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I. INTRODUCTION

Consider the functional
P

1 (8 1!
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where f and g are two integrable functions which are
also synchronous on [a,b]

ie. [(f(x) — f(y)) (9(x) —g(y)] = O, for any x , y €
[a,b] (Cebysev [7]).

The necessary notations and basic definitions are
given below. For more details.

(See. Gorenflo and Mainardi [11] and Podlubny [21]
and Kilbas [13] and Malumud [15])

The fractional g-calculus is the g-extension of the
ordinary fractional calculus. Q-calculus operators
applied in the areas like ordinary fractional calculus,
solution of the g-differentional and q-integral
equation, g-transform analysis etc. Recently M.H.
Abu-Risha et al [1] and Mansour [16] derived the
fundamental set solutions for the homogenous linear
sequential fractional g-difference equation with
constant coefficient. For more details one may refer
the [10, 12, 17].

Recently interest is developed in deriving certain
inequalities for the fractional Calculus. In this
connection one can refer to the paper [6, 8, 9, 14, 18,
and 20].

Belarbi and Ahmani [4] investigated some new
integral inequalities for Cebysev functional of two
synchronous function by making use of the
Riemann-Liouville fractional integral operator and
Saxena et al [23] investigated some new integral
inequalities for Cebysev functional of two
synchronous function by making use of the Saigo
fractional integral operator.

H. Ogunmez and U. M. Ozkan [19] derived new
quantum integral inequalities for Chebyshev
functional of two synchronous function.

This has motivated the authors derive certain new
integral inequalities associated with Saigo fractional
g-integral operator. By virtue of the results for
Riemann-Liouville and Kober fractional g-integral
operator can also be deduced from our findings.

Il. FRACTIONAL Q-CALCULUS

Let tg € R and define (See [3, 5])

0

T, ={ t:t= tyq",n anonnegrativeint eger }U{O},O<q<1.

If there is no confusion concerning t, , we will denote Tto by T . For a function

f: T >R, the nabla g-derivative of f is

g 1(0- 1000

(g-1)t

&)
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Forall teT \{0}. The q integral of f is (see [19])

If s)=-a)t Ya'tta) 3

t=0
Now
The g-exponential function is defined as
eqt)=T1 (1_qkt) ’ eq(0)=1 (@)
k=0
Define the g-Gamma function by
IR
L= ] (EJ e @V, eg(0)-1 (5)

Or

the g-Gamma function cf. Gasper and Rahman [10] , is given by

N C ) S ) N R R
) ®;a).0-af"  @-af? ) R v
Where
(a;Q)o=1, (a;q)r,:ﬁ(l—qi), n>0,and (a;q), f[(l aqi).
And

(a;0), =

A g-analogue of the familiar Riemann-Liouville fractional integral operator of a function

f (X) due to Agarwal [2] is defined as:

Gt = X

(qt qj f(t) dgt ©)

Where R(a) > 0 ; |q| <1
And

(:q), = (a;0),
Also the basic analogue of the Kober fractional integral operator cf. Agarwal [2] is defined by

19 {f(x)} = X j[qt ,qj t" f(t) dgt (8)

Iy (o) -

Where R( |q|<l n eR

A g-analogue of the Saigo fractional integral operator is defined by Purohit and Yadav [22]
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—B-1 -1 (a+B) X
9B = X9 (t—q; j T . “P.a759%:0,9 )| (1) dgt 9
q (x) r @ g ) q’qxlt[2¢l @ .a™:q%;0.9)|F () d

<1 and n is any non-negative integer

Where « >0, # €R and ‘l
X

Saigo fractional g-integral operator can be extensions of Riemann-Liouville and Kober fractional g-integral
operators with the following functional relations:

|8h—0h11 f(x)= Ig f(x), (10)
190 £ (x) = I £ (x) (1)
q q
For f (t) = 1 in equation (9)
—B-1 4 (a+p) X
OC,B,T] _ X q t_q o+ M. N0
Iyt @) = r @ ! (X ,q]a_l T aty L0y @, a7:0% ;0,9 )] dgt (12)
When f (1) = x* L in equation (9)
| B (Xx—1> _ T Ty (A -B+m) B 9
q [ =B) Iy (A +a+n)

Put A =1 inequation (13)

Ia,B’n (l) _ 1—‘q (1) 1—‘q (1_B+n) X—B (14)
q [A-P) I A+a+n)

I, MAIN RESULTS

A. Theorem 1. Let fand g be two synchronous functionson [0, =], Thenforall t >0, a>0

we have

o, Bm >Fq(1—[3)rq(1+a+n) B oLBM o, BN
Iy )X = ROnLOpry X o (F)e 137 M@ ) (15)

