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Abstract -The sum graph G” (S)of finite set S containing

positive integers is the graph (S, E) with UV € E if and only
if U+V €S . Asimplegraph G is said to be a sum graph if

it is isomorphic to a sum graph for some set S of positive
integers. The sum number G(G) of G is the smallest

number of isolated vertices which when added to G result in a
sum graph. The integral sum graph G* (S)of a finite set of
integers S is the graph(S, E) with UV € E if and only if

U+VeS. Asimple graph G s said to be an integral sum
graph if it is isomorphic to an integral sum graph of some set S

of integers. The integral sum number ((G)of G is the

smallest number of isolated vertices which when added to G

vertices which when added to G result in an integral sum
graph. It is clear that ((G) < G(G)for G
In a labeling of sum graph or integral sum graph, the

vertices are said to be working whose labeling corresponds
to an edge uv. As we know, it is very difficult to determine

G(G) and {(G) in general. But for a special types of

graphs such as stars, complete graphs and K\ E(Kn)

with r <n, their sum numbers and integral sum numbers
have still been derived, and we list them and list of some
observation that will be useful to obtain our main results
below.

Observationl.([2001]).For

n>50(K,\{e})=¢(K,\{e})=2n-4.

result in an integral sum graph. In this paper we prove that

o(K,o \E(2K,, ) =¢ (Koo \E(2K,, ) =2n,if n24,2<r<n-1

n+2

Observation2.([2001]).For
nz5andr<n,o(K,\E(K,))=¢(K,\E(K,)).

Observation3.([2000]).For
r=2,0(K,)=1>0=¢(K,).
Observation4.([1996]).For
n>4,0(K,)=¢(K,)=2n-3.
Observation5.([2009]). Theorem.For N >5,2<r<n-1

Key words- Sum graphs, integral sum graphs, Complete graph,
sum number, integral sum number, stars graphs, Working
vertex, sum labeling, Graph ,Complete graph.

I. INTRODUCTION

The concept of sum and integral sum graphs were
introduced by F.Harary [1990, 1994] .Let N be the set of

L . .Then
all positive integers and Z denote all integers. The sum on—2 if r=1
graph  G*(S) of finite subset S <N s the graph o B
_ _ _ _ (Ko \E(K,, )= ¢ (Ko \E(K,, ) =1 2n-3if 2<r<n-1
(S,E) with Uv € Eif and only if U+veS. A simple on—4if fon

graph G is said to be a sum graph if it is isomorphic to a

sum graph of some S < N The sum number U(G) of Il. RESULTS

Let K,,\E(2K,,)=(V,E).V =AUBU{c}U{b}
and S =V UC where A={a,,a,,...,a,} ,
B={bb,..b .},

E(2K,,)={ch,ca :i=12,.r-1andba :i=12,..r}

,C s the isolated vertex set,c and b

G is the smallest number of isolated vertices which when
added to G result in a sum graph. The integral sum graph

G+(S) of a finite subset S < Zis the graph (S, E)

with Uv € Eifand only if U+Vv €S . A simple graph G
is said to be an integral sum graph if it is isomorphic to an

integral sum graph of some ScZ .The integral sum
number é’(G) of G is the smallest number of isolated
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are the center of the sub graphs 2K, , .It is clear that

\E( 1)=K,,; \{e} and
Ko VE(Ky, ) =K, UK,

Thus J( n+1\E( )):é’(KM\(KM)):2n—2(Hey
et al. (2002) and Sharary (1996)),

o (Knu VE(K,)) =€ (Ko VE(K,

(Sharary,(1996).
In this paper we prove that the sum numbers and the integral
sum numbers of the graphs

Koo VE(2K,, )=2n,foralln>4and 2<r<n-1.

Lemma2lLlet N>52<r<n-1Then 0¢S.

