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Abstract -The sum graph  G S
of finite set S containing 

positive integers is the graph  ,S E  with uv E if and only 

if u v S  . A simple graph G  is said to be a sum graph if  

it is isomorphic to a sum graph for some set S of positive 

integers. The sum number  G
 

of G  is the smallest 

number of isolated vertices which when added to G result in a 

sum graph. The integral sum graph  G S
of a finite set of 

integers S is the graph  ,S E  with uv E if and only if 

u v S  . A simple graph G  is said to be an integral sum 

graph if it is isomorphic to an integral sum graph of some set S 

of integers. The integral sum number  G of G  is the 

smallest number of isolated vertices which when added to G   

result in an integral sum graph. In this paper we prove that  

     2 1, 2 1,\ 2 \ 2 2 , 4,2 1.n r n rK E K K E K n if n r n       
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I. INTRODUCTION 

 

The concept of sum and integral sum graphs were 

introduced by F.Harary [1990, 1994] .Let N be the set of 

all positive integers and Z denote all integers. The sum 

graph   G S
 of finite subset S N   is the graph 

 ,S E  with uv E if and only if u v S  . A simple 

graph G  is said to be a sum graph if it is isomorphic to a 

sum graph of some S N .The sum number   G  of 

G  is the smallest number of isolated vertices which when 

added to  G  result in a sum graph. The integral sum graph 

 G S
 of a finite subset S Z is the graph  ,S E  

with uv E if and only if u v S   . A simple graph G  

is said to be an integral sum graph if it is isomorphic to an 

integral sum graph of some S Z   .The integral sum 

number  G  of G  is the smallest number of isolated 

vertices which when added to G  result in an integral sum 

graph. It is clear that    G G  for G . 

In a labeling of sum graph or integral sum graph, the 

vertices are said to be working whose labeling corresponds 

to an edge uv.  As we know, it is very difficult to determine

 G  and  G  in general. But for a special types of 

graphs such as stars, complete graphs and  \n nK E K

with r n , their sum numbers and integral sum numbers 

have still been derived, and we list them and list of some 

observation that will be useful to obtain our main results 

below. 

Observation1.([2001]).For 

     5, \ \ 2 4n nn K e K e n     .                                                                

Observation2.([2001]).For 

     5 , \ \n r n rn and r n K E K K E K    . 

Observation3.([2000]).For  

   1, 1,2 , 1 0r rr K K     . 

Observation4.([1996]).For 

   4, 2 3n nn K K n     . 

Observation5.([2009]).Theorem.For 5,2 1n r n   
 

 

.Then 

     1 1, 1 1,

2 2 , 1

\ \ 2 3 ,2 1

2 4 ,

n r n r

n if r

K E K K E K n if r n

n if r n

  

 


     
  

: 

II. RESULTS 

Let         2 1,\ 2 , ,n rK E K V E V A B c b     

 and S V C   where  1 2, ,..., rA a a a  ,

 1 2, ,..., n rB b b b  ,

   1,2 , : 1,2,... 1 : 1,2,...r i iE K cb ca i r and ba i r   

, C  is the isolated vertex set, c and b
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are the center of the sub graphs 
1,2 rK .It is clear that

   1 1,1 1\ \n nK E K K e 
 
and

 1 1, 1\n n nK E K K K   . 

Thus      1 1,1 1 1,1\ \ 2 2n nK E K K K n     (Hey 

et al. (2002) and Sharary (1996)),

     1 1, 1 1,\ \ 2 4n n n nK E K K E K n    

(Sharary,(1996). 

In this paper we prove that the sum numbers and the integral 

sum numbers of  the graphs 

 2 1,\ 2 2 , 4 2 1n rK E K n for all n and r n      . 

Lemma 2.1 Let  5,2 1n r n    .Then 0 S . 

