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Abstract:Throughout this research paper,𝑅 represent a prime ring. An additive mapping 𝑑 ∶  𝑅 →  𝑅 is said to be a derivation if it 

satisfies 𝑑(𝑥𝑦)  =  𝑑(𝑥)𝑦 +  𝑥𝑑(𝑦)  for all 𝑥, 𝑦 ∈ 𝑅 , also 𝑑 ∶  𝑅 →  𝑅  is called a reverse derivation if it satisfies 𝑑(𝑥𝑦)  =
 𝑑(𝑦)𝑥 +  𝑦𝑑(𝑥) for all 𝑥, 𝑦 ∈ 𝑅. A mapping 𝐹: 𝑅 → 𝑅 is said to be generalized derivation associated with derivation 𝑑 ∶  𝑅 →  𝑅 

if 𝐹(𝑥𝑦) = 𝐹(𝑥)𝑦 + 𝑥𝑑(𝑦)  for all 𝑥, 𝑦 ∈ 𝑅  and 𝐹: 𝑅 → 𝑅  is called a generalized reverse derivation associated with reverse 

derivation 𝑑: 𝑅 → 𝑅  if for all 𝑥, 𝑦 ∈ 𝑅,  then 𝐹(𝑥𝑦) = 𝐹(𝑦)𝑥 + 𝑦𝑑(𝑥) .An additive mapping 𝑑: 𝑅 → 𝑅  associated with an 

automorphism 𝛼, 𝛽 is called a reverse (𝛼, 𝛽) − derivation on 𝑅 if satisfying (𝑥𝑦) = 𝑑(𝑦)𝛼(𝑥) +  𝛽(𝑦)𝑑(𝑥) , for all 𝑥, 𝑦 ∈ 𝑅.The 

aim of this research paper is to establish the commutativity results of prime ring 𝑅 by reverse (α, β)-derivation which satisfying 

certain constraints. 
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I. Introduction 

A ring is one of the fundamental algebraic structures used in abstract algebra. It consists of a nonempty set equipped with two 

binary operations “+” and “∙” that generalize the arithmetic operations of addition and multiplication which satisfies a certain 

conditions. 

In the last two decades, there has been a great deal of work concerning the relationship between the commutativity of a ring R and 

the existence of certain specified derivations of 𝑅 [2]. In the paper of [1] demonstrated that a prime ring 𝑅 must be commutative if 

it admits a derivation 𝑑 such that 𝑑([𝑥, 𝑦])  =  [𝑥, 𝑦] for all𝑥, 𝑦 ∈  𝑅. Quadri et. al. in [3] generalized this result in the case of a 

generalized derivation instead of a derivation, also the researchers [4] extended the result to 3-prime near-rings. In 2013, A. Boua, 

L. O and A. Raji extended the above results and prove that a 3-prime near-ring 𝑁 admits a nonzero generalized derivation 𝐹 

associated with a derivation 𝑑, is said to be a commutative ring if 𝐹([𝑥, 𝑦])  =  0 for all 𝑥, 𝑦 ∈  𝑁. 

The concept of reverse derivation was introduced by Bresar and Vukman in 1989, as in [5] and state that an additive mapping 𝑑 ∶
 𝑅 →  𝑅 is said to be a reverse derivation if it satisfies 𝑑(𝑥𝑦)  =  𝑑(𝑦)𝑥 +  𝑦𝑑(𝑥) for all 𝑥, 𝑦 ∈ 𝑅. Samman and Alyamani [6], 

studied the reverse derivations on semi-prime rings. Jaya et. al. 2015 in [7], studies generalized reverse derivation of a semi-prime 

ring 𝑅 and proved that if 𝑓 is a generalized reverse derivation with a derivation 𝑑, then 𝑓 is a strong commutativity preserving and 

𝑅 is commutative. Recently, Abdu Madugu& Tasiu A. Yusuf in [8] have established some results on commutativity theorems for 

prime near-rings 𝑁 by reverse (α, β)- derivation which satisfying certain algebraic identities. 

Motivated by the above works, we extend and prove the commutativity results on prime ring𝑅 by reverse (𝛼 , 𝛽) - derivation using 

suitable constraints. 