Proof. We argue by contradiction. If 0 € Sthen0 ¢ C

(Otherwise, 0 € C [forany vertexaeV, a+0=aeS
:but thus there is an edge between a vertex a and an isolated

vertex, a contradiction.).Thus O € V .Furthermore

Oe{b,b,,....b,_} So( n+2\E(ZK ))isan

integral sum graph. (Otherwise, there is an isolated vertex
¢, € C .Since O+C1 =, €S the vertex

n+l

))=2n—4

0e{b,b,,....,b,_, } has an edge between 0 and an

isolated vertex C, but C, € C . Assume that

( a2 VE(2K,, ))\{ YU b} ={u,,u,,...u,}
where U, <U, <....<U,,C and b are center of the sub
graphs . Then we obtain at least numbers
U, +U,, U, +Uy,...,U +U,, U, +U ..U, +U

such that

n-r

C+u, , and b+u

ISSN 2278 - 2540
(c+b,)+b; =(c+b;)+b &S Then
c+b, eCU{b}.For2<r<n-3, weargue by
contradiction. If there exists a vertex b, € B\{b,} such

that C+b; =, then ¢+, € C for any vertex
b, eB\{b b, |

17~
Then by +I, =by +(c+b; )=b; +(c+b)eS
and this is a contradiction. For r =n—2
,we assume that B ={b,,b,} . Then c+h, eC

. We argue by contradiction. If C+b, =b,

then for any vertex
aeAa+(c+b)=(a+b)+ceS

Since c=Db, —b,, we have & +b, #C

(Otherwise, & +b, =b, —b,but 0 S

).Then & +b, € AUC .On the other hand,

a+b =a+(c+b,)=(a +b,)eS

.For, r=n-1,B= {b1} Similarlyb +b; € C for any
vertex b, € B.

Hence Lemma 2.2 holds. o©

Lemma 2.3 Let N>4and 2<r <n-—1.For any distinct
vertices &,8; € A, 8 +a; #Canda +a; =b.

Proof .Let N>4and 2<r<n-1We argue by
contradiction. Assume that there exist two distinct vertices
a,,a, € A with S#t suchthata, +a, =C.

1) 3<r<n-1
. For vertex any

Up +Up <Up+Ug <. <Up+Uy <Up+U, <o <Upy +U, <b+U g e AVa,a,),c+a =(a,+a,)+a =(a +8)+a ¢S

<C+U,_,<C+U,_, whichbelong to

v(k, (2K, )
But ‘V n+2\E(2Klr))‘:n+2¢2n foralln>4

and 2 <r <n-1 ,which is a contradiction.
Hence Lemma 2.1 holds.

Lemma2.2Let N>4,2<r <n-1. If there exists a
vertexh, € B,(1<i<n-r) suchthatc+b, € C and
b+b, €Cthen c+b; €C and b+b; € Cforany
vertex b, € B.

Proof. Letn > 4,2 <r <n—1.For any vertex

b, e B\{b,} sincec+b; eC,

then &, +& #C =a,+a,.Thena, +3, e CU{a,} .
Similarly &, +a, € CU{a,} .Firstly we prove that

a, +a; #a, foranyvertexa, € A\{a,,a,}.We
argue by contradiction. If there exists a vertex

a, € A\{a,,a }suchthat a +a, =a

then we obtain the followings assertions. For

4 <r <n-1 for any vertex

3 e(A\{as,at}U{ }) (a +a, )+ai1=(as+ail)+ai2 €S
but 8, +a, €C. For I’=3,A:{as,at,ail}, If
a, +a, =3athen a +a, €C (Otherwise 2a, =0

,which isa contradiction).For any vertex bj eB
. Since
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a +b, =(as+ai1)+bj =as+(ail+bj)63,ai1+bj cAUB Proof .Let N>4and 2<r <Nn-—2, for any vertex

. a € A, since
, for any vertex bj €B.Since a,+a, €C, '

c+a =(b,+b)+a =(b,+a )+b ¢S,
a,+a =a+(a +b)=(a +a)+b #S =(b+b)+a =(b+a)+h
Then b +8, =aand a,+a =a,.Thus &, =b,
.this is a contradiction. Thus for any vertex

