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Abstract-In this paper, we evaluate a general class of
multiple Eulerian integral with integrands involving a
product of general class of polynomials, a general sequence
of functions and the multivariable H-function with general
arguments. On account of most general nature of the
functions and polynomials involved in the integral, our result
provide interesting unifications and generalizations of a
large number of new and known results. To illustrate, we
have obtained several special cases of our main result which
are also sufficiently general in nature and of interest.
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|. INTRODUCTION

The well-known Eulerian Beta integral

b
J(z —)* (b —-t)ftdt = (b—a)*** 'B(a,p) ,

(Re(a) > 0,Re(B) > 0,b > a)
(1)

is a basic result for evaluation of numerous other
potentially useful integrals involving various special
functions and polynomials. In a study of the screening
properties of a charged impurity located inside and near
the surface of a metal subjected to a magnetic field, there
arises an interesting class of Eulerian integrals involving
the Bessel function J,(z)or J,(z), which were expressed
in closed forms by Glasser [2].

In an attempt to provide generalizations of these Bessel
function integrals of Glasser [2], Wille [19] evaluated
each of the following Eulerian integrals involving Meijer's
G-function :

[;r;,)n,p.q (a’ B: a,, bq) =
231 al,az, e,

1 mn a? B p
fo t*(1— t)pr,q {(E-l_T) by, by, ..., b }dt

Wherel<m<q;0<n<p.

Raina and Srivastava [8], Saigo and Saxena [9], Saxena
and Nishimoto [11], Srivastava and Hussain [15],
Srivastava and Garg [14], Srivastava and Singh [17],
Gupta and Jain [4], Gupta and Soni [5], Srivastava and

Daoust [13], Gupta, Goyal and Laddha [3] etc. have
established a number of Eulerian integrals involving
various general class of polynomials, Meijer,s G-function
and Fox's H-function of one and more variables with
general arguments.

A series formula for the general sequence of functions
introduced by Agrawal and Chaubey [1] and was
established by Salim [10] as-

R“Px;A,B,c,d;p, q; v,6; e~ |
B xn (ex? + d)onnesx”
= lnl
(_1)t+m (_v)u, (_t)e (a)tsm

m!lviu'ltle!
m,v,u te
(—a = yn), (=B = &m),
(1 -—a-— t)e

« pe+rm+A+qu < cxd )”
l N cx? +d

AxP\¢
4?ﬁ“m

where

and the infinite series in the RHS of (3) is absolutely

convergent.

The general class of polynomials introduced and studied

by Srivastava [12] is defined as

V/U( V) A
SYI] = ) o
1=0 T
...... %)
Where V =0,1, ....... and U is an arbitrary positive

integer. The coefficients A,,(V,n=0) are arbitrary
constants, real or complex.
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The H-function of several complex variables introduced “ )
and studied by Srivastava and Panda [16] is defined and M Yy A-C
represented in the following form: j=1 0-~0
0,N:M{,N{;.ce; My Ny,
“ X Hp Q. py 01 P u dx; ..
0,N: M{,N1;.ceuueeei My, Ny, .(w)
H |\ =Hpo b 0v 00 Nw Y By: D,
Z, j=1
! (w vy w) ~w)
(ak;Ak,.....,Ak ))1'P:(Ck'Ck)1,P1;"""';(Ck 'Ck )1,PW u { . - B ‘_1}
, w Coy W) ) =H(Z-—J’-)_ A+p)A+g)™"
(bk;Bk"“"’Bk ))1'Q:(dk'Dk)1.Q1;"""';(dk 'Dk )1,QW =1 J / J J
[V/U] o

DI ZKfn?€5f5n>

=0 n=0m,v,u ,tet1=

LE_g(m, v, t,e)

V(S 8,) 2025 dE - dE,, § 1—[ {(ﬂ,- — @)U (1 +p) IR
Al
...... (6) j=1 K
u® (i) (1 + U) RN KbR n
T T -Df &) TT Tt-b’ +¢{’ &) R
¢i(§i)_ D({'):1 j= = ,Vie{l,-..W} XHo,N+3u : M1, Nl,......;MW,NW;ll
r-d i) D i) r Ci) +C(i) » P+3u,Q+2u: P1,Q1;....; Py,Qu;1,1
j]ﬁ(j)ﬂ ( ] ] §|) ],l;lm ( ] ] §|) .
i 57V
..... (7) Uln{ﬁj(1+,0j)y](1+aj)]}
A r . j=1
q r(l—aj +Zl:A§> eﬁj
_ i= i=
Vit =3 N A0 = 0 3 - vj 577" [Jo: Ko
l:[ll"a,-ZA S qu b, +ZB Si {.Bj(l‘l'pj) (1+9) } Lo: M,
j=A+ i=1 J (8) j=1
..... chi u ‘ R
—| [{Ba+p)"(1+4)7}
and® = 4/—1 =
For the conditions of existence on the several ~  -----. ©)

parameters of the H-function of several complex
variables, one can refer to H. M. Srivastava et al. [16, p.
251-253, Eqgns. (c.2) to (c.8)]