Proof. We argue by contradiction. If 0 S then 0 C
(Otherwise, 0 C ,for any vertex a V , a 0 a S  
:but thus there is an edge between a vertex a and an isolated 

vertex, a contradiction.).Thus 0 V .Furthermore 

 1 20 , ,...., n rb b b  .So   2 1,\ 2n rK E K is an 

integral sum graph. (Otherwise, there is an isolated vertex

1c C .Since 1 10 c c S   the vertex 

 1 20 , ,...., n rb b b  has an edge between 0 and an 

isolated vertex 1c but 1c C .  Assume that 

        2 1, 1 2\ 2 \ , ,...,n r nV K E K c b u u u 

where 1 2 .... nu u u   , c  and b are center of the sub 

graphs  . Then we obtain at least   numbers 

1 2 1 3 1 2 1, ,..., , ,...,n n n nu u u u u u u u u u     ,

n rc u   and n rb u   such that
 

1 2 1 3 1 2 1... ...n n n n n ru u u u u u u u u u b u             

n rc u   1n rc u     which belong  to  
 

  2 1,\ 2n rV K E K

.But   2 1,\ 2 2 2n rV K E K n n     for all 4n 

 and 2 1r n    ,which is a contradiction. 

Hence Lemma 2.1 holds.    

Lemma 2.2 Let 4,2 1n r n    . If there exists a 

vertex  , 1ib B i n r     such that ic b C  and 

ib b C  then 
jc b C   and 

jb b C  for any 

vertex 
jb B . 

Proof. Let 4,2 1n r n    .For any vertex

 \j ib B b .Since ,jc b C 

   i j j ic b b c b b S      .Then

 j ic b C b   .For 2 3r n   , we argue by 

contradiction. If there exists a vertex  
1

\j ib B b   such 

that 
1j ic b b   then lc b C   for any vertex 

 

 
1

\ ,l l jb B b b

.Then    
1 1l i l j j lb b b c b b c b S       

 and this is a contradiction. For 2r n 

, we assume that  1 2,B b b . Then 1c b C 

. We argue by contradiction. If 2 1c b b 

 then for any vertex 

   1 1,i i ia A a c b a b c S      

.Since 1 2c b b  , we have 1ia b c 

 (Otherwise, 1 1 2ia b b b   but 0 S

).Then 1ia b A C   .On the other hand,

   1 2 2i i ia b a c b a b S      

. For,  11,r n B b   .Similarly
jb b C  for any 

vertex 
jb B . 

 Hence Lemma 2.2 holds.   □ 

Lemma 2.3 Let 4n  and 2 1r n   .For any distinct 

vertices ,i ja a A , 
i ja a c  and

i ja a b  . 

Proof .Let 4n  and 2 1r n   .We argue by 

contradiction. Assume that there exist two distinct vertices 

,s ta a A  with s t  such that s ta a c  . 

(1) If 3 1r n  
. For vertex any 

     \ , ,i s t i s t i s i ta A a a c a a a a a a a S        

then s ia a c  s ta a  .Then  s i ta a C a   . 

