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Abstract: The aim of this paper is to study the symmetry of
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I.  INTRODUCTION

t is an important goal in mathematical analysis to

establish symmetry properties of symmetry properties
of solutions of boundary value problems both from
theoretical as well as the application point of view. To
prove the symmetry J. Serrin [17] introduced the method
of moving planes in the differential equations. It has been
previously used by A. D. Alexandroff [12] in differential
geometry. In 1979 the same method was introduced by
Gidas, Ni and Nirenberg [8],[9] to obtain the symmetry
results and monotonicity for positive solutions of
nonlinear elliptic equations. Yi Li and Wei-Ming Ni [13]
proved the symmetry results for the conformal scalar
curvature equation and Matukuma equation. Guo and
Wei [11] use the moving plane method to obtain the
necessary and sufficient conditions for the radial
symmetry of positive solution of semilinear equation with
singular nonlinearity. Recently Dhaigude and Patil [5], [6]
[7] studied radial symmetry of positive solutions of
semilinear elliptic boundary value problem in unit ball
and in R", by using moving plane method. In this paper
we study the radial symmetry of classical solutions for
semilinear elliptic boundary value problems of the type,

Au+ V(x) e = 0inR® 1.1
u(x) — 0 as [x|— o 1.2

These types of problems are studied by Yuki Naito [15] in
R?. Problems of this kind arise in geometry and various
branches of physics , see Chanillo and Kiessling [1]. In
the case where V is a constant coefficient, we refer to
Chen and Li [3]. In the case where V (r) is a variable
coefficient, we refer to Chen and Li [4]. Also Chen and Li
[2] explained and used moving plane method in proving
symmetry. We organise the paper as follows: In section 2,
the method of moving plane is explained. In section 3, the
preliminary results and some useful lemmas are proved.
The symmetry result and corollaries are proved in the last
section.
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Il. MOVING PLANE METHOD

We use the moving plane method as follows.

Suppose that R" is an Euclidean space. Let u(x) be a
positive solution of a certain partial differential equation
in R". To prove u(x) is symmetric and monotone in the
given direction, assign that direction as X, axis. We define
T, = {X = (Xq, X3, ..., Xp): Xy = A}for a real number A. This
is the plane perpendicular to X; -axis and it is the plane
that we will move with X; -axis.

Let %, denote the region to the left of the plane in Q i.e. X,
={xix <4, xeQ} The reflection of the point x = (x,,
Xz, ...y Xpn), @bout the plane TA is denoted by x* and it is

X' = (22— %1, X2 Xa, -y Xs). We compare the values of
u(x) at x and x". To show that u(x) is symmetric about
plane T,, We have to show that u(x) = u(x?). For this
suppose that

W (X) = u(x) - u(x).

To show that there exist some 4, such that w;,(x) = 0 for
all x € %,y. We consider following steps.

Step-1: We first show that for A sufficiently negative we
have, wy(x) > 0 for all x € %,.

Then we are able to start of from the neighbourhood of x;
= - o and move the plane T, along the x; direction to the
rightaslongas  w;(x) >0 holds for all x € X,.

Step-11: We continuously move this plane up to it’s
limiting position.

Define Ay = sup {A : wy(x) > 0 for all x € %, }. We prove
that u is symmetric about the plane Ty. i.e. wy(X) = 0 for
all x € X,,. This is usually carried out by the method of
contradiction. We suppose Wy(x) # 0, then there exist A >
Ao such that wy(x) < 0. This is contradiction to the
definition of A,. From this we can see that key to the
method of moving plane is to establish the inequality w-
A(x) >0 for all x € %,.

Before proceeding to the main result we shall set forth
some preliminaries and hypotheses.

2.1 Preliminary Results.
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Lemma 2.1 [14] Let Q be unbounded domain in R®.
Suppose that u # 0 satisfies L(u) < 0inQandu >

Oon 0Q

where

L=Xlay () 72— @)+ Ty b (1) 2 () + (.

9x;0x; X

Suppose furthermore that there exist a function w such
thatw>0o0n 2 U 9dQ and L(w) <0in Q.

u(x)
If w(x) —0asx > %, XEQ then u>0inQ.
Theorem 2.1

Let u(x) satisfies differential inequality L(u) >0 ina
domain D where L is uniformly elliptic. If there exist a
function w(x) such that w(x) >0on D U 8 D,

L(w)<0 inD,

then )

w(x)

point p on @ D , which lies on the boundary of a ball in D

and “2 if is not constant then, 92 (1) > 0 at P, where
w(x) v \w

cannot attain a non negative maximum at a

a . . . . .
- Isany outward directional derivative.