I1. MAIN INTEGRAL

Where
Ao = (a; Ay, .. A

Bk(W))l,Q

k(W))l,P

BO = (bk;Bk )y

Yz — x) Co = (', Ci 1pys o3 (Ck(W)ICk(W))LPW
1_[ A Aj )+ C W) W)
yu J= Dy = (dy , Dy )1,05 3 (@™, D™ )10,
[ u s t: ]O - (1 C]R U W)'(jq)l,u'
SV an(ﬁﬁ—y;)f(zj—m’ .
duy PSR (=4 —Ks] ~YGR =59y Ga),
L = J
_ (1 — K4 = §GR Gy, 63, 5Ga),
x Ry bﬂwh‘l, B,c,d;p,q; v, 6;s,7 (Ao ’Ak(W)’O)l,P
| =1 .
KO = (Ck 'Ck )1.Q1; .......... (C (W), Ck(W))lew;
(1-v+6n1)
LO = (bk'Bk ) e ey Bk W), 0)1,Q'
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A=GR Y e, =19, 81,
(=% - —K(s5+4) =Gy +§)R -1
-1 (]/,- +5]-)v]- , (y} +5;’)Vj(w).(yj
+6)4q),,
Mo = (di , D Y1y v o o ; (d’f(W)’Dk(W))l_QW:(O,l)

..(10)

whereX; = (7 —3;) +p; (% =) + (5 — %)
(1)

(5 =) (5 -%)"% "™

ULTEMAS

TRyt Bt -8 —y)+Bo(5—x)

vjie{l2....,u},

.(12)

B(m,v,u, t,e)

_Br D" (=v), (=) (@) (—a — yn), (=B — én),

viultlelm!(1 —a —t),

« pe+rm+A+qu’\ cd®rrins™ (A)t
l . L, B)’

whereR =In+qu+pt+rm+ry

Conditions of validity for (9) are

(I) A'!Mjisjitj'Zj'v’(i)
Op} * —1,0 i #F -1,

(5 —y)+p(x —yj)+0j(zj —x) #0,

% €lyzli=Lwj=1u

i) B - -l <1B{(z —»)+

pi (% =)+ (z =)} % € [y, 3],
j=1lu
(iii)  When min(s;, ;) > 0

>0,p #0,z -y #

@ Re(x)+y{Un+t+mm) + X,y vOS +
1>0

() Re(w)+8gUn+t+rm)+ X,y vOs +
1>0

When max(s;, ;) < 0

(c) Re(/lj)+sj[V/U]+yj{j(ln+t+rn)+
2y 08 +1>0

@)  Re(w)+V/UI+68¢Un+t+mn) +
2y 08 +1>0

where

d,®

. k
S; = min [(Re|—=
1<k =M; [ <Dk(L))]

When s; > 0,t; < 0 inequalities (a) and (d) are satisfied.

When's; < 0,t > 0 inequalities (b) and (c) are satisfied.

(iv) larg z;| < %Qin, where
P Q N;
Q, = Z A (i)_ZB"mJ’ZC 6!
k=N+1 k=1 k=1
P; M;
_ c,® +Z D,®
k=N;+1 k=1
Qi
- D,P >0
k=ML'+1
da=1w

(V) N;P;Q!MUNUPL!QU i =
integers constrained by the inequalities:
0SNZPQ=200<N,<P,1<M;<Q;;

1,w are non-negative

i=1w
(vi) The multiple series on the R.H.S. of (9) converges

absolutely.