Similarly  i t sa a C a   .Firstly we prove that 

s i ta a a   for any vertex  \ ,i s ta A a a . We 

argue by contradiction. If there exists a vertex  

 
1

\ ,i s ta A a a such that 
1s ia a a 

 then we obtain the followings assertions. For 

4 1r n    for any vertex    

        
2 1 2 1 1 2

\ , ,l s t i s i i s i ia A a a a a a a a a a S      

 but 
2s ia a C  . For 3r  ,  

1
, ,s t iA a a a , If 

1s i ta a a  then 
1t ia a C  (Otherwise 2 0ia 

,which is a  contradiction).For any vertex 
jb B

. Since 
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   
1 1 1

,t j s i j s i j i ja b a a b a a b S a b A B          

, for any vertex 
jb B .Since 

1s ia a C  ,

   
1 1 1s i t i j i t ja a a a b a a b S       

 .Then 
1j i tb a a  and 

1s i ta a a  .Thus 
s ja b

,this is a contradiction. Thus for any vertex

 \ ,i s ta A a a , s i ta a a  .Then s ia a C 

.Similarly for any vertex  \ ,i s ta A a a ,

s ia a C  . Secondly we prove that 
s ja b a  for 

any vertices  \i sa A a and B

.We argue by contradiction. Assume that there are two 

vertices  ' \i sa A a and
'jb B such that

's j ia b a   and 
' 's j ia b a  .For 4 1r n    

and any vertex  

      ' ' '\ , ,k s t k s j ki i
a A a a a a a a b a    

  's k ja a b S    , but s ka a C  . For 3r 

and any   vertex  
   \ , , ( ) ,i s t t i j t j ia A a a a a b a b a S          

So  ' 't j ia b C a   .If 
s j ia b a   then 

's ja b C  .Thus for any vertices  \i sa A a and

jb B s j ia b a  . Finally for any vertices 
 

 \i sa A a and 
jb B ,  s j ta b a S  

. For 2r   , 1 2c a a  ,for any  vertex ib B

,Since  1 2l lc b a a b S    

.So 1 la b A B   .Similarly 2 la b A B  

.Since 1 2c a a  , .lc b A  Then 

lc b C B   .So
i ja a c  . Similarly

i ja a b  . 

Hence Lemma 2.3 holds. 

Lemma 2.4   Let 4n  and 2 2r n   . 

 If there exists two distinct vertices ,s tb b B  such that 

s tb b c  then for any vertex ,i s ia A b a C  

and v ib a C  . 

 If there exists two distinct vertices ,u vb b B  such 

that u vb b b  then for any vertex

,i u ia A b a C   and v ib a C  . 

Proof .Let 4n  and  2 2r n   , for any vertex

ia A , since 

   i s t i s i tc a b b a b a b S        ,

   s i tb a C b   ,If there exists a vertex 
1i

a A  such 

that 
1s i tb a b   then for any vertex  

2 1
\i ia A a

, because 2 2r n    , there is at  least one such vertex 

2i
a ,    

2 1 1 2 2s i i s i i t ib a a b a a b a S        ,but

2s ib a C  .So there exists two distinct vertices 

,s tb b B  such that 
s tb b c  then for any vertex 

,i s ia A b a C   and v ib a C   .Similarly there 

exists two distinct vertices ,u vb b B  such that 

u vb b b  then for any vertex ,i u ia A b a C   and 

v ib a C  . 

Hence Lemma 2.4 holds.     

Lemma 2.5 Let 4n  and 2 3r n   .For any 

distinct vertices ,i j i jb b B b b c    and
i jb b b   . 

Proof.  Let 4n  and 2 3r n   .We argue by 

contradiction. If there exists two distinct vertices 

,s tb b B  such that s tb b c  then for any vertex 

,ia A then by Lemma 2.4 s ib a C  .Thus for any 

vertex

     ,j s s i j s j ib B b b a b b b a S      

.Then      s j ib b C c b a     .Similarly

 t kb b C c      ib a    for any vertex 

 \k tb B b . On the other hand , for any vertex 

 \ ,k t sb B b b .Since
jb c 

       ,s t j s j t s jb b b b b b S b b C c b         

.Thus 
s j ib b a  . For 2 4r n    obviously 

it is a contradiction, For 3r n  , Let  , ,s t lB b b b

,from the above s l ib b a  and t l ib b a  .Then

s tb b ,which is a contradiction. So
i jb b c  . Similarly

i jb b c  .  

Hence Lemma 2.5 holds.   □ 

Lemma 2.6 Let 4n  and  2 1r n   .   

 If there exists two distinct vertices sa A  and tb B

such that s ta b c  then s la a C  and 

l ta b C  for any vertex  \l sa A a . 
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  If there exists two distinct vertices 
ub A  and 

vb B such that u vb b b  then  u ia a C  and 

i va b C  for any vertex  \i ua A b . 