(b, +a)eCU{b} Ifthere exists a vertex &, < A such
that b +&, =D then for any vertex a, € A\ {ah}

a €A\{a,,a},a +a #a Thena, +a €C ,because 2<r<n—2 ,thereisat least one such vertex
Similarly for any vertex &, € A\{a,,a,}, a, ’(bs +q, )+ a = (bs +a, ) +a, =b +a €S but
a, +a, € C . Secondly we prove that a, + bj -+ afor b, + g € C .So there exists two distinct vertices
any vertices &, € A\{a,}and € B b,,b, € B such that b, + b, = C then for any vertex
.We argue by contradiction. Assume that there are two a, € Ab,+a eCand b, +a €C .Similarly there
vertices &, € A\{a, | andb,. € B such that exists two distinct vertices b, ,b, € B such that
a, +b; #a; and a +bj- #a, For 4<r<n-1 b, +b, =D then for any vertexa, € A,b, + & € C and
and any vertex b,+a eC.

a, e A\({ai' } U{as,at}),ai‘ +a, =(a,+b; )+a, Hence Lemma 2.4 holds.

Lemma25Let N>4and 2<r <n-—3.Forany
distinct verticesb, +b; € B,b, +b; = candb, +b; =b .

Proof. Let N>4and 2<r <Nn—3.We argue by

=(a,+a,)+b; €S, but a,+a, €C.For r=3
and any vertex

a8, e A\{a,a},(a +a )+b, =(a +b;)+a ¢S, contradiction. If there exists two distinct vertices

So a +b;. eC U{ai,} Ifa +b, =a then b,,b, € B such that b, +b, = C then for any vertex

a, +b;. € C .Thus for any vertices a, € A\ {a,} and a, € A, then by Lemma 2.4 b, + @, € C .Thus for any
vertex

b, B as+bj # @, . Finally for any vertices b, BU{bS},(bS +ai)+b,~ :(bs +bj)+ai s

Then b, +b, e CU{c}U{b}U{a,} .Similarly

b, +b, eCU{c} U{b}U{a,} forany vertex

b, € B\{b,} . On the other hand , for any vertex

b, € B\{b,,b,} Sinceb, +c=

(b, +b)+b; =(b, +b;)+b, €S,b, +b, e CU{c}U{b}
Thus b, +b; =a;. For 2<r <n—4 obviously

a e A\{a fand b, €B, (as+bj)+a[ €S
.Forr=2,c=a +a,,forany vertex b € B
Since c+b =(a,+a,)+b €S

So &, +b, € AUB Similarlya, +b, € AUB
Since C=a, +a,,C+b, ¢ A Then

c+b eCUB Soa +a; #c. Similarly

a+a; # b.
Hence Lemma 2.3 holds. it is a contradiction, For r =n—3, Let B={h,,b,,b;}
Lemma24 LetnN>4and 2<r<n-2. Jfrom the above b, +b, =a,;and b, +b, =3, .Then

e If there exists two distinct vertices b_,b e B such that - . .
st b, =D, ,which is a contradiction. Sob, +b; # C. Similarly

b, +b, =cCthen for any vertex 8, € A /b, +a €C

b +b; =c.
andb, +a, €C. Hence Lemma 2.5 holds. o
e If there exists two distinct vertices b,,b, € B such Lemma26Let N>4and 2<r<n-1.
that b, +b, = b then for any vertex e Ifthere exists two distinct verticesa, € A and b, € B
a eAb,+aeCandb,+a eC. such that @, +b, =Cthen a, +a, € C and

a, +b, e Cforany vertex a, € A\{a,}.
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e Ifthere exists two distinct vertices b, € A and

b, € Bsuchthat b, +b, =bthen a, +a, € Cand

a, +b, e Cforany vertex &, € A\{b, } .

