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I. INTRODUCTION 

The well-known Eulerian Beta integral 

  𝑧 − 𝑎 𝛼−1 𝑏 − 𝑡 𝛽−1

𝑏

𝑎

𝑑𝑡 =  𝑏 − 𝑎 𝛼+𝛽−1𝐵 𝛼, 𝛽    , 

(𝑅𝑒 𝛼 > 0, 𝑅𝑒 𝛽 > 0, 𝑏 > 𝑎) 

     …..(1) 

is a basic result for evaluation of numerous other 

potentially useful integrals involving various special 

functions and polynomials. In a study of the screening 

properties of a charged impurity located inside and near 

the surface of a metal subjected to a magnetic field, there 

arises an interesting class of Eulerian integrals involving 

the Bessel function 𝐽𝜐 𝑧 or 𝐽0(𝑧), which were expressed 

in closed forms by Glasser [2]. 

ln an attempt to provide generalizations of these Bessel 

function integrals of Glasser [2], Wille [19] evaluated 
each of the following Eulerian integrals involving Meijer's 

G-function : 

 𝐼𝑛 ,𝑝
𝑚 ,𝑛 ,𝑝 ,𝑞 𝛼, 𝛽, 𝑎𝑝 , 𝑏𝑞 =

 𝑡𝑥(1 − 𝑡)𝑦𝐺𝑝 ,𝑞
𝑚 ,𝑛   

𝛼2

1−𝑡
+

𝛽2

𝑡
 

−1

 
𝑎1 , 𝑎2 , … … . , 𝑎𝑝

𝑏1 ,𝑏2 ,… … . , 𝑏𝑞
 

1

0
𝑑𝑡 

      

     ……(2) 

Where 1 ≤ 𝑚 ≤ 𝑞; 0 ≤ 𝑛 ≤ 𝑝. 

Raina and Srivastava [8], Saigo and Saxena [9], Saxena 

and Nishimoto [11], Srivastava and Hussain [15], 

Srivastava and Garg [14], Srivastava and Singh [17], 

Gupta and Jain [4], Gupta and Soni [5], Srivastava and 

Daoust [13], Gupta, Goyal and Laddha [3] etc. have 

established a number of Eulerian integrals involving 

various general class of polynomials, Meijer,s G-function 

and Fox's H-function of one and more variables with 

general arguments.  

A series formula for the general sequence of functions 

introduced by Agrawal and Chaubey [1] and was 

established by Salim [10] as- 

𝑅𝑛
(𝛼 ,𝛽) 𝑥; 𝐴, 𝐵, 𝑐, 𝑑; 𝑝, 𝑞;  𝛾, 𝛿; 𝑒−𝑠𝑥 𝑟

 

=
𝐵𝛾𝑛 𝑥𝑙𝑛  𝑒𝑥𝑞 + 𝑑 𝛿𝑛 𝑙𝑛𝑒𝑠𝑥 𝑟

𝑙𝑛
′  

×  
 −1 𝑡+𝑚 (−𝑣)𝑢 ′  −𝑡 𝑒 𝛼 𝑡𝑠

𝑚

𝑚! 𝑣! 𝑢′ ! 𝑡! 𝑒!
𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

 

×
 −𝛼 − 𝛾𝑛 𝑒 −𝛽 − 𝛿𝑛 𝑣

 1 − 𝛼 − 𝑡 𝑒

 

×  
𝑝𝑒 + 𝑟𝑚 + 𝜆 + 𝑞𝑢′

𝑙
 

𝑛

 
𝑐𝑥𝑞

𝑐𝑥𝑞 + 𝑑
 

𝑣

 

×  
𝐴𝑥𝑝

𝐵
 

𝑡

𝑥𝑟𝑚  

    ……..(3) 

where 

 

𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

=      

𝑡

𝑒=0

𝑛

𝑡=0

𝑣

𝑢 ′ =0

𝑛

𝑣=0

∞

𝑚=0

 

    ……..(4) 

and the infinite series in the RHS of (3) is absolutely 

convergent. 

The general class of polynomials introduced and studied 

by Srivastava [12] is defined as  

𝑆𝑉
𝑈 𝑥 =  

 −𝑉 𝑈𝜂𝐴𝑉 ,𝜂

𝜂!

𝑉
𝑈 

𝜂=0

𝑥𝜂  

    ……(5) 

Where 𝑉 = 0,1, … …. and U is an arbitrary positive 

integer. The coefficients 𝐴𝑉 ,𝜂(𝑉, 𝜂 ≥ 0) are arbitrary 

constants, real or complex. 
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The H-function of several complex variables introduced 

and studied by Srivastava and Panda [16] is defined and 

represented in the following form: 

𝐻  

𝑧1

.

.
𝑧𝑤

 = 𝐻𝑃,𝑄: 𝑃1 ,𝑄1;……….;𝑃𝑤 ,𝑄𝑤

0,𝑁: 𝑀1 ,𝑁1;……….;𝑀𝑤 ,𝑁𝑤  

 

𝑧1

.

.
𝑧𝑤

 
 𝑎𝑘 ;𝐴𝑘

′ ,… . . , 𝐴𝑘
 𝑤 

 
1,𝑃

: 𝑐𝑘
′ , 𝐶𝑘

′  1,𝑃1
; …… . ;  𝑐𝑘

 𝑤 
, 𝐶𝑘

 𝑤 
 

1,𝑃𝑤

 𝑏𝑘 ;𝐵𝑘
′ , … . . , 𝐵𝑘

 𝑤 
 

1,𝑄
:  𝑑𝑘

′ ,𝐷𝑘
′  1,𝑄1

; …… . ;  𝑑𝑘
 𝑤 

, 𝐷𝑘
 𝑤 

 
1,𝑄𝑤

  


wL

ww
Lw

ss )()(
)2(

1
11

1
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     …..(8) 

 and 1  

 For the conditions of existence on the several 

parameters of the H-function of several complex 

variables, one can refer to H. M. Srivastava et al. [16, p. 

251-253, Eqns. (c.2) to (c.8)] 

II. MAIN INTEGRAL 

 …… .    
(𝑥𝑗 − 𝑦𝑗 )𝜆𝑗 (𝑧𝑗 − 𝑥𝑗 )𝜇 𝑗

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +2
 

𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

 

× 𝑆𝑈
𝑉  𝑎  

(𝑥𝑗 − 𝑦𝑗 )𝑠𝑗 (𝑧𝑗 − 𝑥𝑗 )𝑡𝑗

𝑋
𝑗

𝑠𝑗 +𝑡𝑗

𝑢

𝑗=1

  

× 𝑅𝑛
(𝛼 ,𝛽)  𝑏  𝑌𝑗

𝜁𝑗 ; 𝐴, 𝐵, 𝑐, 𝑑; 𝑝, 𝑞;  𝛾, 𝛿; 𝑠, 𝑟

𝑢

𝑗 =1

  

× 𝐻𝑃,𝑄: 𝑃1 ,𝑄1;…..; 𝑃𝑤 ,𝑄𝑤

0,𝑁:𝑀1 ,𝑁1;……; 𝑀𝑤 ,𝑁𝑤

 
 
 
 
 

 
 
 
 𝜂1  𝑌𝑗

𝑣𝑗
′

𝑢

𝑗=1
.
.

