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Abstract:- Let P (€)= j"g,(w)cos j& be a random

trigonometric polynomial such that the coefficients {g.(w),
02(W)...g,(wW)} is a sequence of normally distributed independent
random variables with mean zero and variance one and the
correlation coefficients f;; between ith and jth coefficients are
constant. 0<f<l. We have to find the average number of real

zeros E_(0,27) of the equation T (0) = K (where K is any
constant).

I. INTRODUCTION

n
LetTn(e.a)): > jg;(w)cos jo 1)
i=1
Be a random trigonometric polynomial, where the
coefficients {g; (W). g, (w)...gn(W)} (0, w-1) is a sequence of
independent and normally distributed random variables with
mathematical expectation zero and variance one.

Let ENN (a, ) be the number of level crossings

of the family of the curves Y =Tn = (€) = 0 with the line

y=k for a<B<p. Previously Dunnage [3] found that in the case
of normally distributed random variables with mean zero and
variance one and p=0 the polynomial (1.) has

2n u 2
(?j+0(n13(log nd) |zeros on the average in the

interval (0,2mw) except for a certain exceptional set whose
measure does not exceed (log n)*. Nayak N.N. and Patanayak
(6) considered the same polynomial and found that the
average number of crossings of these curves with the line y=k

is asymptotic to [2_;) for K # O(n).

Il. THEOREM

Let P, (0)=j"g;(w)cos j& be a random

trigonometric polynomial such that the coefficients {g;(w),
ga(w)...gn(W)} is a sequence of normally distributed
independent random variables with mean zero and variance

one and the correlation coefficients f;; between ith and jth
coefficients are constant. 0<f<1. Then for sufficiently large n
and p >0, the average number of real zeros of the equation

T (@) = K (where K is any constant) satisfies

1/2
E_(0,27) = 2n ( 2p +1] +0(n**) if K =0 (n%)
2p+3

1/2
E_(0,27) = 2n(2p+lj +0(n) if K =0(n)
2p+3

Das, M.K (1) and Sambadham, M. and Renganathan
(8) separately used Kac Rice formula to find the mathematical
expectation of the number of real roots of (1) for P=0 and K=0
and for some non zero finite or infinite value of mean. In this
wider class of distribution he found the same expected number
of real roots for said polynomial when ever the correlation
coefficients between any two coefficients g; and g, denoted by
fir is constant 0<f<l as have been found in previously
mentioned works.

Samal and  Pratihari (7)  considered same
polynomial when mean zero and variance one and fj; the
correlation coefficients between j th and ith coefficients are
constant and for any constant K the expected number of real
roots of the equation T(8)=K satisfies

EN (0,277 =(2?”) +0(n*4)if K = 0 (n*®)

EN(0,27) = (2?”) +0(n) if K =0(n)

Here we consider a polynomial of the form Let

T.0)=T (6,0) =Zn:jpgj(w)cos jo=K

=L

Where the random variables are normally distributed
with mean zero and unity variance. We denote EN (a,b). The
average number of level crossings of the family of curves
y=T(0) with the line y=k.
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I1l. KAC RICE FORMULA FOR TRIGONEMETRIC

POLYNOMIAL
From Kac Rice formula we obtain
B )
EN (e, 8) = [ d6 []y|(0, y)dy @

where (X1,X,) is the density of the joint distribution function

To(®) and T',(0) Let (1) = L jexp(_ gz de
0

(t) = (t)Texp(t de

Using the procedure to find out the number of level
crossings used by Cramer and Lead better for the equation
Tn(0)=K we obtain

EN (a,b) = j( j (1- /1)}/(
where

a =Var {T (0)-K}
p=Var{T (0}

v =(XZ)"*CcoV [{Tn(8)-K}Tn(6)]
§=E{T.(0)-K}

n= (Z)l’z(l—i)l’z{v—%}
andv =E(T, ()}

and

><‘J\m

) [20(n) + n{20(n) -1}]

Since the coefficients of T, (0) are independent and
normally distributed random variables with mean zero and
variance one

We can easily derive that

&= jPcos jo—K=m,—K

=1

v=>jP"Sinj@ =m,

j=1

X =>"j**Cos’j6

j=1
Z=>j*"?sin?jo
j=1
A _-Y
XZ
n= Y(ml_K)
 VAX

and A = XZ —Y?
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Since @ (t) = % +ierf [%) and using (2) we have the
v

extended Kac Rice formula.