Proof:- Let f and g be two synchronous functions on [0, o] , then forallt >0,p>0

we have
[f(0) — f(p)] [g(v) —g(P)] = O (16)

f(x)g(x) — f()g(p) — f(p)g(x) TH(p)g(p) = 0

flmg) + fip)glp) = f(Dgp) T f(p)g(v) 17

Multiplying both sides of equation (17) by

—B-1 — (a+B)
* . t_q ; T a+p ~—M .0 .
rq (G,) (X ’qja_l q’q(1+1t |:2¢1 (q ’q 1q !qaq):l

X
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we obtain

—B-1 ;-1 (a+B)
X q (tq . J T ot M. 4O
—:q o o @**™*,97;0%:9,9 ) foge
Iy () x ) q,qT”t [2 1( )

—B-1 4 (a+B)
X q t_q . T ot M. 4O f
’ Iy (o) (x ’qja_l qu‘”lt [2¢1 (q a4 .9 1QvQ) (P)elp)
X

—B-1 4~ (a+P)
s : t_q ; T o+p M. 0. 5
> Iy () (x ’q}a_l . Yqu—l ‘ [24)1 (q ,q ';97:0,9 ) (0e(p)

X

—B-1 4 (o+p)
s d t—q ; T o+B M. 0. 6 18
' Iy (@) (X ’qja_l q ,q“jt [2¢1 (q 4 54 ’q’Q) (P)g(1) (18)

Integrating equation (18) over (0, t), we find that

—B-1 4 (o+p) L
X q (tq . j T atf M. -
— 4 a+ & 9”9 597:0,9 )| () o(7) dgt
Fq ((X.) I X a-1 q ’q xl t [2 1 ( )] !

—B-14—m(a+p) t
X q t_q . T o+ M .~O - f d
i [y (o) E[(x 'ql_l q gt [2¢1 (q 4 .4 1q7Q)] (P)o(p) dqt

0

X_B_l q_n D . atf M.40 -
T L@ K7ML41W“t%@ A70% 0,0 | f@ op) dgr

X_B_l q_n @ tq iy at+f M.40 -
@ ﬂjﬂkiammb%@ A70%50.0 )| () o) dge

X

Using equation (9), we have

Pl (o) ¢
G"Ban + X q t_q. OL+I3 N.y%.
E a@@)._ﬁﬂa——ﬂqu4zﬁﬁjmmq,q,qqqmwmm%r

Pl g (o)

X t

= op) j[—q;q] T
a-1

Iy (o) X q,

qoL ¢ [24)1 (q"‘+B .07":9%:9,9 )] f(x) dgt
0

X

(Bl (@B) Loy
et X () T
a—1

Iy (o) X q,

qo 26, [0 a:0%50.0 )] g dn (19)
0

X

Applying equations (9) and (12), it gives

1PN )00 + 1E)ap) 19PN = oo 15PN ()00 + op) 15PN ()09 (20)
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Multiplying both sides of equation (20) by

X_B_l q_n ((1+B) (ﬂ qj
[y (@) X ol

T o, L0 (0.0 0% 0.0
2,0

Yields

—B-1 y—m (a+B)
g P (a0 = Fj(a) [%;qja_l T 201 (0 a0 0.0 )

[

-1 g (@)
() g 1P (@) X4 (ﬂ ;qj T
g X a-1

Ig (@) g9 [2¢1 <qa+ﬁ’q_n;qaiqu)]
q e

X

—B-1 g (a+B)
- OL,B,T] X q pPq . A+ -1 .~ -
= g(p) 1" M (F)() r @ [—X ,qja_l Tq’qazlp s [ a0 0.0

p-1. g1 (o)
+(o) 15PN (g) 00 X1 [m;qJ T o bt 0 ame%i00)] @
o-1

Iy (o) X q,9

If we integrate equation (21) over (0, t), we see that

Xqun(a+B) pq A+ M. O .
Ty (@) (?’q]a_l T o, 201 la*" a0 0,0 g

X

o, Lt 0 0000 )00 dgp

X

o :QJH Tq’& [2¢1 (Q‘”B .97";9%:q.q )]g(p)dqp

X

X By (a+P) b
+ |8°'B’”(g)(x)£ #(p—f;qja_l Tqucﬁlp [zd)l (q P.a;q ;q,q)]f(p) dgp (22)

By virtue of the results (9), (12) and (14), it yields
12PN (F 9)0) 1P (@) + 18P )0 13PN
> 18PN (E)00 1P (9)00 + 15 P E )00 157P M (0)00)

5P a)e0) 213 PN0) = 15PN )00 215 P @00

Or
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OL’B!T] > 1 O('!B’n (X!B’n
g™ (F9)00 " ehag) g™ (E )0 157 (@) 0

N Iy @-p) Iy @+o+m) B |0"B|TI

ELRIUIEY ()00 157 g)00

1—‘q (l) 1—‘q (1_B+T]) g
the theorem is proved.
For B =— a, Theorem 1 gives in term of Riemann-Liouville fractional g-integral operator
1). Corollary 1.1:-
[ 1+0a)

IgFe)) = X~ 1g (F)x) 15 @)