𝜂𝑤  𝑌𝑗
𝑣𝑗

(𝑤 )

𝑢

𝑗 =1
 

 

 𝐴0:𝐶0

𝐵0 : 𝐷0

 
 
 
 
 

 
 
 
 

𝑑𝑥1 … 𝑑𝑥𝑢  

=   (𝑧𝑗 − 𝑦𝑗 )−1(1 + 𝜌𝑗 )−𝜆𝑗−1(1 + 𝜍𝑗 )−𝜇 𝑗−1 

𝑢

𝑗=1

×     … .  
(−𝑉)𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂! Γ(𝑣 − 𝛿𝑛)

∞

𝜏𝑢

∞

𝜏1=0𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

∅(𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒) 

×   
(𝛽𝑗 − 𝛼𝑗 )𝜏𝑗 (1 + 𝜌𝑗 )−𝐾𝑠𝑗−𝛾𝑗 𝜁𝑗 𝑅−𝜏𝑗

𝜏𝑗 !

𝑢

𝑗 =1

×
(1 + 𝜍𝑗 )−𝐾𝑡𝑗−𝛿𝑗 𝜁𝑗 𝑅

𝛽𝑗
𝜏𝑗 +𝜁𝑗 𝑅

 𝑎𝐾𝑏𝑅𝑠𝜂

× 𝐻𝑃+3𝑢 ,𝑄+2𝑢 : 𝑃1 ,𝑄1;…..; 𝑃𝑤 ,𝑄𝑤 ;1,1
0,𝑁+3𝑢          ∶ 𝑀1 ,𝑁1;……; 𝑀𝑤 ,𝑁𝑤 ;1,1 

 
 
 
 
 
 

 
 
 
 
 𝜂1   𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗  1 + 𝜍𝑗  
𝛿𝑗  

−𝑣𝑗
′𝑢

𝑗 =1
.
.

𝜂𝑤   𝛽𝑗  1 + 𝜌𝑗  
𝛾𝑗  1 + 𝜍𝑗  

𝛿𝑗  
−𝑣𝑗

 𝑤 𝑢

𝑗 =1

𝑐𝑏𝑞

𝑑
  𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗  1 + 𝜍𝑗  
𝛿𝑗  

−𝜁𝑗𝑞
𝑢

𝑗 =1
 

 

 

 

𝐽0:𝐾0

𝐿0: 𝑀0

 
 
 
 
 
 

 
 
 
 
 

 

……(9) 

Where 

𝐴0 =  𝑎𝑘 ;𝐴𝑘
′ , … , 𝐴𝑘

 𝑤  
1,𝑃

 

𝐵0 = (𝑏𝑘 ;𝐵𝑘
′ ,… , 𝐵𝑘

 𝑤 )1,𝑄 

𝐶0 =  𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑃1
;… ;  𝑐𝑘

 𝑤 ,𝐶𝑘
 𝑤  

1,𝑃𝑤
 

𝐷0 = (𝑑𝑘
′ , 𝐷𝑘

′)1,𝑄1
;… ; (𝑑𝑘

(𝑤), 𝐷𝑘
(𝑤))1,𝑄𝑤

 

𝐽0 = (1 − 𝜏𝑗 − 𝜁𝑗 𝑅;𝑣𝑗
′ , … , −𝑣𝑗

 𝑤 ,𝜁𝑗 𝑞)1,𝑢 ,  

 −𝜆𝑗 − 𝐾𝑠𝑗 − 𝛾𝑗 𝜁𝑗𝑅 − 𝜏𝑗 ;𝛾𝑗 𝑣𝑗
′ ,… , 𝛾𝑗 𝑣𝑗

 𝑤 , 𝛾𝑗 𝜁𝑗 𝑞 
1,𝑢

, 

 −𝜇𝑗 − 𝐾𝑡𝑗 − 𝛿𝑗 𝜁𝑗𝑅; 𝛿𝑗 𝑣𝑗
′ , … , 𝛿𝑗 𝑣𝑗

 𝑤 , 𝛿𝑗 𝜁𝑗 𝑞 
1,𝑢

, 

 𝑎𝑘 ;𝐴𝑘
′ ,… … , 𝐴𝑘

 𝑤 
, 0 

1,𝑃
 

𝐾0 =   𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑄1
;……… ;  𝑐𝑘

 𝑤 , 𝐶𝑘
 𝑤  

1,𝑄𝑤
; 

 1 − 𝑣 + 𝛿𝑛, 1  

𝐿0 =  (𝑏𝑘 ;𝐵𝑘
′ ,…… , 𝐵𝑘

 𝑤 
, 0)1,𝑄 , 
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(1 − 𝜁𝑗 𝑅; 𝑣𝑗
′ ,… , −𝑣𝑗

 𝑤 ,𝜁𝑗 𝑞)1,𝑢 , 

 −𝜆𝑗 − 𝜇𝑗 − 𝐾 𝑠𝑗 + 𝑡𝑗  − 𝜁𝑗 𝛾𝑗 + 𝛿𝑗  𝑅 − 𝜏𝑗

− 1;  𝛾𝑗 + 𝛿𝑗  𝑣𝑗
′ , … ,  𝛾𝑗 + 𝛿𝑗  𝑣𝑗

 𝑤 ,  𝛾𝑗

+ 𝛿𝑗  𝜁𝑗 𝑞 
1,𝑢

 

𝑀0 = (𝑑𝑘
′ , 𝐷𝑘

′)1,𝑄1
;……… ;  𝑑𝑘

 𝑤 
, 𝐷𝑘

 𝑤  
1,𝑄𝑤

; (0,1) 
     ….(10) 

where𝑋𝑗 =  𝑧𝑗 − 𝑦𝑗  + 𝜌𝑗  𝑥𝑗 − 𝑦𝑗  + 𝜍𝑗 (𝑧𝑗 − 𝑥𝑗 ) 

     …..(11) 

𝑌𝑗 =
 𝑥𝑗 − 𝑦𝑗  

𝛾𝑗  𝑧𝑗 − 𝑥𝑗  
𝛿𝑗 𝑋

𝑗

1−𝛾𝑗 −𝛿𝑗

𝛽𝑗  𝑧𝑗 − 𝑦𝑗  +  𝛽𝑗 𝜌𝑗 + 𝛼𝑗 − 𝛽𝑗   𝑥𝑗 − 𝑦𝑗  + 𝛽𝑗 𝜍𝑗  𝑧𝑗 − 𝑥𝑗  
 , 

 ∀ 𝑗 ∈  1,2 … . . , 𝑢 , 

     …..(12) 

∅ 𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒 

=
𝐵𝛾𝑛  −1 𝑡+𝑚  −𝑣 𝑢 ′  −𝑡 𝑒 𝛼 𝑡 −𝛼 − 𝛾𝑛 𝑒 −𝛽 − 𝛿𝑛 𝑣

𝑣! 𝑢! 𝑡! 𝑒! 𝑚!  1 − 𝛼 − 𝑡 𝑒

 

