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Abstract- This paper is concerned with inverse thermoelastic
problem in which we need to determine the temperature
distribution, displacement function and thermal stresses of a
semi-infinite circular beam when the boundary conditions are
known. Integral transform techniques are used to obtain the
solution of the problem.
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I. INTRODUCTION

I n 1957, Nowacki [1] studied the state of stress in a thick
circular plate due to temperature field. Roychaudhari [2]
discussed the quasi-static stresses in a thin circular plate due
to transient temperature applied along the circumference of a
circle over the upper face, Wankhede [3] studied the quasi-
static thermal stresses in a circular plate. Gahane; Khalsa
and Khobragade [4] studied Thermal Stresses in A Thick
Circular Plate With Internal Heat Sources. Ghume;
Mahakalkar and Khobragade [5] derived Thermoelastic
solution of a thin circular plate due to partially distributed heat
supply. Hamna Parveen and Khobragade [6] discussed
Thermal Stresses Of A Thick Circular Plate Due To Heat
Generation.

Khobragade; Khalsa; Gahane and Pathak [7] studied
Transient Thermo elastic Problem of a Circular Plate With
Heat Generation. Khobragade [8] investigated Thermal
stresses of a thin circular plate with internal heat source.
Further Khobragade [9] discussed Thermoelastic analysis
of a thick circular plate. Lamba and Khobragade [10]
developed Analytical Thermal Stress Analysis in a thin
circular plate due to diametrical compression.  Noda;
Hetnarski and Tanigawa [11] published a book on Thermal
Stresses, second edition. Varghese and Khobragade [12]
derived Alternative Solution of a Transient Heat Conduction
in a Circular Plate with Radiation.

In this paper, an attempt has been made to solve two inverse
problems of thermoelasticity.

In the first steady-state problem, an attempt has been made to
determine the unknown temperature, displacement and stress
functions on the outer curved surface of a thin circular beam

occupying the space D : 0 <r <a, 0 <z < oo , with
homogeneous boundary conditions of the third kind are
maintained at zero on the plane surfaces of a thin circular
plate.

In the second unsteady-state problem, an attempt has been
made to determine the unknown temperature, displacement
and stress functions on the outer curved surface of a circular
beam occupying the space D : 0 <r<a, 0 <z < oo , with
homogeneous boundary conditions of the third kind are
maintained at zero on the plane surfaces of a circular beam.

Il. STATEMENT OF THE PROBLEM-I

Consider a circular beam occupying the space D:0<r<a, 0
< z < oo. The differential equation governing the
displacement function U(r,z) as [1] is

o°U 10U

+——=1Q+v)aT ,
a2 v ar L+v)a @2.1)
with U=0atr=a (2.2)

where v and a; are the Poisson’s ratio and the linear
coefficient of thermal expansion of the material of the beam
and T is the temperature of the beam satisfying the differential
equation

oO°T 1oT o'

ot ror o @9
subject to the boundary conditions
T(a,z) = 9(z) (unknown) (2.4)
.aTé+z) Jz:o =0 (25)
aT(r,z)J _
07 b—w (2.6)

The interior condition is
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T(&,2)=f(2), 0<¢&<a (known) (2.7)

where k; and k; are the radiation constants on the two plane
surfaces.

The stress functionso,, and o, are given by

o — oyt
rr H ror (2.8)
_ 2,2V 2.9
arZ ( : )

where g is the Lame’s constant, while each of the stress

functions o\, 6,;, 0y, are zero within the beam in the plane
state of stress. Equations (2.1) to (2.9) constitute the
mathematical formulation of the problem under consideration.

I11. SOLUTION OF THE PROBLEM

Applying Fourier cosine transform to The equations (2.3),
(2.4), (2.7) and using (2.5), (2.6) one obtains

d’T 1dT =
T T =0
dr? rdr P 3.1)

where P=Nx

T(a,n) = g(n) (32)
T(&n)=f (n) (33)

where T denotes Fourier cosine transform of T and n is
Fourier cosine transform parameter.

Equation (3.1) is a Bessel’s equation whose solution gives

T(r,1) = Alg(pr) + B Kofpr) 34

where A, B are constants and |y, Ky are modified Bessel’s
functions of first and second kind of order zero respectively.

= I, (pr)
T(r,n)= f(n) 35
1,(p&) oo
Using the condition (3.2) to the solution (3.5) one obtains
po l,(pa)
g(n)= f (n)—>—- 36
1(p&) oo

Applying Inverse Fourier cosine transform to the equation
(3.5) and (3.6) one obtain the expressions for the temperature
distribution T(r,z) and unknown temperature gradient g(z) as

I, (pr)
T = f .
(r,z)= Z (n)cos(pz) 1. (pd) (3.7
1t l,(pa)
g(2) = . nZ:l: f (n) cos(pz) —Io(pf) (3.8)

where f(n) = T f (z)cos(pz) dz

Equations (3.7) and (3.8) are the desired solutions of the given
problem.