Proof . Let N >4and 2 <r <n-—1. Assumethat
a,+b, =c,wherea, € A and b, € B for any vertex

a € A\{a,}

.Since

c+a =(a,+h)+a =(a,+3)+h ¢S,a +a eCU{b}

forany vertex &, € A\{a,} and & +b, #C=

a, +b,a +b eCU{a,}.

(1) 1If 3<r <n-1, we argue by contradiction. If there
existavertex a, € A\{a,}suchthat a +a, =h
then for any vertexa, & A\({aS}U {a,1 }) .Since
3<r<n-1, there exists at least such one vertex a,
and (as +a,2)+a,l :(as +a,1)+aI2 =a +b €S
buta, +a, e C .Thus for any vertex & € A\{a,}
and a, +a, € C .The other part is also proved by
contradiction. If there exists a vertex al'1 e A\ {as}
such that & +b, =a,
then for any vertex @, € A({as}U{al'l})

,since >3, (aS +a|’2)=(a{1 +bt)+a,'2 =
a +(a,'2 +bt) €S .but b +a €C Thus
a, +b, e Cforany vertex a, € A\{a,}.
(2 fr=2.LetA= {as,at} , We argue by contradiction.
Assume thata, + @, =b, .
(2.1) For any vertexh, € S\ {b, },
{a,+b,a +b,c+b}cS
Since by +b, =(a,+a,)+b =(a,+b)+a €S,
a +b e{a,}UBanda, +b e{a}UB.If
a, +b =a thena, +b, # &, .If not then 2b =0 (just
because @, +b, =a,).Soa, +b, € B, thatis
{a,+b :b e BU{b} } which is impossible.

(2.2) For any vertex

a €A\{a},c+a =(a,+b)+a =(a,+b)+b &S

and b+a, ¢ S Sinceb, +a #C and b, +a, #b

ISSN 2278 - 2540
b +3 eCU{a,} If b +a =a
then for any vertex b, € B\ {b, },
a,+b =(a +b)+b a +(b+h)eS.so
(b +b)eBthatis {b +b, :b € B\{b}} whichis
impossible ,So there exists two distinct vertices a, € A
and b, € Bsuchthat a, +b, =cthen a,+4a €C and
a, +b, e Cforany vertex a, € A\{a,} .Similarly there
exists two distinct vertices b, € A and b, € B such that
b, +b, =bthen a,+a €Cand & +b, €C forany

vertex 8, € A\{b, } .

Hence Lemma 2.6 holds. o
Lemma2.7 Letn>4and2<r<n-1.

o If there exists two distinct verticesa, € A and
b, € Bsuchthat &, +b, =cthen ¢+ €C forany
vertex b, € B..

e Ifthere exists two distinct vertices b, € A and b, € B
such that b, +b, =bthen b+b €C forany vertex
b eB.

Proof .Letn >4 and 2 <1 <n—1.Assume that
a, +b, =c, where a, € Aandb, € B for any vertex

a € A\{a,} by Lemma2.68, +b, €C Ifthere
exists a vertex & € AU B suchthat c+b, =a
then for any vertexa, € A\{a,}

.Since

a+a =(c+b)+a =c+(a +b)eS,a+b ¢C
but @ +b, €C .Thus c+b, € C .Therefore by

Lemma 2.2C + b, € C for any vertex by € B .Similarly

b+b, €C forany vertexb, € B.
Hence Lemma 2.7 holds. o
Lemma 2.8LetN > 4and 2 <r < n—2.If there exists two
vertices @, € Aand b, € B such that, a, +b, € Cthen

a,+b, €C foranyvertex b, € B.