E,(ab)= TEeXp kﬂd¢9+\f‘[k\4a exp{ ajerf( k;)d@

b

=l,(a,b) +1, (a,b)

Where
A=aff —V?

A? :Zn:j“’Cossz
=1

2 :Zn: j2p+28in2j9
j=1
C =) j*"Cosjo
=
E=> j*Sinjo

=1

Proof of the Theorem

We divide the zeros of T, (0) into two groups and
proceed to estimate expected number of zero in each group.

The zeros are

(i). those lying in the intervals (0,g), (-, n+e) and (27n-¢, 27)
(ii). Those lying in the intervals (g, n-€) and (n+e, 27- €)

It so happens that zeros in group (i) intervals contribute
insignificantly towards EN,(0,27) unlike those in group (ii)
intervals we establish this in the next two sections together
with the proof theorem. We choose e=n-1/4

IV. NUMBER OF ZEROS IN GROUP (i) INTERVALS

We know that out side a small exceptional set of
values of ®, T, (B) has a negligible number of zeros in the
intervals (0, €), (n-¢, tt+€) and (2n-¢g, 2m). By periodically the
number of zeros in (0, €) and (2n-¢, 27) is same as the number
of zeros in (0, €) we prove out assertion for the interval (-¢, €)
first. The estimation of roots in the interval (n-g, n+¢) follows
the same lines of argument.

Let T (2)-K=T,-K=>_g,(0o)cosjZ
=1
The distribution function of the random variable

T (0) = ZJ g,(we is given by
J_
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G(X) —ifeﬁdt
2y 2°
Where

n 2p+1 n 2
X =LY ] [Z jpj =@ )N + f*r?
j=1 j=1

Hence
P{— e T (0)—K.—e®" }

From which any positive we can see that T(0,w)-K>e" except
for sample functions from v-set measure not exceeding

f[TQRze'”) <2e7(g,| +|g,|+. |9, )< 2ns"max|g ||
®3)

Hence
T@ze") <257°(1P +2° +3P +........ n”)max‘g
Hence g1=01(w)

If max

1<j<n
and j<n from the distribution function of random variable g;
we have
T2se)| < Zgz”eDn(max)gj (W)

1< j<n

gj| >n then|gj| > n for as least are values of j

where D,=1P+2P+..... .. +n°

Hence |T(0, w) — K| > 22 except for a set of measure
at most e™

Now if

max |g;| > ne'then|g;| > ne” for at leastonevalueof j< nsothat

Prob

(max) |g;| > ne” szn: prob|g;|>ne" <n prob|g,|> ne”
j=1

= \/zjlexp(_ jdt z\/zexp (-v-n2g27)
Vi Vs

(4)
For sufficient large n
Therefore from (3) and (4) except for sample in an w

t2
2

¥
set of measure not exceeding [Ej 2 exp (_ v-n 282v/2)
T
‘T(Zs em)K‘ <n’exp(2ne+v)—K

‘T(Zs e“’w)‘ < 2e™

max
I<j<n

i°g,(w)< 2D (max(g ()
©)

From the distribution function g; we have
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2 ¢ —t?
g,> n|)<\/;_r[[ > jdt
1

n a2x2
<n,/g_[e dx
Ty 2

n oz
—n /Eje_
Ty 2

9,> n| except for a set of measure at most e

P (max

1<j<n

Hence max n2/3
1<j<n

for large n

Hence T (2 ee'’w < 2nD, > for some except for a

set of measure —n’/3
Combining (4) and (5) and since both K=0 (n*®) and

K=0
N exp(2n+v) + K < 2n2exp(2n+V),| (6)