IV. DETERMINATION OF THERMOELASTIC
DISPLACEMENT

Substituting the value of T(r,z) from (3.7) in (2.1) one obtains
the thermoelastic displacement function U(r, z) as

1+v)a, < Z HOR

lo(pr)
i os(pz) ———

U(r,Z): n=1 p* 0( éz)

(4.1)
V. DETERMINATION OF STRESS FUNCTIONS

Using (6.3.1) in (6.1.8) and (6.1.9) the stress functions are
obtained as

o ”(1+v)atz ) cos(pz) -2 O(p) (5.1)

Asr— 0, Kqg -, but by physical consideration, n=1 P 0( 98)
f(r n) remains finite. Therefore B must be zero. 2 X — | "(pl’)
: 0
o _ o = (1+v)a Y f(n)cos(pz) (5.2)
Using (3.3) in (3.4) one obtains T ~ lo(p&)
f(n)
= = VI. SPECIAL CASE
lo(p<)
_ 52
Substituting the values of Aand B in (3.4) one obtains set f(z)=e ’ & (6.1)
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Applying Fourier cosine transform to the equation (6.1) one
obtains

0

(n)=[e™ cos(pz)dz
é:\/; e—p2 /4

T o (6.2)

Substituting the value of T(n) from (6.2) in the equations
(3.7) and (3.8) one obtains

(6.3)

:iw —-p%i4 ly(pa)
9= J;nzz;e C°S('°Z)|O(pg) (6.4)

VII. NUMERICAL RESULT

9 : _
Set a = ,a=2m, £&=1.5min (6.4) to obtain
2\ :
9(2) _N".-pa lo(2p)
=>e cos(pz) 71
p Z:; 1,(L5p) (7.1)

VIII. STATEMENT OF THE PROBLEM-II

Consider semi-infinite circular beam occupying the space D :
0<r<a, 0<z< oo. The differential equation governing the
displacement function U(r,z,t) as [1] is

oMU 10U

= = (1+v)aT 8.1
or ror (v 8.1)
with U=0atr=a (8.2)

where v and a; are the Poisson’s ratio and the linear
coefficient of thermal expansion of the material of the beam
and T is the temperature of the beam satisfying the differential
equation

2 2
02T 18T 02T _14T

ar2 rE 822 _Ra (83)
subject to the initial condition
T(r,z,0)0=0 8.4)
The boundary conditions are
T(a,z,t) = g(z,t) (unknown) (8.5)

aT(r,z,t) _
| a2 1=0 0
(8.6)
oTrzt)|
| 0 l=w _0 (8.7)

The interior condition is

T(&, z,t)=f(z,1)

where k is the thermal diffusivity of the material of the
circular beam.

, 0<§&<a(known) (8.8)

The stress functions o, and o, are given by

iU .

" ,Ur or (8.9)
5 0°U

Ogg = —¢H or? (8.10)

where p is the Lame’s constant, while each of the stress
functions oy, 6,; and o, are zero within the disc in the plane
state of stress.

Equations (8.1) to (8.10) constitute the mathematical
formulation of the problem under consideration.
IX. SOLUTION OF THE PROBLEM

Applying Fourier cosine transform to the equations (8.3),
(8.4), (8.5), (8.8) and using (8.6), (8.7) one obtains

d’T 1dT .- _1dT

ar  r dr K dt ©.0)
where P =N1x

-F(I’, n,0)=0 9.2)
T(a,n,t) = g(n,t) 9.3)
T(En,t) = f(n,t) (9.4)

where T denotes Fourier cosine transform of T and n is
Fourier cosine transform parameter.

Applying Laplace transform to the equations (9.1), (9.3), (9.4)
and using (9.2) one obtains
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d27 1d'?>l< 0¥
dr2 +F dr a°T =0 (9.5)
S
where q2 = p2 +E (9.6)
T (ans)=g (n,s) 0.7
— % — ¥
T (&nss)=1f (n,s) (9.8)

. _ _
where T denotes Laplace transform of T and s is Laplace
transform parameter.

Equation (9.5) is a Bessel’s equation whose solution gives

T (r,n,s) = Aly(qgr) + B Ko(ar) (9.9)

where A, B are constants and |y, K, are modified Bessel’s
functions of first and second kind of order zero respectively.

As r— 0, K,(qr) — o, but by physical consideration,

T (r,n,s) remains finite. Therefore B must be zero.

Using (9.8) in (9.9) one obtains

A=t (S g

1,(as)

Substituting the values of Aand B in (9.9) one obtains

T (rns)_f (ns)I ((q;))
1,(qa)
f
9168

Applying inverse-Laplace transform to the equation (9.10)
one obtains

(9.10)

g (ns)= (9.11)

f(r,n,s) = Ll{f(n,s)%} (9.12)

To evaluate |_7l [?* (n’ S) 61* (S)]

1,(qr)
1,(a¢)

where @ 1(S) = (9.13)

_ |s 2
d=+x*+0P
Using (1.1.4) in (9.13) one obtains

5.0 55 | a5 s

To evaluate the contour integral (9.14) one observes that the
integrand (6.9.14) is a single valued function of s, so that one
may make use of the contour shown in the figure.

