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I. INTRODUCTION 

n [3] authors studied conformally flat contact metric 

manifolds under the condition that the characteristic vector 

field  belongs to (k,)-nullity distribution.C. Özgür [7] 

studied conformally flat Lorentzian para-Sasakian 

manifolds. In [8] U. K. Kim studied generalized Sasakian 

space forms and proved a classification theorem under the 

assumption that the characteristic vector field is killing. In 

this chapter, we shall study conformally flat generalized 

Sasakian space forms with QQ, Q being the Ricci 

operator of the manifold 

II. PRELIMINARIES 

A (2n+1)-dimensional Riemannian manifold (M, g) is said 

to be an almost contact metric manifold if there exist on M a  

(1,1) tensor field , a vector field   and a 1- form  such 

that  

(2.1)   ( ) = 1, 2
X =  - X + (X)  and 

   g(X, Y) = g (X,Y) - (X) (Y),  

for any vector fields X, Y on M. Then,  ( ) = 0 and o = 

0. Such a manifold is said to be a contact metric manifold if 

d  where  is defined as ),(),( YXgYX  is 

fundamental  2-form of M.  

 An almost contact metric manifold is called a Sasakian 

manifold if 

 (2.2)  (
X ) Y = g (X, Y)  -  (Y) X, 

X   

= -X, 

for any X,Y on TM, where denotes the Riemannian 

connection of g. 

In [1] Alegre, Blair and Carriazo introduced the 

notion of a generalized Sasakian space form. Given an almost 

contact metric manifold ),,,( gM  , we say that M is a 

generalized Sasakian space form denoted by ),,( 321 fffM

if there exist three functions f1, f2, and f3 on M  such that,  

(2.3)       }),(),({),( 1 YZXgXZYgfZYXR   

                               + f2 { g (X,  Z) Y - g (Y, Z) X + 

2g (X, Y) Z} 

                               + f3 {(X) (Z) Y - (Y) (Z)X + g 

(X, Z) (Y)   

                                g (Y,Z) (X) },   

for any vector fields X, Y, Z on M , where R  denotes the 

curvature tensor of M .This kind of manifold appears as a 

natural generalization of the well-known Sasakian space 

form, which can be obtained as a particular case of  

generalized Sasakian space forms by taking 
4

3
1




c
f  ,    f2 

= f3 = 
4

1c
. On a generalized Sasakian space form we have

 )())12(3(

)32(

32

321

Xfnf

XffnfQX




, 

(2.5)  321 46)12(2 nfnffnn  , 

(2.6) })()(){(),( 31 YXXYffYXR   .From 

(2.6), we have  

(2.7)  })({)(),( 31  XXffXR  . 

Using (2.4) and (2.6) we have  

(2.8)   )()(2),( 31 XffnXS   , 

(2.9)   

)()())12(3(

),()32(),(

32

321

YXfnf

YXgffnfYXS




 

(2.10)
)()()(2

),(),(

31 YXffn

YXSYXS
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A generalized Sasakian space form ),,( 321 fffM  is said to 

be -Einstein if its Ricci tensor S is of the form  

(2.11) )()(),(),( YXbYXagYXS  , 

for any vector fields X and Y, where a, b are smooth functions 

on M . Let ),,( 321 fffM  be a (2n+1)-dimensional 

generalized Sasakian space form. The Weyl conformal 

curvature tensor C, the conharmonic curvature tensor K and 

the projective curvature tensor P of ),,( 321 fffM  are 

defined by 

(2.12)

 






QXZYgYZXSXZYS
n

ZYXRZYXC

),(),(),(
12

1

),(),(

  

QYZXg ),(  YZXgXZYg
nn

),(),(
)12(2







, 

(2.13)
 QXZYgYZXSXZYS

n

ZYXRZYXK

),(),(),(
12

1

),(),(








 

QYZXg ),( ,  

(2.14)  
 QYZXgQXZYg

n

ZYXRZYXP

),(),(
2

1

),(),(





, 

respectively, where Q is the Ricci operator, defined by 

),(),( YQXgZXS  , S  is the Ricci tensor, )(Str  is 

the scalar curvature and )(,, MZYX  , )(M  being 

the Lie algebra of vector fields of M .Let C be the Weyl 

conformal curvature tensor of M . Since at each point 

Mp  the tangent space )(MTp  can be decomposed into 

direct sum     
ppp LMTMT   )()( , 

where  pL   is a 1-dimensional linear subspace of  

)(MTp  generated by p , we have map:

   
pp

ppp

LMT

MTMTMTC

 



)(

)()()(:
. 

It is natural to consider the following particular cases: 

(1)  
pppp LMTMTMTC  )()()(: , that is, the 

projection of  the image of C in  )(MTp  is zero. 

 (2)  )()()(: MTMTMTC ppp  )(MTp , that is, 

the projection of  the image of C in  pL   is zero. 

(3)        
pppp LMTMTMTC   )()()(: , 

that is, when C is restricted to  )(MTp  is zero. This 

condition is equivalent to  

(2.15)   0,2 ZYXC  , see ([3], [5]). 

The case (1) and (2) were considered in [9] and [10] 

respectively. The case (3) was considered in [3], [5]. Now our 

aim is to study generalized Sasakian space forms satisfying 

(2.15). 

