 

[10] Rahman, M., (20007). Integral Equations and Their Applications, 

WIT press, Boston. 

[11] Saadeh, R.Z., Ghazal, B.f., (2021). A New Approach on 

Transforms: Formable Integral Transform and Its Applications, 

Axioms, 10 (332), 1-21. 

[12] Senthil Kumar, P., Gnanavel, M. G., Viswanathan, V., (2018). 

Application of Mohand Transform for Solving Linear Volterra 

Integro Differential Equations, Int. J. Res. Adv. Tech., 6(10), 2554-

2556. 

[13] Song, Y., Kim, H., (2014). The Solution of Volterra Integral 

Equation of the Second Kind by Using the Elzaki Transform, 

Applied Mathematical Sciences, 8(11), 525-530. 

[14] Wazwaz, A. M., (2015). A first course in integral equations. World 

Scientific, Second Edition, Singapore. 

[15] Wazwaz, A. M., (2011)., Linear and Nonlinear Integral Equations 

Methods and Applications, Springer Verlag Berlin Heidelbeg. 

 

 