(9.14)

s L

]
g j[;:n;

The poles of the integrand are at the points

s=s, =—k[p®+4,°], m=123,...
where A, Ay ey Ay e

equation
‘] 0 (é /’Lm ) = 0

From the theory of Bessel function, it is known that the roots
of the equation (9.15) are all real and simple. By taking the

radius of the circle LMN to be k(m+2)?z%/&? | there

will be no poles of the integrand on the circumference of a
circle and from the asymptotic expansions of the modified

Bessel’s functions |,(qr),1,(q&) the integral round the

circular LMN are tends zero as m — o . One may therefore
replace the line integral of the same function taken from the
complete contour. Hence one can replace it by the sum of the

residues of the function 1,(qr)/1,(q&) in the plane R(s) <
C.

are the roots of the transcendental

(9.15)

Now the residue of this function at the pole s=s,, is

Lim — 2 om et (ry2+p?)
il («’f\/“rp )

2k./* + p?
Lim| ——& P [lees‘l (rys+p? )}
S—)Sm_lo (5\/%_’_7) S—S
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where m, n are positive integers, A, are the positive roots of

_ 2’ki/1m KU +p) 1,Gr4,) the equation
&y (Sid,) Jo(4,8) =0.
!
' I, (.ﬁim) X. DETERMINATION OF THERMOELASTIC
We have 1, (2)=1,(2), = J.(E4,) DISPLACEMENT
. Substituting the value of T(r,z,t) from (9.19) in (8.1), one
Hence the value of g, (t) in (9.14) is obtained as obtains the thermoelastic displacement function U(r, z,t) as
— 2K (A) 2k %
gl(t) = —Z ( ) K (2n"+p") (9.16) U (r, Z,t) = —(1+ V)at E ZCOS(DZ)
5 m=1 J (égﬂm) n=1
By applying the convolution theorem, the equation (9.12) t
gives 5 o) 5/ eve k(a2 ep?)E)
Y o j f(n,t)e KU +P)ED) gy
T(r,n,t) = 2 ZM m=1 7‘m 1( mSE)O
¢ = I(édn)
(10.1)
t
x J'?(n,t') o KU +P)(t-t) gir 9.17) X1. DETERMINATION OF STRESS FUNCTIONS
Using (10.1) in (8.9) and (8.10) the stress functions are
. . . obtained as
Also by using the result (9.16),the equation (9.13) gives
o0
Ando(@d 41K
a(nt )_Zkz mJo(adm) O =(1+v)at(—j2cos(pz)
£ 3y (Ey) (e )=
t? K" +p*)(E1) 9.18 - J ,(/1 r) i 24 p?
) e U P gt : T - -t
xj (n,t)e ( ) % JO m jf(n,t,)e K(Aq“+p7)(t t)dt/
Applying inverse Fourier cosine transform to the equations m=1 1( mg)) 0
(9.17) and (9.18) one obtain the expressions for the
temperature distribution T(r,z,t) and unknown temperature (111

gradient g(z,t) as

T(r,z,t)— Zcos(p )Zﬂ' mJo (m")

O = ([L+Vv)a, (%]icos(pz)
% )

m=1 l(ﬂ’mg)
t C Ando (nl) (5 oK +P*)(t-t)
T oK 2pD) () gpr X —J f(n,t)e dt’
0
(11.2)
g(z,t) = Zcos(p )Z (O;fﬂ“;) XII. SPECIAL CASE
1 2
m ) set f(z,t)=(1—-e")e ™ & (12.1)
t
— Wl 2, n2\(t_ 4t Applying Fourier cosine transform to the equation (12.1) one
.[ f(n,t" KU + PO g (9.20) obtains
0
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f(nt)= T(l— e)e? £cos(pz)dz

=%§e-“’4a—e*>

Substituting the value of ?(n,t) from (12.2) in the equations
(9.7) and (9.8) one obtains

(12.2)

Ando(Anh)
T(r,z,t 0
(r,z,t) = Zcos(pz)mZ;‘ 108
t
« J‘ e—p2/4(1_ ot )e—k(/lm2+p2)(t—t’) dt’
0
(12.3)
g(z,t) = Z:cos(pz)z:}L Jo(Amd)

m=1 1 (im ‘):)

t
« J‘ e—p2/4(1_ ot )e—k(ﬂ.m2+p2)(t—t') dt
0

(12.4)
XI1l. NUMERICAL RESULT

Set = a=2m,&=15m, t=1sec, k=0.86and A,

k
Jr'
are the roots of the transcendental equation J,(1,&) =0
as [13] in (12.4) to obtain

g(z t) Zcos(p )z

m=1

Jo(22m)
1 (1 5ﬂ“m )

1
je p/4(1 o )—ose(ﬂmw)( ) gt
0

(13.1)

XIV. CONCLUSION

In both the problems, the temperature distribution, unknown
temperature gradient, displacement function, and thermal
stresses have been derived with the help of Fourier cosine
transform and Laplace transform techniques. The results that
are obtained can be applied to the design of useful structures
or machines in engineering applications. Any particular case
of special interest can be derived by assigning suitable values
to the parameters and functions in the expressions.
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