Lemma 2.2 [16] {Hopf Boundary lemma} : Suppose
that Q satisfies the interior sphere condition at x, € Q. Let
L be strictly elliptic withc <0 .If ue C? () N C(Q)
satisfies L(u) >0 and maxzu(x) = u(x,) then either

U =u(Xq) on Q 2.1

or

lim finf (u(x) _ u(xo + tV)) o

t
t—0

for every direction v, pointing into an interior sphere.

Ifu € C' ¢ Q n {0} then,
= (%) <0

I11. MAIN RESULT

In this section, first we prove some lemmas which are
useful to prove our main result. We define the following
function,

wio) = 5o s (57— 1) FO)dy 31

Lemma3.lLet f € L*(R®) n L' (R®) Letwbe as
defined in 3.1. Then

w(x)
im =
lx|-=log | x|

if (y)d 3.2
30, R3fy y .

Proof: To prove the result,
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wx) 1 f »)d
|x1|r—>noolog|x| "~ 3ws R3fy Y

we have to prove that,

(- )
lim Bwz \[x —y|
pxl=0 s log ||

1
= 30, fR3f(}I)dy

fdy

To complete the proof it is sufficient to prove that,

1 |yl
Jos (s = 2 = 1) f0)dy = 0 as x| —ce.

We know that f € L” (R®) means for any e > 0 there
exist R > 0 such that

flf(y)ldy <e 3.3
lyI>R

For simplicity we divide the region of integration in to
three parts D; D, and D3 where
Dy ={yeR’:ly—x| <1}

D, ={yeR¥:|ly—x|> land|y| < R}
D; ={yeR®:|y—x|> land|y| > R}

All the sub regions D; D, and D3 forms partition on R,
Therefore,

|:|1+|2+|3 3.4

where Iy, I, and 13 are integrals over the region D;, D,
and Dj; respectively.

We have to show that I — 0 as |x| — oo.

For this purpose we shall determine I, I, and |5
separately

I f( L |y|—1>f(y)dy|
Y=, \logx [x =y loglx]

1 [yl >
< - —1)11Fo)Id
fDl '(1ogx k= Togll f)ldy

< fD1

e Oy + [, (25 + 1) | 1FO)ldy

log x |x—y| log |x|

1
= Jmlf(y)ldy + fc If(»)|dy

Dy

< ! d C d
< Jmlf(y)l y + Df If )ldy
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O f 1
< ayc [ iroidy
log|x|  Jp, |x =yl
Dy
where
- _l
log x|
We evaluate

=T
y
lx =yl
Dy
where D, is a sphere [x — y| <I.

we have

f dy =2m
y

|x — vl

Dy

Therefore |I;| = CE

To estimate I,, we obtain

1 vl
I = ( - - 1) o)d
=1 Nogr =1~ Tog ~ 1)/ OO

<f ( 1 oy
= Jp, \logx |x—y|  log|x]|

f O = (g3 U 1 ]
-1 - d
gl |y, e BT P

We note that ||x%y| -log|x|| <C, fory|< R

1)‘ | f)Idy

and ||

yiplYldy <

So I, tends to zero as |x| — oo.

To evaluate I3, consider

1 54
] = ( - - 1) »d
A= 1) \ogx e=y1 ™ Togx )/

</,

SinceinD;s|x—y| >1and|y] > R

1 lyl
(- 2 1)1 eldy

||3| < Ce.
Thus 1| < 2 Ce.

Since |4, I3 are finite integrals and I, = 0 their sum tends to
zero as |x|—o0.Thus I — 0 as [x|—o0.

Hence the result is obtained.
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Lemma 3.2 (Liouville’s theorem) Assume that w be
harmonic function in R® and satisfies w(x) = o(|x| ) as |x|
— o0, Then w must be constant.

Proof: To prove w is constant, prove that Dw = 0. FiX X,
in R®. Define

B.(xo) ={y e R®:ly — xol<r}

For some r > 0. Since the gradient Dw is also harmonic
function in R®, it follows by mean value and divergence
theorems that

Dw(xy) = Dw.dx

=3
AT Jp, (xp)

1
= @ Jop, oy WV B
where v is outward unit normal to the surface dB, (x;).