Proof . Let 4n  and 2 1r n   . Assumethat

s ta b c  , where sa A  and tb B for any vertex

 \l sa A a

.Since 

     ,l s t l s l t s l tc a a b a a a b S a a C b          

, for any vertex  \l sa A a  and l ta b c  

 ,s t l t sa b a b C a    . 

(1) If 3 1r n   , we argue by contradiction. If there 

exist a vertex  
1

\l sa A a such that 
1s l ta a b 

then for any vertex     
2 1

\l s la A a a  .Since

3 1r n   , there exists at least such one vertex
2l

a

and    
2 1 1 2 2s l l s l l l ta a a a a a a b S       

but
2s la a C  .Thus for any vertex  \l sa A a

and s la a C  .The other part is also proved by 

contradiction. If there exists a vertex  
1

\l sa A a   

such that 
1l t sa b a  

then for any vertex     
2 1l s la A a a  

, since 3r  ,    
2 1 2s l l t la a a b a      

 
1 2l l ta a b S    ,but 

2t lb a C  .Thus 

l ta b C  for any vertex  \l sa A a . 

(2) If 2r  . Let  ,s tA a a , We argue by contradiction. 

Assume that s l ta a b  . 

(2.1) For any vertex  \l tb S b ,

 , ,s l l l la b a b c b S   

.Since  l t s l lb b a a b      s l la b a S   ,

 l l sa b a B   and  s l la b a B   .If 

l l sa b a  then s l la b a  .If not then 2 0b  (just 

because l l sa b a  ).So s la b B  , that is 

  :s l l ta b b B b   which is impossible. 

 (2.2) For any vertex

     \ ,l s l s t l s l ta A a c a a b a a b b S        

 and lb a S  .Since l lb a c   and t lb a b 

,  t l sb a C a   .If 
t l sb a a 

,then for any vertex  \i tb B b ,

 s l l t ia b a b b     l i ta b b S   .So 

 i tb b B  that is   : \i t i tb b b B b   which is 

impossible ,So there exists two distinct vertices sa A  

and tb B such that s ta b c  then  s la a C  and 

l ta b C  for any vertex  \l sa A a .Similarly there 

exists two distinct vertices ub A  and vb B such that 

u vb b b  then  u ia a C  and i va b C  for any 

vertex  \i ua A b . 

 Hence Lemma 2.6 holds.   □ 

Lemma 2.7 Let 4n  and 2 1r n    . 

 If  there exists two distinct vertices sa A  and 

tb B such that s ta b c  then  lc b C  for any 

vertex lb B . 

 If there exists two distinct vertices ub A  and vb B

such that u vb b b  then  lb b C  for any vertex

lb B . 

Proof .Let 4n  and 2 1r n   .Assume that

s ta b c  , where sa A and tb B for any vertex

 \l sa A a by Lemma 2.6 l ta b C  .If there 

exists a vertex a A B  such that tc b a 

then for any vertex  \l sa A a

.Since 

    ,l t l l t l ta a c b a c a b S a b C         

but l ta b C  .Thus tc b C  .Therefore by 

Lemma 2.2 lc b C  for any vertex lb B .Similarly

lb b C  for any vertex lb B . 

Hence Lemma 2.7 holds.   □ 

Lemma 2.8Let 4n  and 2 2r n   .If there exists two 

vertices sa A and tb B such that, s ta b C  then 

s la b C   for any vertex lb B . 