Iy @
For B =0, Theorem 1 gives in term of Kober fractional g-integral operator

2). Corollary 1.2:-

[[A+a+m)

oan
g (F9)(x) e

x~ 1)) 1571 (@)(x)

Next we establish the following

B. Theorem 2:- Let f and g be two synchronous functions on [0, «], Then for all
a>0,B, n and & real numbers, we have

Fq (1) rq (1_I3+E«') X—B |O('IB’TI

CROTEB L ape
[ A-B) I A+ a+8) q (f g)(x) Iy (1-B) Ty @+ +n) X Iq (f g)(x)
> Ig’B,n(f )(X) |8°’B’§(g)(x) + |ahl3,§(f )(x) |at,[3,n(g)(x) 23)

Proof: - Using similar arguments as in the proof of theorem 1, we can write

—B-1 4—€ (a+p)

—B-1 4—€ (a+p)
+ G"B!n X q pq . OH'B —i. o .
()9 1§70 *— i & ,qja_l T o, bl 00 0.0

X

B & (a+)
> g(p) IS"B’”(f)(X) x4 [ﬂ;qj T .4 [z¢1(qa*ﬁ,q‘§;q“;q,qn
a-1

Iy (@) X q,9 - P
x P gt @) (pg B k.o
+f(p) Ia"ﬁ’”(g)(X) r @ (?;q)a_l Tq’qwlp Los (@ q7%:0%:0.q (24)

X
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Integrating equation (24) over (0, t) we find that

X Bl =& (a+p)
1PN g)oo [ 2T +[?gﬂj T ea, Lo 0770 %0%50.0 age
0 a-1

Fq (o) X g, 3P
X B-14-E (a+P)
+%&MDIXI$® [%mjlzw%L%W*@?¢MJm@mm%p
0 o= "X

xP1 g(eh)

- 'aﬁn (X)J I (o)

(0] T g, b b et iaa o
o-1 49—

X

—B-1 4-E (a+B)
+ 15PN meI&M (%”L4Twwb%wwﬂﬁ¢Mﬂ%m%P

a,
Using equation (12) and (14)
5PN E 000 19750 + 13 PE o0 15PN 0)
> 10PN (E)00 1P 5 (@)00 + 13 P ()0 15 P M (9)00) (25)

Or

GO TGA-B+E) 5 apm L T @=B+n) 5 ape
1ﬁq (1—B) Fq (1+OL+§) X Iq (f g)(x) Fq (1_[3) Fq (1+0H_n) X Iq (f g)(x)

> 18PN ()00 13 P S 0)00 +18 P ()0 15PN (0) )

the theorem 2 is proved.
For B = —a, Theorem 2 gives in term of Riemann-liouville fractional g-integral operator

1). Corollary 2.1:-

1 1S 4 ¢ a
I a-p) X1 (f )<>F(1 B X1 ()0 = 17 ()00 15(0)0) + 15 ()09 17(0)0)

For B =0, Theorem 2 gives in term of Kober fractional g-integral operator

2). Corollary 2.2:-

I A+8)

I,(@+n)
Aty oM L_qvtW 0,8

[ A+o+m)

> 1)) 185(0)00 + 155 ()00 157 (0)0

Next, we establish
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C. Theorem 3:- Let (f;)i-i 25......» be n positive increasing function on [0,c]. Then for any t > 0, a > 0,  and n real

numbers, we have

i=1

|aBn[Hf }(X {laﬁn()} ﬁ |3’B'n(fi)(x) (26)
Proof: - We prove this theorem by the method of mathematical induction Clearly for n=1 it gives
.g,B,n (F,)(x) = |a"51” (f,)(x) forall t>0, a>0

Again for n = 2 , we have

19PN (1,100 > [lg’ﬁ’”(l)}_l 1PN ()00 18P (F,) 00

where t>0, a>0

By (induction hypothesis), it yields

|a,B,nﬁ‘[lf}(x) 2[!“’3’”(1)}2_n i‘[l 1% P (F, ) (x) 27)

d i=1 I a i=1 d |
n—1

(fi)1=125......n are positive increasing function, then l__!f; (x) is also an increasing function. Hence we can
I=

apply Theorem 2 to the function

n—1
I I fi =g, f,=f , we obtain

1=1
n-1 -1 n-1
|g’B,n{gfi}(x) = 18PN ()00 > [lg’ﬁ’”(l)} 1P |:gfi:|(x) 1P (1) 00

Taking into account the equation (27)

we obtain

pBﬂ[fIf,] w > [ebng] figbng [ [HIE;B“( ﬂ(x) 18P0 18P0 1, )0

@b “[ﬁf.} 0> [P0l et

For p =— a, Theorem 3 gives in term of Riemann-Liouville fractional g-integral operator

1). Corollary 3.1:-
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o _ﬁlfi x) > [ug(l)}l‘” |

n
i=1

'g (f; %)
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For B =0, Theorem 3 gives in term of Kober fractional g-integral operator

2). Corollary 3.2:-

n 1-n n
I CE TR R0
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