Proof: To establish the integral formula (9) we first use
the series representations (5) and (3) for the polynomial
sets SY[x] and
R“Px; A,B,c,d;p,q; v,5;s,r]respectively and the
well-known series of the exponential function in its left
hand side (say A). Further, using contour integral
representation (6) for the multivariable H-function and
then interchanging the order of integration and
summation suitably, which is permissible under the
conditions stated with (9) we find that

-3.5 3 s

=0 n=0m,v,u ,te

X @(m, v,u,t, e)
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V/U]
Wf f G fw)n{¢ €1} A=y Z - V;'U;'Avx aK bR

K=0 n=0m,v,u ,te

_ it ]- . /1]-+Kt]- Q)(mi vlull t, e)
f “—[ (5 -3)""(z -x) X oo
/1]+u]+K(sj+tj)+2
Y1 yu J=
R X f | [ e m]_[{qs Eom)
% Y]‘,(}'R"'Z‘i”:lfivj(l) } Ly Ly+1
} ch? Sw+1
(5) rbunT@ - ot £y
u dn—v
C g
X (1 +qu 16,(’1“?) dxq ....dx, pd&; .....d¢&, (x _ )/1]-+Ks/-+yl- Z;f"zlfi,,j(t)+yj(j(R+q§W+l)
j=1 Yj
f f l_[ /1 +,MI+K(S]+LL])+(Y/+5 )(R(,+ZW1§L j()+(]Q§W+1)+2
Y1 yu J=1
...... (14)
5 (Z] _ xj)ﬂj+1“j+5j S €y D464 (R+qéw +1)
n—v
Now by writing (1 —gx‘?) in terms of contour (‘[g‘)R(j.;.Z}"/:l v, O48;q8w 11
integral and changing the order of integration therein, we /
obtain
/U] o (V) y <1
Z Z Z KLIIKI VK KbR n (ﬁ _av)(xv —J/v) —(GRAEW £v) D+pq8y +1)
=0 n=0m,v,u ,te n _#> dxy ...dx, |d&y ... dE, 1
777
o(m,v,u,t,e)
M= 8n) If PEEE <1 € g = Tu
f f f e then use of binomial expansion is valid and we thus find
2ro)v+t TR
( T[w) Ly Ly+1 that_
w
chi Sw+l [V/U] o © ©
X l_l{d)i(fi)ni{i} (T) Z Z Z Z . (=VukAvk
i= I'nl!
=t K=0 n=0m,v,u ,t,e t1=0 Ty KT]
XT (=84 )T(v —6n+ &, 44) o(m,v,u,t,e)
I'(v—6n)
)1 +Ks ui+Kt;
1_[ e (B -y
e +uj+K(sj+tj)+2 X 1_[ {]T—]} akpRsn
Bt
yu J= j=i i Y
X ijR"'E‘i’V:lfivj(iH{jqfwﬂ\ —I (
J dx, ....dqudf1 e déy g (Zmu)W“ (ST
} Ly Lw+1

w $w+1
Substituting the value of ¥ from (12) and after a little % 1_[{0"'(5)77-5"}(@) [(=£,,)C(w — 6n
9 L L L d w

simplification we get
+ EW+1)
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H{F(T +R{] +Z 151121( +€jq€W+1)
MR + X1 &1, O + 358, 41)

Bj —(RG+2I1 €0, D498 11)

ULTEMAS

|
‘[].

j=1

1+O. —Ktj—é'j{jR

x( 1), - aXpRsn
’3.T1+(1R

g)

2Ky 0 £ Oy ¢ (R+E,, )+ f f f
) j j X — (an)wﬂ Y&, ..., &)

Ly Lw+1

f fl_[ /1+u]+K(s )+(

Y1 Yy J=

Kt +8; 2 Ev; D46, (R+
X (Z] _ X')”] j 1€L J (]( qfw-#l)

\

B —a)x;—y) ~GRA A £, 04080 I
x[1-— / > ¥
( B JI

1
dx; ....dx, |d§’1

|

. d§w+1

Now using (11) and then evaluating the inner-most
integral by using the following known extension of the
Eulerian (beta function) integral-

dx

f (=) =0
/ {z—y+Ax —y)+u@z—x)}*+F

_A+D A+ r@re)
(z=y)(a+p)

.(15)

provided that

z# y,Re(a) >0,Re(B) >0andz—y+ A(x —y) +
uiz—x)+0

we get

8= (G =y A+ A o)
j=1

( V)UKAV,K ®(m! v, u,; t, e)

zizifmm

=0mvu tet1= Tu

I'(v—én)

www.ijltemas.in

)(RZ +20 gD+, q§W+1)+r +2

[(=§w+)T (v —én

Sw+l
X D{d’i(ﬁ)’lifi} (%)