×  
𝑝𝑒 + 𝑟𝑚 + 𝜆 + 𝑞𝑢′

𝑙
 

𝑛

𝑐𝑣𝑑𝛿𝑛 −𝑣𝑙𝑛𝑠𝑚

𝑙𝑛
′  

𝐴

𝐵
 

𝑡

, 

    ……(13) 

where𝑅 = 𝑙𝑛 + 𝑞𝑣 + 𝑝𝑡 + 𝑟𝑚 + 𝑟𝜂 

Conditions of validity for (9) are 

(i) 𝜆𝑗 , 𝜇𝑗 ,𝑠𝑗 , 𝑡𝑗 , 𝜁𝑗 ,𝑣𝑗
(𝑖) > 0, 𝛽𝑗 ≠ 0, 𝑧𝑗 − 𝑦𝑗 ≠

0, 𝜌𝑗 ≠ −1, 𝜍𝑗 ≠ −1, 

 𝑧𝑗 − 𝑦𝑗  + 𝜌𝑗  𝑥𝑗 − 𝑦𝑗  + 𝜍𝑗  𝑧𝑗 − 𝑥𝑗  ≠ 0, 

      𝑥𝑗 ∈ [𝑦𝑗 ,𝑧𝑗 ],𝑖 = 1, 𝑤     ; 𝑗 = 1, 𝑢      

(ii)  (𝛽𝑗 − 𝛼𝑗 )(𝑥𝑗 − 𝑦𝑗 ) <  𝛽𝑗   𝑧𝑗 − 𝑦𝑗  +

𝜌𝑗  𝑥𝑗 − 𝑦𝑗  + 𝜍𝑗 (𝑧𝑗 − 𝑥𝑗 )  ; 𝑥𝑗 ∈ [𝑦𝑗 , 𝑧𝑗 ],  

𝑗 = 1, 𝑢      

(iii) When min 𝑠𝑗 , 𝑡𝑗  > 0 

(a) 𝑅𝑒 𝜆𝑗  + 𝛾𝑗 𝜁𝑗  𝑙𝑛 + 𝑡 + 𝑟𝜂 +  𝛾𝑗
𝑤
𝑟=1 𝑣𝑗

(𝑖)𝑆𝑖 +

1 > 0 

(b) 𝑅𝑒 𝜇𝑗  + 𝛿𝑗 𝜁𝑗  𝑙𝑛 + 𝑡 + 𝑟𝜂 +  𝛾𝑗
𝑤
𝑟=1 𝑣𝑗

(𝑖)𝑆𝑖 +

1 > 0 

When max 𝑠𝑗 , 𝑡𝑗  < 0 

(c) 𝑅𝑒 𝜆𝑗  + 𝑠𝑗  𝑉 𝑈  +𝛾𝑗 𝜁𝑗  𝑙𝑛 + 𝑡 + 𝑟𝜂 +

 𝛾𝑗
𝑤
𝑟=1 𝑣𝑗

(𝑖)𝑆𝑖 + 1 > 0 

(d) 𝑅𝑒 𝜇𝑗  + 𝑡𝑗  𝑉 𝑈  + 𝛿𝑗 𝜁𝑗  𝑙𝑛 + 𝑡 + 𝑟𝜂 +

 𝛾𝑗
𝑤
𝑟=1 𝑣𝑗

(𝑖)𝑆𝑖 + 1 > 0 

where 

𝑆𝑖 = min
1≤𝑘≤𝑀𝑖

 𝑅𝑒  
𝑑𝑘

(𝑖)

𝐷𝑘
(𝑖)

   

When 𝑠𝑗 > 0, 𝑡𝑗 < 0 inequalities (a) and (d) are satisfied. 

When 𝑠𝑗 < 0, 𝑡𝑗 > 0 inequalities (b) and (c) are satisfied. 

(iv)  arg 𝑧𝑖 <
1

2
Ω𝑖𝜋, where  

Ω𝑖 = −  𝐴𝑘
 𝑖 

𝑃

𝑘=𝑁+1

−  𝐵𝑘
 𝑖 

𝑄

𝑘=1

+  𝐶𝑘
 𝑖 

𝑁𝑖

𝑘=1

−  𝐶𝑘
 𝑖 

𝑃𝑖

𝑘=𝑁𝑖+1

+  𝐷𝑘
 𝑖 

𝑀𝑖

𝑘=1

−  𝐷𝑘
 𝑖 

𝑄𝑖

𝑘=𝑀𝑖+1

> 0 

;𝑖 = 1, 𝑤      

(v) 𝑁, 𝑃, 𝑄, 𝑀𝑖 , 𝑁𝑖 ,𝑃𝑖 , 𝑄𝑖 ;  𝑖 = 1, 𝑤       are non-negative 

integers constrained by the inequalities:  

0 ≤ 𝑁 ≤ 𝑃, 𝑄 ≥ 0, 0 ≤ 𝑁𝑖 ≤ 𝑃𝑖 , 1 ≤ 𝑀𝑖 ≤ 𝑄𝑖  ;  

𝑖 = 1, 𝑤      

(vi) The multiple series on the R.H.S. of (9) converges 

absolutely. 

Proof: To establish the integral formula (9) we first use 

the series representations (5) and (3) for the polynomial 

sets 𝑆𝑈
𝑉[𝑥] and 

𝑅𝑛
(𝛼 ,𝛽) 𝑥; 𝐴, 𝐵, 𝑐, 𝑑;𝑝, 𝑞;  𝛾, 𝛿; 𝑠, 𝑟 respectively and the 

well-known series of the exponential function in its left 

hand side (say Δ). Further, using contour integral 

representation (6) for the multivariable H-function and 

then interchanging the order of integration and 

summation suitably, which is permissible under the 

conditions stated with (9) we find that 

Δ =    
(−𝑉)𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂!
𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

𝑎𝐾𝑏𝑅𝑠𝜂  

× ∅ 𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒  
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×
1

 2𝜋𝜔 𝑤
 … . .  𝜓 𝜉1 , … . , 𝜉𝑤  

𝐿𝑤𝐿1

  𝜙𝑖 𝜉𝑖 𝜂𝑖
𝜉𝑖 

𝑤

𝑖=1

 

 . .    
 𝑥𝑗 − 𝑦𝑗  

𝜆𝑗 +𝐾𝑠𝑗  𝑧𝑗 − 𝑥𝑗  
𝜇 𝑗 +𝐾𝑡𝑗

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +𝐾 𝑠𝑗 +𝑡𝑗  +2
 

𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

 

 × 𝑌𝑗
𝜁𝑗 𝑅+ 𝜉𝑖𝑣𝑗

 𝑖 𝑤
𝑖=1

 
 

 

 

×   1 +
𝑐

𝑑
𝑏𝑞  𝑌𝑗

𝜁𝑗𝑞

𝑢

𝑗=1

 

𝛿𝑛−𝑣

𝑑𝑥1 … . 𝑑𝑥𝑢 𝑑𝜉1 … . . 𝑑𝜉𝑤  

     ……(14) 