Let N(e) be the number of zero of T (z,w)-K =0 in Z
<e using Jensen theorem

1 T T.(2ce’)—K|
27log?2 4 TO)-K |
This holds good for every set gi(w)...gn(W) with T,-

N(e) < deo (7)

K=0
Since T(2eewK2nD, &*" asK =0
Thus
T (2ee?’)—K ne
Ta(2<e”) |<2nDn“
| T@O-K |
except for a set of measure e?"*+e™<2e ™™

27
N(e)log2 < 1 [logD,+4™de
27

Hence o1 N (€)log2+ (log 2 +logn +logD, +4n)

log2+logn+logD, +4n
log2

From the above derivations it is easy to conclude that
the number of zeros of T(z,w)-K in the region Z is 0 (n®*)
except for a set of measure not exceeding e™™.

Excepted number of level crossing in Group (ii)
intervals. We make the interval (g,m- €) and get the following
estimates.

First we recall some of the estimates used in Das [8].
Let S,=cos26+cos4 6+...... cos2k 6

For £€<06<mt we have

orN(e)<1l+

Sin K

Sin e
So that by Abel’s

> k¥ Cos 2k +1=S, (2% -1) -5, (3% - 2%) +S, {(n -1)* +(1-2)*}

k=0

theorem we have

2
n
+S,n?=0-—

m
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By using the expected number of level crossings Hence

given by Cramer and lead better for the equation T(6)-K we 1
can obtain A

»
=[2p+1j nf1+0(e)]]

o 2p+3

1/2 -1 Let
e PG el b

Then after some simplification

72
where A2 kB k 1
a [ZN} eXp{ e O(nﬂ

a=Var{T(9)}=A?+> f Cos, &Cosro
]

|Vk| 0 n2
B =Var{T'(6)}=B?+3> f ,Cos, 8inro a¥'?
J 2 2
v=Var{T'(0)}=C+Zf ;Cos, 65inrg and exp k_ =exp -k 0 1
j 2 nt ne’
We recall some of the estimate used in Das (1) and From the above estimates we have
also Abels theorem we have
n n n e IN k2p
A2y jzpCOSZjQZ%Z i +%Z j**Cos’ jo J pi0)d0= | EHEXP( jde
i=L = j=1 : :

2p+l 1 2p+1 _ —7k2 [1]
- 2(2p +1) [“O(Hﬂ [29 3) T0)-e { 2|0+1(1—f)+0 ne’ }
) r]2p+3 1 _/r—e _ﬂ—eﬂ k2 kV
B = 2ep+3) [“O(Hﬂ ) j plw)de_! 0 exp[ 20 jerf[Za jde

_ n2p+1 Onj {[ —k2 j 0[1)}
C_%am+$j (pm a-frt) e

D=0 — for large n
2(2p +3) —-k2 1

by taking n®* and we consider the correlation coefficient exp n2p +1(1— f) +0 n <2 -1
fi=f=constant

i i i E,(e.7—e)=[t,(0)do = +[t,(9)d6

=A’+f) cosjfcosd = A? +{Z(cos jo) +3(cos’ ja)} ° °
j = = 2p+1
= +0(vn)

=(1-f)A’ + fD? 2p +3

2 When K =0 (n**
:(1—f)22 1+OK ﬂﬂ ™)

(2p+1) ne En(e,ﬂ—e)z 2p+1 +0(n*")
2p+3
Similar - . .
A similar estimate can be derived for EN, (7+ €, 7— €)
, . n2r+ 1 We have
=1-t)p° +tE-=1-f1) +0[( ﬂ 12
2(2p+3) ne’ E,(c, 72— e)=[2p+lj +0(Nn) When K=0 (n)
20 +1 2p+3
andv=(t-1)C+tDE=(10t)O( P AJ P
E.(e,7—e)= P+ +o(n%)When K=0 (n*®)
n*e+ 2p+3
andV=af-v’=1-1)* on® e’ .
42p+1)(2p+3) which complements the proof of the theorem
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