A. Definition 

Let 𝑅 be a prime ring and 𝛼, 𝛽 be an automorphism on 𝑅. An additive mapping  

𝑑: 𝑅 → 𝑅 

is called a(𝛼, 𝛽) − derivation on 𝑅 if satisfying 𝑑(𝑥𝑦) = 𝑑(𝑥)𝛼(𝑦) +  𝛽(𝑥)𝑑(𝑦) , for all 𝑥, 𝑦 ∈ 𝑅. 

B. Definition 

Let 𝑅 be a prime ring and 𝛼, 𝛽 be an automorphism on 𝑅. An additive mapping 𝑑: 𝑅 → 𝑅is called a reverse (𝛼, 𝛽) − derivation 

on 𝑅 if satisfying (𝑥𝑦) = 𝑑(𝑦)𝛼(𝑥) +  𝛽(𝑦)𝑑(𝑥) , for all 𝑥, 𝑦 ∈ 𝑅. 
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C. Theorem 

Let 𝑅 be a prime ring and 𝑑 be a nonzero reverse (𝛼, 𝛽) − derivation of 𝑅. If 𝑑( 𝑅 ) ∈ 𝑍(𝑅)then 𝑅 is a commutative. 

Proof: 

Suppose  𝑑(𝑥) ∈ 𝑍( 𝑅 ), for all  𝑥 ∈  𝑅. Then  

𝑑(𝑥)𝑧 = 𝑧𝑑(𝑥) ∀𝑥, 𝑧 ∈  𝑅 … … … . … … . (1) 

Now replacing 𝑥 by 𝑥𝑦 in (1) we have 

𝑑(𝑥𝑦)𝑧 =  𝑧𝑑(𝑥𝑦). 

This implies that 

𝑑(𝑦)𝛼(𝑥) +  𝛽(𝑦)𝑑( 𝑅 )𝑧 = 𝑧(𝑑(𝑦)𝛼(𝑥) + 𝛽(𝑦)𝑑(𝑥)    ∀ 𝑥, 𝑦 ∈  𝑅. 

Then,  

𝛽(𝑦)𝑑(𝑥)𝑧 − 𝑧𝛽(𝑦)𝑑(𝑥) =  𝑧𝑑(𝑦)𝛼(𝑥) − 𝑑(𝑦)𝛼(𝑥)𝑧 = −𝑑(𝑦)𝛼(𝑥)𝑧 + 𝑧𝑑(𝑦)𝛼(𝑥) 

which implies 

𝛽(𝑦)𝑑(𝑥)𝑧 − 𝑧𝛽(𝑦)𝑑(𝑥) = −𝑑(𝑦)𝛼(𝑥)𝑧 + 𝑧𝑑(𝑦)𝛼(𝑥) ∀ 𝑥, 𝑦, 𝑧 ∈  𝑅 … … … … … … … (2) 

Since β is an automorphism on 𝑅, then by using equation (1) in (2), we get 

𝑑(𝑦)[𝑧, 𝛼(𝑥)] = 0     ∀ 𝑥, 𝑦, 𝑧 ∈  𝑅 … . … (3) 

Replacing 𝑧 with 𝑧𝑦 in (3) and using Jacobi identity, we obtain 

𝑑(𝑦)𝑧[𝑦, 𝛼(𝑥)] = 0     ∀ 𝑥, 𝑦, 𝑧 ∈  𝑅. 

That is 

𝑑(𝑦) 𝑅 [𝑦, 𝛼(𝑥)] = 0     ∀ 𝑥, 𝑦 ∈  𝑅. 

Since 𝑅 is prime and 𝑑 is a non zero reverse (𝛼, 𝛽)-derivation of  𝑅, then we finally obtain 

[𝑦, 𝛼(𝑥)] = 0     ∀ 𝑥, 𝑦 ∈  𝑅. 

Hence, we get the require result since α is an automorphism on  𝑅. 

D. Theorem 

Let  𝑅  be a prime ring with centre 𝑍(𝑅) and 𝑑 be non-zero reverse (𝛼, 𝛽)-derivation of  𝑅, then 𝑑(𝑍( 𝑅)) ∈ 𝑍( 𝑅). 