Now by writing  1 −
𝑐

𝑑
𝑥𝑞 

𝛿𝑛−𝑣

in terms of contour 

integral and changing the order of integration therein, we 

obtain 

Δ =    
 −𝑉 𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂!
𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

𝑎𝐾𝑏𝑅𝑠𝜂  

×
∅ 𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒 

Γ 𝑣 − 𝛿𝑛 
 

×
1

 2𝜋𝜔 𝑤+1
 … .   𝜓 𝜉1 , … . , 𝜉𝑤  

𝐿𝑤+1𝐿𝑤𝐿1

 

×   𝜙𝑖 𝜉𝑖 𝜂𝑖
𝜉𝑖 

𝑤

𝑖=1

 
𝑐𝑏𝑞

𝑑
 

𝜉𝑤+1

 

× Γ(−𝜉𝑤+1)Γ(𝑣 − 𝛿𝑛 + 𝜉𝑤+1) 

×   …    
 𝑥𝑗 − 𝑦𝑗  

𝜆𝑗 +𝐾𝑠𝑗  𝑧𝑗 − 𝑥𝑗  
𝜇 𝑗 +𝐾𝑡𝑗

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +𝐾 𝑠𝑗 +𝑡𝑗  +2
 

𝑢

𝑗=1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

  

  × 𝑌𝑗
𝜁𝑗 𝑅+ 𝜉𝑖𝑣𝑗

 𝑖 𝑤
𝑖=1 +𝜁𝑗 𝑞𝜉𝑤+1

 
 

 

𝑑𝑥1 … . 𝑑𝑥𝑢

 
 
 
 

𝑑𝜉1 … . . 𝑑𝜉𝑤+1 

Substituting the value of 𝑌𝑗  from (12) and after a little 

simplification we get  

Δ =    
 −𝑉 𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂!
𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

𝑎𝐾𝑏𝑅𝑠𝜂  

×
∅ 𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒 

Γ 𝑣 − 𝛿𝑛 
 

×
1

 2𝜋𝜔 𝑤+1
 … .   𝜓 𝜉1 , … . , 𝜉𝑤  

𝐿𝑤+1𝐿𝑤𝐿1

  𝜙𝑖 𝜉𝑖 𝜂𝑖
𝜉𝑖 

𝑤

𝑖=1

 

×  
𝑐𝑏𝑞

𝑑
 

𝜉𝑤+1

Γ(−𝜉𝑤+1)Γ(𝑣 − 𝛿𝑛 + 𝜉𝑤+1) 

×   …    
 𝑥𝑗 − 𝑦𝑗  

𝜆𝑗 +𝐾𝑠𝑗 +𝛾𝑗  𝜉𝑖𝑣𝑗
 𝑖 +𝛾𝑗 𝜁𝑗  𝑅+𝑞𝜉𝑤 +1 𝑤

𝑖=1

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +𝐾 𝑠𝑗 +𝑡𝑗  + 𝛾𝑗 +𝛿𝑗   𝑅𝜁𝑗 + 𝜉𝑖𝑣𝑗
 𝑖 +𝜁𝑗 𝑞𝜉𝑤 +1

𝑤
𝑖=1  +2

 
𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

  

×
 𝑧𝑗 − 𝑥𝑗  

𝜇 𝑗 +𝐾𝑡𝑗 +𝛿𝑗  𝜉𝑖𝑣𝑗
 𝑖 +𝛿𝑗𝜁𝑗 (𝑅+𝑞𝜉𝑤 +1)𝑤

𝑖=1

 𝛽𝑗  
𝑅𝜁𝑗 + 𝜉𝑖𝑣𝑗

 𝑖 +𝜁𝑗𝑞𝜉𝑤+1
𝑤
𝑖=1

 

  ×  1

−
 𝛽𝑗 − 𝛼𝑗   𝑥𝑗 − 𝑦𝑗  

𝛽𝑗𝑋𝑗

 

−(𝜁𝑗𝑅+ 𝜉𝑖𝑣𝑗
 𝑖 𝑤

𝑖=1 +𝜁𝑗𝑞𝜉𝑤 +1)

 𝑑𝑥1 … . 𝑑𝑥𝑢 𝑑𝜉1 … . . 𝑑𝜉𝑤+1 

If  
(𝛽𝑗−𝛼𝑗 )(𝑥𝑗 −𝑦𝑗 )

𝛽𝑗𝑋𝑗
< 1, 𝑥𝑗 ∈ [𝑦𝑗 , 𝑧𝑗 ], 𝑗 = 1, 𝑢      

then use of binomial expansion is valid and we thus find 

that- 

Δ =     … .  
(−𝑉)𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂!

∞

𝜏𝑢

∞

𝜏1=0𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

×
∅ 𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒 

Γ 𝑣 − 𝛿𝑛 

×   
(𝛽𝑗 − 𝛼𝑗 )𝜏𝑗

𝛽𝑗
𝜏𝑗 𝜏𝑗 !

 

𝑢

𝑗 =1

𝑎𝐾𝑏𝑅𝑠𝜂  

×
1

 2𝜋𝜔 𝑤+1
 … .   𝜓 𝜉1 , … . , 𝜉𝑤  

𝐿𝑤+1𝐿𝑤𝐿1

 

×   𝜙𝑖 𝜉𝑖 𝜂𝑖
𝜉𝑖 

𝑤

𝑖=1

 
𝑐𝑏𝑞

𝑑
 

𝜉𝑤+1

Γ(−𝜉𝑤+1)Γ(𝑣 − 𝛿𝑛

+ 𝜉𝑤+1) 
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×   
Γ 𝜏𝑗 + 𝑅𝜁𝑗 +  𝜉𝑖𝑣𝑗

 𝑖 + 𝜁𝑗 𝑞𝜉𝑤+1
𝑤
𝑖=1  

Γ 𝑅𝜁𝑗 +  𝜉𝑖𝑣𝑗
 𝑖 + 𝜁𝑗 𝑞𝜉𝑤+1

𝑤
𝑖=1  

 
𝑢

𝑗 =1

 

 𝛽𝑗
− 𝑅𝜁𝑗 + 𝜉𝑖𝑣𝑗

 𝑖 +𝜁𝑗 𝑞𝜉𝑤 +1
𝑤
𝑖=1    

×   …    
 𝑥𝑗 − 𝑦

𝑗
 

𝜆𝑗+𝐾𝑠𝑗+𝛾𝑗
 𝜉𝑖𝑣𝑗

 𝑖 +𝛾𝑗𝜁𝑗
 𝑅+𝑞𝜉𝑤+1

 +𝜏𝑗
𝑤
𝑖=1

𝑋
𝑗

𝜆𝑗+𝜇𝑗+𝐾 𝑠𝑗+𝑡𝑗 + 𝛾𝑗+𝛿𝑗  𝑅𝜁𝑗+ 𝜉𝑖𝑣𝑗
 𝑖 +𝜁𝑗𝑞𝜉𝑤+1

𝑤
𝑖=1  +𝜏𝑗+2

 
𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

  

×  𝑧𝑗 − 𝑥𝑗 
𝜇 𝑗 +𝐾𝑡𝑗 +𝛿𝑗  𝜉𝑖𝑣𝑗

 𝑖 +𝛿𝑗 𝜁𝑗 (𝑅+𝑞𝜉𝑤 +1)𝑤
𝑖=1

 