1

|DW(X0)| =| m fz?Br(xo)

w.v ds|

< - Sup |w|->0as R-w»
R N
9Br(x0)

~|Dw| -0 asR - o
~|Dw| =0 in R3

So w is constant.
Define
A= {1€(0,0):V;(x) >0}forxeZ,.
Lemma 3.3 Letu be solution of 1.1 satisfying
utel” (R?) and
0< ing V(lxDet dx = B < oo

u(x)‘) _

then lim|x|_>oo w =

B

u(x .
——= = lim
log x| lx—eo

Proof: Define the function

we) = 1= (57— W) Ve dy inR* - (36)

The function w(x) is well defined and by lemma in [11]
we have

Aw = V(|x])e" in R®,

From equation (3.5) and u*™ € L”(R?)
vet* € L*(R®) n LY(R3)

Then by lemma 3.1

1
wee) | 1 f v(yetdy = B
R3

im =
lx|-log|x| 3wz
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Consider the function
u(x) + w(x) = v(x)
Operating A on both sides, we have
Aulx)+ Aw(x) = Av(x) (3.7
We have Au(x) = —Av(x)e* and

Aw(x) = v(|x|)e"
Av(x) = 0 inR®
Also v(x) is o(]x]) , as [x|—o0 . By lemma 3.2 we know
that v is constant say c. Divide equation (3.7) by log |x|
and taking limit of both side as [x| —o we get

c o u() o ow()

lim im + lim
lx|-o log|x| |xl-=log|x]|  Ix|-=log|x|

u@®@ o W)

0= lim im
lxl-e log |x| — Ixl= log | x|
u(x) . ow(x)
im = — lim =-p
xle log [x] ~ Ixloe log x|
Also
2
u(x

lim ( )= -B

x|~ log | x|

Suppose that V/(r) is locally Halder continuous function
on [0, ) and that V(r) is nonincreasing in r > 0.

Lemma 3.4 Let L > 0 then V, satisfies,
AVA(X) + CA(X)VA(X) <0 inX,

where C,(x) satisfies C,(x) = O(]x| §) as |x| —oo for some
6 = 3.

Proof: Let V(r) is nonincreasing inrand ~ |x?*| > |x|
forx € ¥, and A >0 we have

0= (Au(x)+ V(xPe ®) - (A u(x?) + V(lel)eu(x‘))
= A(ulx) - u(x'l) )+ V(|x|)e”(x) - V(|x|/1)eu(x‘)

> AV () + V() (e4® = ev() >
AWV + GV, (x)
where,
Gx) = V(le)e“(xl)“(u(x)—u(x’l)dt
Take € > 0 sosmall thata + f — € > 3. By lemma 3.3

u(x)
< — —
we have, o] = B — o).

Therefore, u(x) < —log|x| (8 — €).

Also,u(x*) < —logl|x|(B + €)
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We have "™* % e (7)) < oo for a > 0.
1
2 G(x) = V(|x|)J. eu(xl)ﬂ(u(x)—u(x}‘))dt
0

% Cy(x) = 0(x])7° where @ + B — € = & as [x| .
Remark 3.1 By virtue of lemma 3.4 we can take Ry > €
so large that —11— > (%)

1+|x|logm

Lemma35LetA>0.1fV; >00n Y, N Bg,, then 1 € A.

Proof: By lemma 3.4 and assumption we have
AVA(X) + CA(X)VA(X) <0 in Zx\ B_R()

V; =00n 9(ZA\ By, )

Let w(x) = li—l — log |x|. Then w(x) satisfies

1
Aw+ —=0
|x|

“Aw + G (x)w <0inZ\ By,
By lemma 3.3, w > 0 in %;\Bg,

()
’ w(x)

- 0 as[x| —»o0

By lemma 2.1 we have
V, (x) > 0in%,\ Bg,.
V; (x) > 0inZ,.
~AeA

Lemma 3.6 Let A € A then ;Tul <0
Proof: By lemma 3.4 we have

AV/l(X) + CA(X)VA(X) <0 in 2.

SinceV, =0onT,,

av .

# < 0 on T,. (By Hopf boundary maximum lemma)
1

ou 1 avl

drs 2 ax <0onT,

Now we will state and prove main theorem about
symmetry.

Theorem 3.1 Assume that V satisfies,

o TEV(r) < oo forsome, a >0 (3.9)

Let u be the solution of [1.1] satisfying u € L*(R3),
where u™ = maxifu, 0} and

1
0< Eflﬁ V(lxDetdx = B < o (3.10)

www.ijltemas.in

Page 51



Volume |V, Issue |, January 2015

If a4+ B > 3 then u must be radially symmetric and
decreasing. Furthermore, assume that V is not constant
then u must be radially symmetric about origin and

u, < 0forr>0.

Proof: Let u be the solution of [1.1] satisfying

u" € L” (R®). and equation (3.10) . From lemma 3.3 we
have,

u(x)

im — = —
e T
~ lim u(x) = —oo

Jxt| o0

Then there exist R; > Ry such that
max{u(x): |x| > R1} < minffu(x): [x| < Ry}
where Ry is constant such that lx| > Ry we have

—1f > C,(x). We shall prove the theorem in
1+|x|logm

following three steps.