Proof: 

For any element 𝑧 ∈ 𝑍(𝑅) and 𝑥 ∈ 𝑅, we have 𝑑(𝑥𝑧) = 𝑑(𝑧𝑥). 

For LHS, 𝑑(𝑥𝑧) = 𝑑(𝑧)𝛼(𝑥) + 𝛽(𝑧)𝑑(𝑥) = 𝛽(𝑧)𝑑(𝑥) + 𝑑(𝑧)𝛼(𝑥) 

i.e.𝑑(𝑥𝑧) = 𝛽(𝑧)𝑑(𝑥) + 𝑑(𝑧)𝛼(𝑥)    ∀𝑥 ∈ 𝑅 & 𝑧 ∈ 𝑍(𝑅) … … … … … … … … … … … (4) 

again  

𝑑(𝑧𝑥) = 𝑑(𝑥)𝛼(𝑧) + 𝛽(𝑥)𝑑(𝑧) = 𝛽(𝑥)𝑑(𝑧) + 𝑑(𝑥)𝛼(𝑧),      

i.e 

𝑑(𝑧𝑥) = 𝛽(𝑥)𝑑(𝑧) + 𝑑(𝑥)𝛼(𝑧),     

 ∀ 𝑥 ∈ 𝑅 & 𝑧 ∈ 𝑍(𝑅) … … … … … . . … (5)  

From equation (4) and (5), we get 
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𝛽(𝑧)𝑑(𝑥) + 𝑑(𝑧)𝛼(𝑥) − 𝛽(𝑥)𝑑(𝑧) − 𝑑(𝑥)𝛼(𝑧) = 0,   ∀ 𝑥 ∈ 𝑅 & 𝑧 ∈ 𝑍( 𝑅) 

But since, both α and β are automorphism on 𝑅, then we have  

𝑑(𝑧)𝑥 = 𝑥𝑑(𝑧)   ∀ 𝑥 ∈ 𝑅& 𝑧 ∈ 𝑍(𝑅). 

Therefore, 

𝑑(𝑧) ∈ 𝑍(𝑅). 

E. Theorem 

Let 𝑑 be a non-zero reverse (α, β)-derivation of a prime ring 𝑅 and 𝑥 ∈ 𝑅. If 𝑥𝑑(𝑅) = 0 𝑜𝑟 𝑑(𝑅)𝑥 = 0, then 𝑥 = 0. 

Proof: 

Given that 

𝑥𝑑(𝑛) = 0   ∀𝑥, 𝑛 ∈ 𝑅 … … … … … … … … (6) 

Replacing 𝑛 by 𝑚𝑛 in (6), we have 

𝑥𝑑(𝑚𝑛) = 𝑥(𝑑(𝑛)𝛼(𝑚) + 𝛽(𝑛)𝑑(𝑚)) = 0,   ∀ 𝑥, 𝑛, 𝑚 ∈ ⋯ (7) 

By using equation (6) in (7), we have 

𝑥𝛽(𝑛)𝑑(𝑚) = 0,   ∀𝑥, 𝑛, 𝑚 ∈ 𝑅. 

Since 𝛽 is an automorphism, then we get 

𝑥𝑅𝑑(𝑚) = 0,   ∀𝑥, 𝑚 ∈ 𝑅. 

By primeness of 𝑅  and since 𝑑 ≠ 0,  then we get required result. Similarly, we can prove 𝑥 = 0, if 𝑑(𝑅)𝑥 = 0 . Hence, we 

obtained the require result. 

II. Conclusions 

In this work, we have established the commutativity results of prime ring 𝑅 by reverse (α, β)- derivation which satisfying certain 

algebraic identities. In addition, we prove that for any prime ring 𝑅 with center 𝑍(𝑅) and 𝑑 a non-zero reverse (𝛼, 𝛽)-derivation of 

𝑅, the derivation of center of prime rings 𝑅 is contained in center of 𝑅 or center of 𝑅 contains the derivation of center of prime 

ring 𝑅. 
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