 
×  1 −

(𝛽
𝑗
− 𝛼𝑗)(𝑥𝑗 − 𝑦

𝑗
)

𝛽
𝑗
𝑋𝑗

 

−(𝜁𝑗𝑅+ 𝜉𝑖𝑣𝑗
 𝑖 𝑤

𝑖=1 +𝜁𝑗𝑞𝜉𝑤+1)

 
 
 

 
 

 

 𝑑𝑥1 … . 𝑑𝑥𝑢

 
 
 
 
 

𝑑𝜉1 … . . 𝑑𝜉𝑤+1 

Now using (11) and then evaluating the inner-most 

integral by using the following known extension of the 

Eulerian (beta function) integral- 

 
(𝑥 − 𝑦)𝛼−1(𝑧 − 𝑥)𝛽−1

 𝑧 − 𝑦 + 𝜆 𝑥 − 𝑦 + 𝜇(𝑧 − 𝑥) 𝛼+𝛽

𝑧

𝑦

𝑑𝑥

=
(1 + 𝜆)−𝛼(1 + 𝜇)−𝛽Γ 𝛼 Γ 𝛽 

(𝑧 − 𝑦)Γ 𝛼 + 𝛽 
 

     …..(15) 

provided that 

𝑧 ≠ 𝑦, 𝑅𝑒 𝛼 > 0, 𝑅𝑒 𝛽 > 0 and𝑧 − 𝑦 + 𝜆 𝑥 − 𝑦 +

𝜇(𝑧 − 𝑥) ≠ 0 

we get 

Δ =   (𝑧𝑗 − 𝑦𝑗 )−1(1 + 𝜌𝑗 )−𝜆𝑗 −1(1 + 𝜍𝑗 )−𝜇 𝑗 −1 

𝑢

𝑗 =1

 

×     … .  
(−𝑉)𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂!

∞

𝜏𝑢

∞

𝜏1=0𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

∅ 𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒 

Γ 𝑣 − 𝛿𝑛 
 

×   
(𝛽𝑗 − 𝛼𝑗 )𝜏𝑗 (1 + 𝜌𝑗 )−𝐾𝑠𝑗−𝛾𝑗𝜁𝑗 𝑅−𝜏𝑗

𝜏𝑗 !
 

𝑢

𝑗 =1

 

 ×
(1 + 𝜍𝑗 )−𝐾𝑡𝑗−𝛿𝑗 𝜁𝑗 𝑅

𝛽𝑗
𝜏𝑗 +𝜁𝑗 𝑅

 𝑎𝐾𝑏𝑅𝑠𝜂  

×
1

 2𝜋𝜔 𝑤+1
 … .   𝜓 𝜉1 , … . , 𝜉𝑤  

𝐿𝑤+1𝐿𝑤𝐿1

 

×   𝜙𝑖 𝜉𝑖 𝜂𝑖
𝜉𝑖 

𝑤

𝑖=1

 
𝑐𝑏𝑞

𝑑
 

𝜉𝑤 +1

Γ(−𝜉𝑤+1)Γ(𝑣 − 𝛿𝑛

+ 𝜉𝑤+1) 

×   
Γ 𝐴′ 

Γ 𝐵′ 
× Γ 𝜇𝑗 + 𝐾𝑡𝑗 + 𝛿𝑗 𝜁𝑗𝑅

𝑢

𝑗 =1

+ 𝛿𝑗  𝜉𝑖𝑣𝑗
 𝑖 + 𝛿𝑗 𝜁𝑗𝑞𝜉𝑤+1 + 1

𝑤

𝑖=1

   

× Γ(−𝜉𝑤+1)Γ(𝑣 − 𝛿𝑛 + 𝜉𝑤+1)

×   
(1 + 𝜌𝑗 )−𝛾𝑗 (1 + 𝜍𝑗 )−𝛿𝑗

𝛽𝑗

 

 𝜉𝑖𝑣𝑗
 𝑖 𝑤

𝑖=1𝑢

𝑗 =1

 

×   
(1 + 𝜌𝑗 )−𝛾𝑗𝜁𝑗 𝑞(1 + 𝜍𝑗 )−𝛿𝑗 𝜁𝑗 𝑞

(𝛽𝑗 )𝜁𝑗 𝑞

𝑐𝑏𝑞

𝑑
 

𝜉𝑤+1𝑢

𝑗 =1

 𝑑𝜉1 … . . 𝑑𝜉𝑤+1 

Where  

𝐴′ = 𝜏𝑗 + 𝜆𝑗 + 𝐾𝑠𝑗 + 𝛾𝑗 𝜁𝑗𝑅

+ 𝛾𝑗  𝜉𝑖𝑣𝑗
 𝑖 + 𝛾𝑗 𝜁𝑗 𝑞𝜉𝑤+1 + 1

𝑤

𝑖=1

 

𝐵′ = 𝜆𝑗 + 𝜇𝑗 + 𝐾(𝑠𝑗 + 𝑡𝑗 ) + 𝑅(𝛾𝑗 + 𝛿𝑗 )𝜁𝑗 + (𝛾𝑗

+ 𝛿𝑗 ) 𝜉𝑖𝑣𝑗
 𝑖 

𝑤

𝑖=1

+  𝛾𝑗 + 𝛿𝑗  𝜁𝑗𝑞𝜉𝑤+1 + 𝜏𝑗 + 2 

Finally, reinterpreting the multiple Mellin-Barnes contour 

integral in terms of multivariable H-function, we easily 
arrive at the right hand side of (9) 

 

III. SPECIAL CASES 

 
Our main integral formula (9) is unified in nature and 

possesses manifold generality. It acts as a key formula. 

The multivariable H-function occurring in this integral 
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can be suitably specialized to a remarkably wide variety 

of special functions (or product of several such functions) 

which are expressible in terms of E, G and H-function of 

one and more variables. Again by suitably specializing 

various parameters and coefficients, the general class of 

polynomials and the general sequence of functions can be 
reduced to a large number of orthogonal polynomials and 

hypergeometric polynomials of practical importance. 

Thus using various special cases of the multivariable H-

function, general class of polynomials and the general 

sequence of functions, one can easily obtain a large 

number of other integrals involving simpler special 

functions and polynomials of one and several variables. 