Proof. Let 4n  and 2 2r n   .For any vertex

 \l tb B b .Since s ta b C 

   s t l s l ta b b a b b S      , Then .Thus  

 s l ta b C b   .If there exists a vertex  
1

\l tb B b  

such that
1s l ta b b  , then we can consider 
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the assertions as follows. For 
2

1 3, s lr n a b C    

 any vertex  
2 1

\ ,l t lb B b b

. So  
1 2 1l t l s lb b b a b     

1 2l s lb a b S    but 

2s la b C  . For 2r n  ,  
1
,l tB b b ,Firstly  we 

show s ka a C  for any vertex  \k sa A a .In fact, 

for any vertex  \k sa A a ,

   s t k s k ta b a a a b S      then

 s k ta a b C   .So there exists at most one vertex 
ka  

such that s k ta a b  and denoted by
1ka and

2s ka a C   then for any vertex 

    
2 1

\k k sa A a a 

.So    
2 1 1 2 2s k l s l k t ka a b a b a b a S       

, but
2s ka a C  .Secondly for any vertex  \k sa A a

.Since

   
1 1 1

,s l t s k l s l k t ka b b a a b a b a b a S         

, but
2s ka a C  .Thus s la b C   for any vertex 

lb B . 

Hence Lemma 2.8 holds.   □ 

Lemma 2.9Let 4n  and 3 1r n   . If c  and b  are 

not working vertices, then   2 1,\ 2 2n rK E K n  

Proof. Let 4n   and 3 1r n  
.Without loss of generality, we may assume that

      2 1,\ 2 \n rV K E K c b   1 2, ,..., nu u u

where 1 2 .... nu u u   and 1 20, 0, 0n n nu u u     

.Since c  and b  are not working vertices ,the inequalities 

1n n nu u u  and 2n n nu u u  .Show that

1n nu u C   and 2n nu u C  .Firstly we show that 

n iu u C  for all  1,2,..., 3i n  .We argue by 

contradiction ,if not then there exist 3i n  and j n

such that 
n i ju u u   for 1j n  . Since n iu u S 

 and  2 2n n i j nu u u u u S      but 2n nu u C 

. Since  n iu u S 
 
and 1n nu u C  ,

1j nu u S 

 
but 1n nu u C  .So n iu u C 

 for all  1,2,... 3i n  .Secondlywe will prove that 

1 iu u C  for any  1,2,... 1i n  .We argue by 

contradiction, if not then there exist 2 1i n  

 and 2 j n   and  i j such that 
1 i ju u u 

.If n j  then 
n ju u S  but n iu u C  . If j n

  then for any vertex    1\ , ,l n n lu A B u u u u S  

.Thus       1 1: 1, \lu u l n A B u    .Since

1 2 ... nu u u   and  1 1 1,i n n nu u u u u u   

and 1 1k ku u u    for any 2 1k n  

. So 
1n nu u S   but 1nu u C  .Hence 1 iu u C 

for any  2,3,... 1i n   .Thus we have obtained 2n

  numbers in C including 1,n r n rc u c u   

and n rb u  .Since

1 2 1 3 1 2.... n nu u u u u u u u       

1n n n r n ru u b u c u        1n rc u   

,these are 2n  distinct numbers .Then 

  2 1,\ 2 2n rK E K n   . 

Hence Lemma 2.9holds.□ 

Lemma 2.10 Let 4, 2 1.n n r n      If  c and b

are working vertices, then   2 1,\ 2 2n rK E K n   . 

Proof.  Let 4 2 1n and n r n    

.Assume that 

        2 1, 1 2\ 2 \ , ,....,n r nV K E K c b u u u 

 
and 0 1 nC C C  ,where c  and b

are the centre of the sub graphs 
1,2 rK , 1 2 .... nu u u   , 

 1 1 : 2,3,...,iC u u i n    and

 : 1,2,..., 1 .n n jC u u j n    As c  and b  are 

working vertices ,so c  and b are elements of the set 0C

.Thus we have obtained at least 2 2n isolated vertices 

which are all members of     0 \C b c .Thus 

  2 1,\ 2 2 2n rK E K n   

 
 
and 

1 2 1 3 1 2 1... ...n n n n n ru u u u u u u u u u b u             

n rc u   1n rc u    .We only need to prove that 

  2 1,\ 2 2 2n rK E K n    .If not then

  2 1,\ 2 2 2n rK E K n   

.Then 
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     1 2 1 3 1 2 1 1, , .... , ,..., , , , \n n n n n r n r n rC u u u u u u u u u u b u c u c u b c             

.Assume that
0kt ic u u C   where  1,2k

 and    1 2, 1,t t n . Then 0hc u C   where hu  is any 

neighbor of c .Similarly 
kp ib u u C    where 

  1,2k and    1 2, 1,p p n . Then 0hb u C   

where hu  is any neighbor of b . 