+ EW+1)

—(r)

j=1
+8 ) 650 +88q8u0 + 1)}

i=1

X F(_€W+1)F(v —oén+ EW+1)

u —y; —5 NSt & @
xl_[{(1+pj) i(1+0g) ‘”} Y
B;

j=1

L] B d

Where

A =1+4+Ks +vy{;R
w
+V]~Z€ivj(”
i=1

B =X+ +K(s; +t)+Ry +

+8)) &y
i=1

+ (1 +8)8 a6+ +2

+76qSw +1

)6+

Finally, reinterpreting the multiple Mellin-Barnes contour
integral in terms of multivariable H-function, we easily
arrive at the right hand side of (9)

1. SPECIAL CASES

Our main integral formula (9) is unified in nature and
possesses manifold generality. It acts as a key formula.
The multivariable H-function occurring in this integral

Page 61
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can be suitably specialized to a remarkably wide variety where
of special functions (or product of several such functions) W)
which are expressible in terms of E, G and H-function of =(1-5 =GRy, ...~ Q)Lu' (=4 - ¥R
one and more variables. Again by suitably specializing .
. .. — T YV y.v.(W) y{q)
various parameters and coefficients, the general class of R g T
polynomials and the general sequence of functions can be (—u,
reduced to a large number of orthogonal polynomials and K
hypergeometric polynomials of practical importance. — SRSV . SvW 8. a A, A, ™ o
Thus using various special cases of the multivariable H- R0, 100G q)l'“ (a4 4y AC0),,
function, general class of polynomials and the general K, = (Ck,'Ck,)lQl; ......... (6™, c,™). ;a-v
sequence of functions, one can easily obtain a large ' LOw
numb_er of other integrals involving simpler special +6n,1)
functions and polynomials of one and several variables. , )
We record below some of the special cases of (4) which Ly = (bk;Bk PR » Bk ;O)LQ' (1
are new, general and of interest in themselves: , W)
) (]R,U] ;";_vj ;{jCI)Lu;
() On taking V=0,U=1and A4,,=1 in (9),
general class of polynomials S} [x] reduces to unity (=% =1 =G +§)R =7
and we get =L +8)y O+ )y
f f ﬂ RGO +8)50),
/1 +/1]+2 u
u J= C
! My = (dy, Dy 1y e e oo $(d,0,"), , 501
(a,B) gj. . . . .
xRy bl—[ ViABc.dip.q;y.8is,r 1) On, reducin the multivariable H-function
o - - g
| /=1 occurring in the L.H.S. of (9) to generalized
u Lauricella function [6] we arrive at the following
x H [n, —[Y”J e eee s My nlg”f(w) dx ...dx, Integral—
j=1 (5 =" (5 — %)
u /1 +[4]+2
_ 2. v J=
=[ [l -ma+sysa ’
J=t o T (5 —¥)% (g —x)"
+ O'-)_”j_l} X Sy s]+t
i Z Z Z(Z)(mvu ,t,e) u
— (a.,p) 3. e e .
=0mvu teT1= NI —én) XR, bl_[};-l,A,B,C,d,p,q, Y,6;5,1
j=1
— @) (1+p;) VSR (1 + 6) 8GR
% H{(ﬁ} }) ( p}) —F ( J) }bRsr) L v
j=1 TJlﬁJ] ! _7711_[%] A, C
X HOMAI M1 M My Mo 11 j=1 2
P+3u,Q+2u: P . Pw,Qw;1,1
) u,Q+2u: P1,Q1;. Q XFPP1 pr< . \ dx . dx
17 s\ 7Y ) W)
?711_[{/3;(1+Pj)’(1+0;)1} —anﬁv’ B,:D,
j=1 j=1
u ] K u
1: 14 _ - -
(BGro) o))" [l =[G —ma+ eyt gy
j=1 j=1
ch? T y 5151 V/U] w |
| [B5a+p)"(1+4)") ZZ > Z AT
T I nl Y el
j=t =0 n=0m,vu ,tet1= ke n:
...... (16)
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u (1 4 0 KSR (1 4 0 ) K-8 GR the class of polynomials studied by Srivastava and
xn{(ﬁf At 1 VR e ra) Singhal [18] and we get'
b:h