We record below some of the special cases of (4) which 

are new, general and of interest in themselves: 

(i) On taking 𝑉 = 0, 𝑈 = 1 and 𝐴0,0=1 in (9), the 

general class of polynomials 𝑆𝑈
𝑉[𝑥] reduces to unity 

and we get  

 … … .    
(𝑥𝑗 − 𝑦𝑗 )𝜆𝑗 (𝑧𝑗 − 𝑥𝑗 )𝜇 𝑗

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +2
 

𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

× 𝑅𝑛
(𝛼 ,𝛽)  𝑏  𝑌𝑗

𝜁𝑗 ; 𝐴, 𝐵, 𝑐, 𝑑; 𝑝, 𝑞;  𝛾, 𝛿; 𝑠, 𝑟

𝑢

𝑗 =1

  

× 𝐻  𝜂1  𝑌𝑗
𝑣𝑗

′

𝑢

𝑗 =1

, …… . . , 𝜂𝑤  𝑌𝑗
𝑣𝑗

(𝑤 )

𝑢

𝑗 =1

 𝑑𝑥1 … 𝑑𝑥𝑢  

=   (𝑧𝑗 − 𝑦𝑗 )−1(1 + 𝜌𝑗 )−𝜆𝑗−1(1

𝑢

𝑗=1

+ 𝜍𝑗 )−𝜇 𝑗 −1 

×    … .  
∅(𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒)

𝜂! Γ(𝑣 − 𝛿𝑛)

∞

𝜏𝑢

∞

𝜏1=0𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 

×   
(𝛽𝑗 − 𝛼𝑗 )𝜏𝑗 (1 + 𝜌𝑗 )−𝛾𝑗 𝜁𝑗 𝑅−𝜏𝑗 (1 + 𝜍𝑗 )−𝛿𝑗 𝜁𝑗𝑅

𝜏𝑗 ! 𝛽𝑗
𝜏𝑗 +𝜁𝑗 𝑅

 

𝑢

𝑗 =1

𝑏𝑅𝑠𝜂  

× 𝐻𝑃+3𝑢 ,𝑄+2𝑢 : 𝑃1 ,𝑄1;…..; 𝑃𝑤 ,𝑄𝑤 ;1,1
0,𝑁+3𝑢          ∶ 𝑀1 ,𝑁1;……; 𝑀𝑤 ,𝑁𝑤 ;1,1

 

 
 
 
 
 
 

 
 
 
 
 𝜂1   𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗
 1 + 𝜍𝑗  

𝛿𝑗
 
−𝑣𝑗

′𝑢

𝑗 =1
.
.

𝜂𝑤   𝛽𝑗  1 + 𝜌𝑗  
𝛾𝑗  1 + 𝜍𝑗  

𝛿𝑗  
−𝑣𝑗

 𝑤 𝑢

𝑗=1

𝑐𝑏𝑞

𝑑
  𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗  1 + 𝜍𝑗  
𝛿𝑗  

−𝜁𝑗𝑞
𝑢

𝑗=1
 

 

 

 

𝐽1:𝐾1

𝐿1:𝑀1

 
 
 
 
 
 

 
 
 
 
 

 

      

     ……(16) 

 

 

where 

𝐽1 =  1 − 𝜏𝑗 − 𝜁𝑗 𝑅; 𝑣𝑗
′ , … , −𝑣𝑗

 𝑤 , 𝜁𝑗 𝑞 
1,𝑢

,  −𝜆𝑗 − 𝛾𝑗 𝜁𝑗 𝑅

− 𝜏𝑗 ; 𝛾𝑗 𝑣𝑗
′ ,… , 𝛾𝑗 𝑣𝑗

 𝑤 , 𝛾𝑗 𝜁𝑗 𝑞 
1,𝑢

,  

 −𝜇𝑗

− 𝛿𝑗 𝜁𝑗𝑅; 𝛿𝑗 𝑣𝑗
′ , … , 𝛿𝑗 𝑣𝑗

 𝑤 , 𝛿𝑗 𝜁𝑗 𝑞 
1,𝑢

,  𝑎𝑘 ;𝐴𝑘
′ , …… , 𝐴𝑘

 𝑤 
, 0 

1,𝑃
 

𝐾1 =   𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑄1
;……… ;  𝑐𝑘

 𝑤 , 𝐶𝑘
 𝑤  

1,𝑄𝑤
;  1 − 𝑣

+ 𝛿𝑛, 1  

𝐿1 =  𝑏𝑘 ;𝐵𝑘
′ ,… … , 𝐵𝑘

 𝑤 , 0 
1,𝑄

,  1

− 𝜁𝑗 𝑅; 𝑣𝑗
′ , … , −𝑣𝑗

 𝑤 , 𝜁𝑗 𝑞 
1,𝑢

, 

 −𝜆𝑗 − 𝜇𝑗 − 𝜁𝑗  𝛾𝑗 + 𝛿𝑗  𝑅 − 𝜏𝑗

− 1;  𝛾𝑗 + 𝛿𝑗  𝑣𝑗
′ , … ,  𝛾𝑗 + 𝛿𝑗  𝑣𝑗

 𝑤 , 𝛾𝑗

+ 𝛿𝑗  𝜁𝑗 𝑞 
1,𝑢

 

𝑀1 = (𝑑𝑘
′ , 𝐷𝑘

′)1,𝑄1
;……… ;  𝑑𝑘

 𝑤 
, 𝐷𝑘

 𝑤  
1,𝑄𝑤

; (0,1) 

(ii) On, reducing the multivariable H-function 
occurring in the L.H.S. of (9) to generalized 

Lauricella function [6] we arrive at the following 

integral- 

 …… .    
(𝑥𝑗 − 𝑦𝑗 )𝜆𝑗 (𝑧𝑗 − 𝑥𝑗 )𝜇 𝑗

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +2
 

𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

 

× 𝑆𝑈
𝑉  𝑎  

(𝑥𝑗 − 𝑦𝑗 )𝑠𝑗 (𝑧𝑗 − 𝑥𝑗 )𝑡𝑗

𝑋
𝑗

𝑠𝑗 +𝑡𝑗

𝑢

𝑗 =1

  

× 𝑅𝑛
 𝛼 ,𝛽 

 𝑏  𝑌𝑗
𝜁𝑗 ;𝐴, 𝐵, 𝑐, 𝑑; 𝑝, 𝑞;  𝛾, 𝛿; 𝑠, 𝑟

𝑢

𝑗 =1

  

× 𝐹𝑄:𝑄1;…..; 𝑄𝑤

𝑃:𝑃1;……; 𝑃𝑤

 
 
 
 
 

 
 
 
 −𝜂1  𝑌𝑗

𝑣𝑗
′

𝑢

𝑗=1
.
.

−𝜂𝑤  𝑌𝑗
𝑣𝑗

(𝑤 )

𝑢

𝑗 =1
 

 

 𝐴2:𝐶2

𝐵2 : 𝐷2

 
 
 
 
 

 
 
 
 

𝑑𝑥1 …𝑑𝑥𝑢  

=   (𝑧𝑗 − 𝑦𝑗 )−1(1 + 𝜌𝑗 )−𝜆𝑗−1(1 + 𝜍𝑗 )−𝜇 𝑗−1 

𝑢

𝑗 =1

 

×     … .  
(−𝑉)𝑈𝐾𝐴𝑉,𝐾

𝐾! 𝜂!