Case-1. 1.r n   

            Assume that
1t ic u u   where 1 i n   

and 
1i t .By Lemma 2.3.implies one of  

1
,t iu u B and 

the other is in A .By the structure of the graph

 2 1,\ 2n rK E K ,the vertex c  have to adjacent to the 

unique vertex of B ,which is in the set  
1
,t iu u .Similarly

1p ib u u   where 1 i n  and 1i p . By Lemma 

2.3.implies one of  
1
,p iu u B  and the other is in A . By 

the structure of the graph  2 1,\ 2n rK E K ,the vertex b

have to adjacent to the unique vertex of B which is in the 

set 
1
,p iu u . 

Case-2. 2.r n   

              In this case ,we assume that 
1t ic u u   where

1 i n   and 1i t . By Lemma 2.3 
1t

u  and iu are 

adjacent to c . Then 
1 2t t jc u u u    where 1 j n 

 and  1 2,j t t .Similarly 
p ib u u   where 1 i n 

 and  1i p . By Lemma 2.3
1pu  and iu  are adjacent to b

.Then
1 2p p jb u u u    where 1 j n 

and  1 2,j p p .Hence Lemma 2.10 holds.   □ 

Lemma 2.11For 

  2 1,4,2 1, \ 2 2n rn r n K E K n      . 

Proof . Let 

        2 1, 1 2\ 2 , ,....n r nV V K E K u u u c b   

and  : 1,2,....2kC c k n  ,

      2 1,\ 2n rS V K E K c b   , b and c are the 

centre of the sub graphs
1,2 rK . 

Firstly, we consider the labeling of 

    2 1, 1\ 2 2n rK E K n K   as follows: 

 

 

 

1 10 1, 1, 2,.... ;

10 1;

1 10 1;

10 2 , 1, 2,....2 .

i

k

u i i n

c n r

b n r

c k k n

    

   

    

   

 

Secondly, let us verify that this is the sum labeling in detail. 

(1) The vertices of S are distinct. 

(2) For any vertices  1 2, ,...i nu u u u and kc C ,since

 3 mod10 ,i k i ku c u c S    . 

(3) For any  distinct vertices ,k ic c C ,since 

 4 mod10 , .i k i kc c c c S     

(4) For any vertices kc C ,since 

 3 mod10 , .k kc c c c S     

(5) For any vertices kc C ,since 

 3 mod10 , .k kb c b c S     

(6) Let 1 .i j n   For any vertices 

 1 2, , ,...i j nu u u u u ,

 2 10 2i ju u i j     
2.i jc    

 

Let   1 1r n   ,

 1 10 2jc u n r j S        

1 1 2n r j n     1 1j n r   

 and   2 10 2jb u n r j S        

1 2 2n r j n      1 2j n r    .Then 

       1, 1 22 \ , ,...r n r n r nV K b c u u u    . So it is 

sum labeling of     2 1, 1\ 2 2n rK E K n K   .Thus 

  2 1,\ 2 2n rK E K n   .□ 

 We have the following Theorem by Lemma 2.9-2.11. 

Theorem2.For 

     2 1, 2 1,4,2 1, \ 2 \ 2 2n r n rn r n K E K K E K n       

. 
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𝑢1 1  

𝑢2 11  

𝑢3 21  

𝑢4 31  

𝑐 91  

𝑏 81  

𝑢5 41  

Fig-1  sum and integral sum number of a graph  7 1,4\ 2K K =10 
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