Proof. Letn >4 and 2 <r <n—2.For any vertex
b eB\{b} Sincea, +b, €C

(a,+b,)+b =(a,+b)+b S, Then .Thus
a, +b e CU{b,} .If there exists a vertex b, € B\{b}

such that &, +by, =D, then we can consider
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the assertions as follows. For 1<r <n-3,a,+h C
any vertex by € B \{bub|1}

.So b +b =b +(a,+b ) =b, +(a,+b )eS but
a,+b €C.Forr=n-2,B :{bll’bt} Firstly we
show &, +a, € C for any vertex a, € A\{a,}.In fact,
for any vertexa, € A\{a,},

(a,+b)+a, =(a,+a,)+h & Sthen

a, +a, € {b,} UC .So there exists at most one vertex a,

such that @, +a, = b, and denoted by a, and
1
a +a, € C then for any vertex

a, € A\({akl}U{as})

.So (as+ak2)+bI1 :(as+b|l)+akz =b +a, €S
,buta, +a, €C Secondly for any vertex a, € A\{a,}
.Since

a,+b, =b,(a,+a)+b =(a,+h )+a =b+a €S
,buta; +a, €C .Thus a,+b €C for any vertex

b eB.
Hence Lemma 2.8 holds. o
Lemma2.9Let N>4and3<r<n-1.1f c and b are

not working vertices, then é’(Kn+2 \E (2K1’r )) >2n

Proof. Let N>4 and 3<r<n-1
.Without loss of generality, we may assume that

V(K“+2\E(2K1J))\{C}U{b} ={u1,u2,...,un}
whereU, <U, <....<U,andu, >0,u,_, >0,u, , >0

.Since ¢ and b are not working vertices ,the inequalities
u,+u,, >u.andu, +u._, > U, .Show that

u,+u,, €C andu, +u, , € C Firstly we show that
u,+u, eCforallie {1, 2,...,n —3} .We argue by
contradiction ,if not then there exist I <n—3and j<n
such that U, +Uu, =u; for j<n-—1.Sinceu, +u; €S
and (U, +U, ,)+U; =u;+u, ,eSbutu +u, ,€C
.Since U, +U; €S and U, +U, , €C,u;+U, , €S
but u,+u, , €C.Sou, +u C

forall i e {1, 2,..n —3} .Secondlywe will prove that
u,+u, eCforany i e {1, 2,..n —1} We argue by

ISSN 2278 - 2540

contradiction, if not then there exist 2 <i<n-1

and 2< j<n and i# jsuchthat U +U; =U,
Afn=jtenu +u; €S butu, +u; eC.If j=n
then for any vertex U, € (AUB)\{u,,u,},u, +u, €S
Thus {ul +u,:le{l, n}} < (AUB)\{u,} .Since

U <U,<..<Uand U +U =U,U +U , =U
and U, +U, =U,, forany 2<k<n-1

.Sou,+Uu,, €S but u,+u, €C Hence u, +u, €C
forany i € {2,3,...n—1} .Thus we have obtained 2n

numbers in C including C+U__,C+U

n-r? n—r+1

and b+u, _ .Since
U +U, <U +U; <...<U+U <U,+U,
<u,,+u,<b+u, , <C+u, <C+uU, .,

these are 2n distinct numbers . Then

¢ (Ko \E(2K,, )= 2n

Hence Lemma 2.9holds.o

Lemma210Let N>4.n—2<r<n-1.If cand b
are working vertices, then (( K,,\E (2K1,r )) >2n.

Proof. Let n>4and n—2<r<n-1
JAssume that

v (K”+2 \ E(ZKlyr ))\{C} U{bj =1{u;, Uy,
and C, =C,UC, ,where c and b

n'

are the centre of the sub graphs 2K, . ,U; <U, <....<U
C,={u+u,:i=23,..,n} and
C :{un +U; j :1,2,...,n—1}.As cand b are

n
working vertices ,so0 C and b are elements of the set C,
.Thus we have obtained at least 2N — 2 isolated vertices
which are all members of C,\{b}U{c} .Thus