∞

𝜏𝑢

∞

𝜏1=0𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

∅(𝑚, 𝑣, 𝑢′ , 𝑡, 𝑒) 
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×   
(𝛽𝑗 − 𝛼𝑗 )𝜏𝑗 (1 + 𝜌𝑗 )−𝐾𝑠𝑗−𝛾𝑗𝜁𝑗 𝑅−𝜏𝑗 (1 + 𝜍𝑗 )−𝐾𝑡𝑗 −𝛿𝑗 𝜁𝑗𝑅

𝜏𝑗 ! 𝛽𝑗
𝜏𝑗 +𝜁𝑗𝑅

𝑢

𝑗 =1

×
Γ 𝜏𝑗 + 𝜁𝑗   Γ 1 + 𝜆𝑗 + 𝐾𝑠𝑗 + 𝛾𝑗 𝜁𝑗𝑅 + 𝜏𝑗  

Γ 𝜆𝑗 + 𝜇𝑗 + 𝐾(𝑠𝑗 + 𝑡𝑗 ) + 𝑅 𝛾𝑗 + 𝛿𝑗  𝜁𝑗 + 𝜏𝑗 + 2 

×
 Γ 1 + 𝜇𝑗 + 𝐾𝑡𝑗 + 𝛿𝑗 𝜁𝑗𝑅 

Γ 𝜁𝑗 𝑅 
 𝑎𝐾𝑏𝑅𝑠𝜂  

 

× 𝐹𝑄+2𝑢 :𝑄1;…..; 𝑄𝑤 ; 0
𝑃+3𝑢 :𝑃1;……; 𝑃𝑤 ; 1

 
 
 
 
 
 

 
 
 
 
 𝜂1   𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗  1 + 𝜍𝑗  
𝛿𝑗  

−𝑣𝑗
′

𝑢

𝑗=1
.
.

𝜂𝑤   𝛽𝑗  1 + 𝜌𝑗  
𝛾𝑗  1 + 𝜍𝑗  

𝛿𝑗  
−𝑣𝑗

 𝑤 𝑢

𝑗=1

𝑐𝑏𝑞

𝑑
  𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗  1 + 𝜍𝑗  
𝛿𝑗  

−𝜁𝑗𝑞
𝑢

𝑗=1
 

 

 

 

𝐽2:𝐾2

𝐿2 :𝑀2

 
 
 
 
 
 

 
 
 
 
 

 

      

     ……(17) 

Where 

𝐴2 =  1 − 𝑎𝑘 ;𝐴𝑘
′ ,… , 𝐴𝑘

 𝑤  
1,𝑃

 

𝐵2 = (1 − 𝑏𝑘 ;𝐵𝑘
′ , … , 𝐵𝑘

 𝑤 )1,𝑄 

𝐶2 =  1 − 𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑃1
;… ;  1 − 𝑐𝑘

 𝑤 , 𝐶𝑘
 𝑤  

1,𝑃𝑤
 

𝐷2 = (1 − 𝑑𝑘
′ , 𝐷𝑘

′)1,𝑄1
;… ; (1 − 𝑑𝑘

(𝑤), 𝐷𝑘
(𝑤))1,𝑄𝑤

 

𝐽2 =  𝜏𝑗 + 𝜁𝑗 ;𝑣𝑗
′ , … , −𝑣𝑗

 𝑤 ,𝜁𝑗 𝑞 
1,𝑢

, 

 1 + 𝜆𝑗 + 𝐾𝑠𝑗 − 𝛾𝑗 𝜁𝑗 𝑅 + 𝜏𝑗 ; 𝛾𝑗 𝑣𝑗
′ , … , 𝛾𝑗 𝑣𝑗

 𝑤 ,𝛾𝑗 𝜁𝑗𝑞 
1,𝑢

,    

 1 + 𝜇𝑗 + 𝐾𝑡𝑗 + 𝛿𝑗 𝜁𝑗 𝑅; 𝛿𝑗 𝑣𝑗
′ ,… , 𝛿𝑗 𝑣𝑗

 𝑤 ,𝛿𝑗 𝜁𝑗𝑞 
1,𝑢

, 1

− 𝑎𝑘 ; 𝐴𝑘
′ , …… , 𝐴𝑘

 𝑤 
, 0 

1,𝑃
 

𝐾2 =   1 − 𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑃1
;…… … ;  1 − 𝑐𝑘

 𝑤 , 𝐶𝑘
 𝑤  

1,𝑃𝑤
;  𝑣

− 𝛿𝑛, 1  

𝐿2 =   1 − 𝑏𝑘 ;𝐵𝑘
′ ,… … , 𝐵𝑘

 𝑤 
, 0 

1,𝑄
, 

(𝜁𝑗 𝑅; 𝑣𝑗
′ , … , −𝑣𝑗

 𝑤 , 𝜁𝑗𝑞)1,𝑢 , 

 𝜆𝑗 + 𝜇𝑗 + 𝐾 𝑠𝑗 + 𝑡𝑗  + 𝜁𝑗 𝛾𝑗 + 𝛿𝑗  𝑅 + 𝜏𝑗

+ 2;  𝛾𝑗 + 𝛿𝑗  𝑣𝑗
′ , … ,  𝛾𝑗 + 𝛿𝑗  𝑣𝑗

 𝑤 ,  𝛾𝑗

+ 𝛿𝑗  𝜁𝑗 𝑞 
1,𝑢

 

𝑀2 =   1 − 𝑑𝑘
′ , 𝐷𝑘

′ 1,𝑄1
; ……… ;  1

− 𝑑𝑘
 𝑤 

, 𝐷𝑘
 𝑤  

1,𝑄𝑤
;− 

(iii) Setting p = q = 1, 𝛾 = 𝛿 = 1, 𝑙𝑛
′ = 𝑛!, 𝑙 = −1 and 𝜆 = 0 

in (9), the general sequence of functions 

𝑅𝑛
(𝛼 ,𝛽) 𝑥, ; 𝐴, 𝐵, 𝑐, 𝑑; 𝑝, 𝑞;  𝛾, 𝛿; 𝑠, 𝑟  reduces to 𝑇𝑛

(𝛼 ,𝛽)
[𝑥], 

the class of polynomials studied by Srivastava and 

Singhal [18] and we get- 

 …… .    
(𝑥𝑗 − 𝑦𝑗 )𝜆𝑗 (𝑧𝑗 − 𝑥𝑗 )𝜇 𝑗

𝑋
𝑗

𝜆𝑗 +𝜇 𝑗 +2
 

𝑢

𝑗 =1

𝑧𝑢

𝑦𝑢

𝑧1

𝑦1

 

× 𝑆𝑈
𝑉  𝑎  

(𝑥𝑗 − 𝑦𝑗 )𝑠𝑗 (𝑧𝑗 − 𝑥𝑗 )𝑡𝑗

𝑋
𝑗

𝑠𝑗 +𝑡𝑗

𝑢

𝑗 =1

  

× 𝑇𝑛
(𝛼 ,𝛽)  𝑏  𝑌𝑗

𝜁𝑗 ; 𝐴, 𝐵, 𝑐, 𝑑; 𝑠, 𝑟

𝑢

𝑗 =1

  

× 𝐻𝑃,𝑄: 𝑃1 ,𝑄1;…..; 𝑃𝑤 ,𝑄𝑤

0,𝑁:𝑀1 ,𝑁1 ;……; 𝑀𝑤 ,𝑁𝑤

 
 
 
 
 

 
 
 
 𝜂1  𝑌𝑗

𝑣𝑗
′

𝑢

𝑗 =1
.
.