=1
! 1—[ (5 =) (7 = %)
Iy +¢)T(1+4 +Ks +v{R+7) /1,+ﬂ,+2
[+ +K(s; +6) +R(y +6)¢ + 1 +2] Yu I=
x; z — X
IO +y +Kg +<sj(jR)}aKbRsn w5 |a 1—[( y,) ( )i
r(gR)
u
(a.8) . .
u : xT b —[Y i;A,B,c,d;s, T
) 51"V n j APy b Yo,
mn{ﬁj(Hpj)V’(H@')’} : j=1
j=1 u
M 16”"
P+3U:P;u Py 1 W Jy: K. il As:C5
X Fy oo 11 1_[ ﬁ,(lﬂ)j)y](l“‘c’) } LE:MZZ =
O,N:M1,N1;.e.usi My Ny
i= X Hp'o.p, 015 0w ) . rdxg ...dx
) (B+p) (1+9)") " R Ty
d =1 ‘Bj pj O} nW Y]’ / B3:D3
j=1
u
...... (a7 =[ Jtg -mra+pyta+gys)
Where N
! (w) /U] e yn t+m+n
A= (1= asdy, e A" )1P z Z Z 23 -1 (=v)y' (=t)e
, ' vid 1tlelm K1
By =(1=bi; B, B ™)1y R 0 1=0mon tet1=
b (a)( a—n).(=f —n),(=V)ykAvk
—(1_ (1= ) W) .
C2 ==, C dips i (1= 6™, Cp )1,PW nd—a—-t),l(v—n)
Dy = (1= di D) gpi i (1= ™, D) g, X (—e —rm—u ) cvIndn s <A>t
' l n! B
Jo = (5 + G599, G0), "
u
, —a)U (1 + p,)KSiViGiRT
(144 +Ks —yGR+ 51y, 1™ y,54), xl_[{(ﬁ] 2.l
, j=1 J:
(L+u +KG +§GR Gy, 6v,,5¢q), (1
u (1+0.) —Kt;—8;{i Ry
! w) aKle
—ak;Ak PR, ’Ak ’0)1P ‘B T]+(]R1
’ j
K,=(1-c "C ’) . .(1 —o™ c (w)) (v fON+3u My, Nl,......;Mw,Nw;l,l
2 koo Sk J1Pyy wee e e ’ ko o™k 1,P,’ X Hp 4 30,0+2u: P1,Q15 s Py Q1,1
—-6n,1) - Y
, » ] [ @re) @ra))”
L2 = (1 bk’Bk T ’Bk ’0)1.Q’ j=1
R; ',r"';_ (W); ] )
(§ Ry, UG D . ” 50| 5 K
(% +u +K(s5 +5) + (1 + )R+ 1_[/?,( +P;) (1+9)"} 7 |im,
+2(y+8)v ., (v, +68)v, ™, (y, chi ~5q
(} 1)1 (1 J)J (1 - {lgj(l+pj)yj(1+1) } j
+8)50),,
My = (1—=dy Dy )ygy5 e voe o (1 ....(18)
—d,",p, (w))ww; _ Where

, — 1 w)
(III) Settingp=q=1,y=6=1,1, =nl,l=-1land1=0 As (ak,Ak, ...... Ay )
in 9), the eneral sequence of  functions '
(a,;)( ) g d @p) By = (bi; By s s Be“ D10
R, "[x,;A,B,c,d;p,q; v,8;s,r] reduces to T,""’[x],
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C3 = (cx ,Ck D1pys

D; = (dy , Dy )1,012

......... ; (Ck (W); Ck (W))l_pw

Jr=(1- U ijlinl'---'_’?(W)'{iq)m'

(-4

(_Mj

— K5 =%, GR — 5319 15 1 ),

J

— Kt = §GRi6 Y 63, 6G0),

1,P
K3 = (Ck’le )1.Q1; """"" (Ck(W)'C (W))l'QW;
1-v+n1)
o' w)
(b Bic s B ™,0),

(-4

M; = (dy,Dy )1,Q1;

(1 — (] RZ' ‘l]] ,, ey _v] (W)I (] q)l,u;

—w —K(s+6) =gy +§)R — 7

-y +8)y e, (v +8)u ™, (
+6)649),,
"""""" ; (™, Dy (W))l,QW; (0,1)

Ri=-—n+v+l+rm+m

....(19)

(iv) Lastly, on settingp =d =1, = 1,s = 0, replacing
B by éand c by -tin (9), we arrive at a known
integral [7, p. 160, Eq. (4.1.1)].

A number of other integrals involving product of simpler
functions and polynomials of one or more variables can
also be obtained from our main integral but we don't
record them here explicitly.
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