Step-1: To prove [Ry, © )c A. Let A € [Ry, ©), so
A = R;.Wenotethat B, € ¥,.ButV; > 0 in B,. Then
by lemma 3.5 1 € A. It implies that [Ry, o0 ) A.

Step-11: Let 4, € A, then there exist € > 0 such that

(Ap — €,25] < A. Assume to the contrary that there exist

an increasing sequence {A;}, such thatA; — A, asi — oo.

By lemma 3.5 we have a sequence {x;}, i =1,2,3,... such

thatx; € ¥, N Bg, and V;,(x;) < 0. A subsequence

which we call again sequence {x;} converges to some

point xo € ¥, N Bg, . Then V; (x,) < 0. Since

V3, > 0in},,, we have x, € T,,. By mean value

theorem there exist a point y; satisfying %‘(yi) >0 on

1

the straight line segment joining x; to (x;)* for each i =

1,2,3,....Since y; — x, as — oo, we have ;TM(xO) >
1

0. On the other hand, since x, € T, , we have

;Tu(xo) < 0. This is a contradiction, hence step Il is

1

proved.

Step-111: We have to prove either statement (A) or
statement (B) holds.
(A) u(x) = u(x*) for some A, > 0 and ;7“ <o0on
1
T,for some A > 4.
(B) u(x) = u(x®) in g, and ;T“ < 0 on T, for some
1
A> 0.

Let A; =inf{A > 0: [1, ) c A}. We distinguish the
proof in two cases: (i) A; > 0 and (ii) 4, = 0.

Case (i): LetA; > 0.

Let Vs, (X) = u(x) — u(x*) . Since u is continuous we
have V;; (x) > 0 in X;;. From lemma 3.4 we have

AV}\I (X) + C7\1 (X)V)\l (X) <0 in Z)\l'
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Hence by strong maximum principle we have that either
V)Ll > 0 in Z}\l or V}\l = 0 in Z}\l .

Assume that V,, >0 in X, then 4y € A. From step
(1) there exist e > 0 such that

(A4, — €,1] < A. This contradicts to the |definition of
Ai. So Vy, (x) =0. Since (A4,00) c A we have

57“1 <0 onT, for A > . (By lemma 3.6) .Thus we get
statement (A).

Case(ii): Let M =0.

From Continuity of u. V)Lo(X)z 0 in 20. By lemma 3.6 we
have ;Tu <0 on T, for A > 0. Assume that V(r) is not
1

constant, in this case we have to prove that (A) holds.
From (1.1) we have V(|x]) = V(X" |) for x € ;.

Since V(r) is nonincreasing, we have w is
constant. This contradicts to the assumption. Thus (B)
holds. If (B) occurs in step (I11) then we can repeat all the
three steps for negative X, —direction about plane x;= A; <
0 or

u(x) < u(xp) in Xo. (3.11)

If (3.11) occurs then u(x) = u(x®) in ,. Therefore
u must be radially symmetric in X; —direcion about some
plane and strictly decreasing away from the plane. Since
equation (1.1) is invariant under rotation we may take any
direction as X; -direction and conclude that u is
symmetric in every direction about some plane.
Therefore, u is radially symmetric about origin and u, < 0
forr > 0.

We give some corollaries of the theorem. First
we consider the case where V (r) is nonpositive for r large.
In this case we take @ > 3 in (3.9) and can obtain the
following.

Corollary-1: Suppose that V/(r) is nonpositive for large R.
Let u be the solution of (1.1) satisfying u* € L* (R3).
Then u must be radially symmetric about the origin and u,
<0forr>0.

Next we consider the case where the V/(r) is nonnegative
for r>0.

Corollary-2: Suppose V(r) is nonnegative for r > 0 and
satisfies ™=@ (r) < oo, with @ > 3. Let u be the
solution of (1.1) satisfying u® € L* (R?). Then u must be
radially symmetric about the origin and u, < 0 for r > 0.

Corollary-3: Suppose V(r) is nonnegative forr >0 Letu

be the solution of (1.1) satisfying ng etdx < o
(3.12)

Then u must be radially symmetric and decreasing.

Corollary-4: Suppose V(r) is nonnegative forr >0 Letu
be the solution of (1.1) satisfying l;‘g("lil - —Bas |x
— oo with 8 > 3. (3.13)
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Then u must be radially symmetric and decreasing.

Here we see that u satisfies (3.12). As a consequence of
corollary [ 3] we obtain corollary [4].
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