III. MAIN RESULTS 

In this section we consider conformally flat, 

conharmonically flat, projectively flat generalized 

Sasakian space forms. 

Definition1 ([2]) A differentiable manifold ),( gM  

satisfying the condition (2.15) is called conformally flat. 

Theorem 1 Let ),,( 321 fffM be a (2n+1)-dimensional 

generalized Sasakian space form, which is -conformally 

flat. If M  is contact metric manifold with   Q = Q, then it 

is  -Einstein manifold. 

Proof: Suppose M  be a (2n+1)-dimensional, -conformally 

flat generalized Sasakian space form then, it is easy to see 

that   0,2 ZYXC   holds if and only if  

(3.1)    0,),( WZYXCg  , for any vector fields 

)(,,, MWZYX  .Using (2.12) -conformally flat 

means 

(3.2)  

   ),(),(
12

1
,),( WXgZYQg

n
WZYXRg 
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Let  ,,...., 21 nee  be a local orthonormal basis of vector 

fields in M . By using that   ,,...., 21 nee is also a local 

orthonormal basis, if we put X = W = e in (3.2) and sum up 

with respect to , then 

(3.3) 
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It is easy to verify that  

(3.4) 
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(3.5)  
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(3.6)      
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And 

(3.8)      ZYgeYgZeg
n




 ,,,
2

1
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In view of (3.4)  (3.8) the equation (3.3) can be written as 

(3.9)    ZYgff
n

ZYS 


 ,)(
2

, 31 







 . 

Now, by using (2.1) and (2.10), the equation (2.24) takes the 

form  

(3.10) 

   

)()())(12(
2

,)(
2

,

31

31

ZYffn
n

ZYgff
n

ZYS


























  

which implies, M  is an  -Einstein manifold. This 

completes the proof of the theorem.Using (2.9) and (3.10) we 

have  

Corollary 1 Let ),,( 321 fffM be a (2n+1)-dimensional 

generalized Sasakian space form. If M  is contact metric 

manifold with Q = Q, then 321, fandff  are connected 

by the relation .23)12(
2

321 fffn
n




 

Definition 2([4]) A differentiable manifold ( M , g), 

satisfying the condition 

(3.11)    0,2 ZYXK  is called -

conharmonically flat. In [2] authors considered (k-)-contact 

manifolds satisfying (3.11). Now, we will study the condition 

(2.26) on a generalized Sasakian space form.      

Theorem 2 Let ),,( 321 fffM be a (2n+1)-dimensional 

generalized Sasakian space form, which is -

conharmonically flat. If M  is contact metric manifold with 

Q = Q, then it is  -Einstein manifold with zero scalar 

curvature. 

Proof: Suppose M  be a (2n+1)-dimensional, -

conharmonically flat generalized Sasakian space form then, it 

is easily seen that   0,2 ZYXK   holds if and only 

if  

(3.12)   0,),( WZYXKg  , for any vector fields 

)(,,, MWZYX  .Using (2.13) -conharmonically flat 

means 

(3.13)  
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),(),(),(),( WYQgZXgWYgZXQg  

Similar to the proof of Theorem 1, we can suppose that

 ,,...., 21 nee  is a local orthonormal basis of vector fields 

in M . By using the fact that   ,,...., 21 nee  is also a 

local orthonormal basis, if we put X = W = e in (3.13) and 

sum up with respect to , then 

(3.14) 
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Now, using (3.4)  (3.8) the equation (3.14) takes the form 
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(3.15)      ZYgffZYS  ,)(, 31  and 

hence applying (2.1) and (2.10) into (3.15) we have  

(3.16)    

     

  )()())(12(

,)(,

31

31

ZYffn

ZYgffZYS








, 

which implies, M  is an  -Einstein manifold. Now, by 

contracting (3.16) we obtain (2n-1) = 0, which implies the 

scalar curvature  = 0. This completes the proof of theorem. 

Definition 3([8]) A differentiable manifold ( M , g), 

satisfying the condition 

(3.17)    0,2 ZYXP  is called -

projectively flat.  

Theorem 3 Let ),,( 321 fffM be a (2n+1)-dimensional 

generalized Sasakian space form, which is -projectively flat. 

If M  is contact metric manifold with  Q = Q, then it is -

Einstein manifold.  

Proof: Let M  be a (2n+1)-dimensional, -projectively flat 

generalized Sasakian space form then, it is easily seen that 

  0,2 ZYXP   holds if and only if  

(3.18)    0,),( WZYXPg  , for any 

vector fields )(,,, MWZYX  .Using (2.14) -

projectively flat means 

(3.19)    WZYXRg  ,),(  
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Similar to the proof of Theorem 1, we can suppose that 

 ,,...., 21 nee  is a local orthonormal basis of vector fields 

in M . By using that   ,,...., 21 nee is also a local 

orthonormal basis, if we put X = W = e in (3.19) and sum up 

with respect to , then we have 

(3.20)     
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Now, using (3.4)  (3.8) the equation (3.20) takes the form 

(3.21)    ZYgffZYSn  ,))((,2 31  , 

and hence applying (2.1) and (2.10) into (3.21) we have 

(3.22)    ZYgff
nn

ZYS ,)(
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2
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By contracting (3.22) we obtain 0)()12( 31  ffn , 

which implies 31 ff   and hence M  is an -Einstein 

manifold. 
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