¢ (Koo VE(2K,, )2 2n-2

n+2

and

U +U, <U +U, <...<U +U, <U,+U <..<U_,+U <b+u

<C+U,, <C+U .We only need to prove that

n-r+l1

é’(K \E(ZK“));& 2n —2..If not then

n+2

n+2

.Then

¢ (Ko \E(2K,, ))=2n-2
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C = (U U U+l 4, Uy U 40 DU U Cu NBUE U =(1-1)x10+1, i=1,2,..m;

ne

Assume that ¢ =U, +U; € Cowhere k e {1,2} c=(n+r)x10+1
and {t,,t,} ={1,n}. Then c+u, € C, where u, isany b=(n+r-1)x10+1%
neighbor of C Similarly b=u, +u; € C where c, =kx10+2 ,k=12,...2n.
k e {1’ 2} and {pl, pz} _ {1’ n} Then b+Uh eC, Secondly, let us verify that this is the sum labeling in detail.

(1) The vertices of S are distinct.

where Uy is any neighbor of b. (2) For any vertices U; € {ul,uz,...un} and ¢, € C ;since

Case-1.r =n-1.

Assume that C = U, +U; where 1<i<n U+, =3(mod10).u; +¢, &S
. - (3) Forany distinct vertices C,,C, € C since
and | #t, .By Lemma 2.3.implies one of {ut ,ui} € Band
. ' ¢, +¢, =4(mod10),c, +c, ¢ S.
the other is in A .By the structure of the graph

K,,\E (2K1,r ) ;the vertex C have to adjacent to the (4) Forany vertices G, & C since

n+2

_ o o c+c, =3(mod10),c+c, &S.
unique vertex of B ,which is in the set {utl ) ui} Similarly c
(5) For any vertices C, € C ,since

b+c, =3(mod10),b+c, ¢S.
(6) Let 1<i== j <n.Forany vertices

b=u, +U; where 1<i<nand i+ p,.ByLemma

2.3.implies one of {upl,ui} € B and the other isin A. By

the structure of the graph K, \ E (ZKM) the vertex b Up,U; € {uy, Uy, ..U, },

have to adjacent to the unique vertex of B which is in the u+u, =(i +] —2)><10+2 =G,
set{U, .U |-

Case-2.r =n-—2. Let 1<r<n-1,

In this case ,we assume that C =U, +U; where C+U; =(n+ r+j —1)><10+2 eSo
1<i<nandi=#t.ByLemma23 U, and U;are 1<n+r+j-1<2n< 1< j<n-r+1
adjacentto C. Then C+U, =U, +U; where 1< j<n and b+u; =(n+r+j-2)x10+2€S <
and j ¢ {t,,t,} Similarly b=u_+u, where 1<i<n 1sn+r+j-2<2n< 1< j<n-r+2.Then
and i# p,. By Lemma2.3 u, and U; are adjacent tob v (2K1,r)\{b}U{C} = {un—r+1’un—r+2""un} -Soitis
Thenb+u, =u, +U; where 1< j<n sum labeling of(Kn+2 \ E(ZK“))U(ZH) K, .Thus
and | ¢ { P, pz} .Hence Lemma 2.10 holds. o G(sz \E (2K1,r )) <%2n o
Lemma 2.11For .

We have the following Theorem by Lemma 2.9-2.11.
n>42<r<n-1o(K,,\E(2K,,))<2n. Theorem2.For
Proof . Let n>4,2<r<n-10(K,,\E(2K,,))=¢(K,,\E(2K,, ) =2n

V =V (K, \E(2Ky, ) = {u,,u,,...u, } U{c} U b}
and C :{Ck K =1,2,....2n},
S:V(K \E(ZKlvr))U{C}U{b},bandCarethe

n+2
centre of the sub graphs 2Kl,r .
Firstly, we consider the labeling of

(sz \E (2K1,r )) U(2n)K, as follows:
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uq [1]
o 12
u2 [11] R 22
c[91] o 32
o 42
e 52
Uus [21] . 62
b[81] e 72
e 82
e 92
us[41] e 102

uy[31]

Fig-1 sum and integral sum number of a graph (K, \2K, ,)=10
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