𝜂𝑤  𝑌𝑗
𝑣𝑗

(𝑤 )

𝑢

𝑗 =1
 

 

 𝐴3:𝐶3

𝐵3: 𝐷3

 
 
 
 
 

 
 
 
 

𝑑𝑥1 …𝑑𝑥𝑢  

=   (𝑧𝑗 − 𝑦𝑗 )−1(1 + 𝜌𝑗 )−𝜆𝑗−1(1 + 𝜍𝑗 )−𝜇 𝑗−1 

𝑢

𝑗=1

×     … .  
𝐵𝛾𝑛 (−1)𝑡+𝑚+𝑛 (−𝑣)𝑢 ′ (−𝑡)𝑒

𝑣! 𝑢′ ! 𝑡! 𝑒! 𝑚! 𝐾!

∞

𝜏𝑢

∞

𝜏1=0𝑚 ,𝑣,𝑢 ′ ,𝑡,𝑒

∞

𝜂=0

 𝑉 𝑈  

𝐾=0

 

×
(𝛼)𝑡(−𝛼 − 𝑛)𝑒(−𝛽 − 𝑛)𝑣(−𝑉)𝑈𝐾𝐴𝑉,𝐾

𝜂! (1 − 𝛼 − 𝑡)𝑒Γ(𝑣 − 𝑛)
 

×  
−𝑒 − 𝑟𝑚 − 𝑢′

𝑙
 

𝑛

𝑐𝑣 𝑙𝑛𝑑𝑛−𝑣𝑠𝑚+𝜂

𝑛!
 
𝐴

𝐵
 
𝑡

 

×   
(𝛽𝑗 − 𝛼𝑗 )𝜏𝑗 (1 + 𝜌𝑗 )−𝐾𝑠𝑗 −𝛾𝑗 𝜁𝑗𝑅1−𝜏𝑗

𝜏𝑗 !

𝑢

𝑗 =1

×
(1 + 𝜍𝑗 )−𝐾𝑡𝑗−𝛿𝑗𝜁𝑗 𝑅1

𝛽𝑗
𝜏𝑗 +𝜁𝑗 𝑅1

 𝑎𝐾𝑏𝑅1  

× 𝐻𝑃+3𝑢 ,𝑄+2𝑢 : 𝑃1 ,𝑄1;…..; 𝑃𝑤 ,𝑄𝑤 ;1,1
0,𝑁+3𝑢    ∶ 𝑀1 ,𝑁1 ;……; 𝑀𝑤 ,𝑁𝑤 ;1,1

 

 
 
 
 
 
 

 
 
 
 
 𝜂1   𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗
 1 + 𝜍𝑗  

𝛿𝑗
 
−𝑣𝑗

′
𝑢

𝑗 =1
.
.

𝜂𝑤   𝛽𝑗  1 + 𝜌𝑗  
𝛾𝑗  1 + 𝜍𝑗  

𝛿𝑗  
−𝑣𝑗

 𝑤 𝑢

𝑗=1

𝑐𝑏𝑞

𝑑
  𝛽𝑗  1 + 𝜌𝑗  

𝛾𝑗
 1 + 𝜍𝑗  

𝛿𝑗
 
−𝜁𝑗𝑞

𝑢

𝑗=1
 

 

 

 

𝐽3:𝐾3

𝐿3 :𝑀3

 
 
 
 
 
 

 
 
 
 
 

 

     ….(18) 

Where 

𝐴3 =  𝑎𝑘 ;𝐴𝑘
′ , …… , 𝐴𝑘

 𝑤  
1,𝑃

 

𝐵3 = (𝑏𝑘 ;𝐵𝑘
′ ,… … , 𝐵𝑘

 𝑤 
)1,𝑄 
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𝐶3 =  𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑃1
;…… … ;  𝑐𝑘

 𝑤 , 𝐶𝑘
 𝑤  

1,𝑃𝑤
 

𝐷3 = (𝑑𝑘
′ , 𝐷𝑘

′)1,𝑄1
;… …… ; (𝑑𝑘

(𝑤), 𝐷𝑘
(𝑤))1,𝑄𝑤

 

𝐽3 =  1 − 𝜏𝑗 − 𝜁𝑗 𝑅1;𝑣𝑗
′ ,… , −𝑣𝑗

 𝑤 ,𝜁𝑗 𝑞 
1,𝑢

, 

 −𝜆𝑗 − 𝐾𝑠𝑗 − 𝛾𝑗 𝜁𝑗𝑅1 − 𝜏𝑗 ; 𝛾𝑗 𝑣𝑗
′ ,… , 𝛾𝑗 𝑣𝑗

 𝑤 ,𝛾𝑗 𝜁𝑗 𝑞 
1,𝑢

,     

 −𝜇𝑗 − 𝐾𝑡𝑗 − 𝛿𝑗 𝜁𝑗𝑅1;𝛿𝑗 𝑣𝑗
′ ,… , 𝛿𝑗 𝑣𝑗

 𝑤 ,𝛿𝑗 𝜁𝑗𝑞 
1,𝑢

, 

 𝑎𝑘 ;𝐴𝑘
′ , …… , 𝐴𝑘

 𝑤 , 0 
1,𝑃

 

𝐾3 =    𝑐𝑘
′ , 𝐶𝑘

′ 1,𝑄1
;……… ;  𝑐𝑘

 𝑤 , 𝐶𝑘
 𝑤  

1,𝑄𝑤
; 

 1 − 𝑣 + 𝑛, 1  

𝐿3 =    𝑏𝑘 ; 𝐵𝑘
′ , …… , 𝐵𝑘

 𝑤 , 0 
1,𝑄

, 

(1 − 𝜁𝑗𝑅2;𝑣𝑗
′ ,… , −𝑣𝑗

 𝑤 ,𝜁𝑗 𝑞)1,𝑢 , 

 −𝜆𝑗 − 𝜇𝑗 − 𝐾 𝑠𝑗 + 𝑡𝑗  − 𝜁𝑗  𝛾𝑗 + 𝛿𝑗  𝑅1 − 𝜏𝑗
− 1;  𝛾𝑗 + 𝛿𝑗  𝑣𝑗

′ ,… ,  𝛾𝑗 + 𝛿𝑗  𝑣𝑗
 𝑤 ,  𝛾𝑗

+ 𝛿𝑗  𝜁𝑗𝑞 
1,𝑢

 

𝑀3 =    (𝑑𝑘
′ , 𝐷𝑘

′)1,𝑄1
;… …… ;  𝑑𝑘

 𝑤 
,𝐷𝑘

 𝑤  
1,𝑄𝑤

; (0,1) 

𝑅1 = −𝑛 + 𝑣 + 𝑙 + 𝑟𝑚 + 𝑟𝜂   

    ….(19) 

(iv) Lastly, on setting 𝑝 = 𝑑 = 𝑙𝑛
′ = 1, 𝑠 = 0,  replacing 

𝛽 by 
𝛽

𝜏
and c by – 𝜏in (9), we arrive at a known 

integral [7, p. 160, Eq. (4.1.1)]. 

 

A number of other integrals involving product of simpler 

functions and polynomials of one or more variables can 

also be obtained from our main integral but we don't 

record them here explicitly. 
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