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Abstract- This paper is concerned with inverse thermoelastic
problem in which we need to determine the temperature
distribution, unknown temperature gradient, displacement
function and thermal stresses of a semi-infinite annular beam
when the boundary conditions are known. Integral transform
techniques are used to obtain the solution of the problem.
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I. INTRODUCTION

In 1968, Ozisik [1] has published a book on Boundary Value
Problem of Heat Conduction. Varghese and Khobragade [2]
studied inverse transient thermoelastic problem of a thin
annular disc. Varghese and Khobragade [3] discussed
transient  thermoelastic analysis in thin annular disc with
radiation type boundaries conditions. Hiranwar and
Khobragade [4] studied thermoelastic problem of a thin
annular disc due to radiation. Lamba and Khobragade [5]
derived thermal stresses of a thin annular disc due to partially
distributed heat supply. Walde and Khobragade [6]
discussed inverse thermoelastic problem of a thin annular disc
due to heat generation. Further Walde and Khobragade [7]
derived thermal deflection of a clamped annular disc due to
heat generation.

Sutar and Khobragade [8] derived solution of an inverse
thermoelastic problem of heat conduction with internal heat
generation in an annular disc. Khobragade [9] has developed
thermoelastic analysis of a thick annular disc with radiation
conditions. Further Khobragade [10] derived thermal
deflection of an annular disc due to heat generation.
Navlekar, Warbhe and Khobragade [11] studied heat
transfer and thermal stresses of a thick annular disc due to
heat generation. Ovais Ahmed, Khobragade and Khalsa
[12] investigated optimum thermal stresses of a thick annular
disc due to partially distributed heat supply. Singru and
Khobragade [13] developed integral transform methods for
inverse problem of heat conduction with known boundary of
semi-infinite hollow cylinder and its stresses . Pakade and
Khobragade [14] studied transient thermoelastic problem of
Semi-Infinite circular beam with internal heat sources.

In this paper, an attempt has been made to solve two inverse
problems of thermoelasticity.

In the first steady-state problem, an attempt has been made to
determine the temperature distribution, unknown temperature
gradient, displacement function and thermal stresses on the
outer curved surface of annular beam. The temperature is
maintained at zero on the plane surfaces of a beam and at
inner and outer curved surfaces, it is maintained at u(z) and
f(z) respectively.

In the second transient problem, an attempt has been made to
determine the temperature distribution, unknown temperature
gradient, displacement function and thermal stress functions
on the outer curved surface of annular beam. The temperature
is maintained at zero on the plane surfaces of a beam and at
inner and outer curved surfaces, it is maintained at u(z,t) and
f(z,t) respectively.

Il. STATEMENT OF THE PROBLEM-I

Consider semi-infinite annular beam occupying the space D :
a<r<b, 0<z< o0, The differential equation governing the
displacement function U(r,z) as [1] is

2
o“U 10U
—+t——=1+v)aT
ol roor d+via, 2.1)
with U=0atr=aandr=b (2.2)

where v and a; are the Poisson’s ratio and the linear
coefficient of thermal expansion of the material of the beam
respectively and T(r,z) is the temperature of the beam
satisfying the differential equation

02T 10T o%T
Lt =

0 2.3
or2 ror 52 23)
subject to the boundary conditions
T(a,z)=u(z2) 2.4)
T(b,z) =9(z) unknown) (2.5)
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T (r, Z) o 0 (2.6)

T(r,2)| -, =0 @.7)

The interior condition

T(&,2)=1(z) , 0<g<a (known) (2.8)

The stress functions oy and ogg are given by
10U

=2yt

Orr H ror (2.9
02U

cPp =2U—2 2.10
or2 (210)

where u is the Lame’s constant, while each of the stress
function oy, 5,, and oy, are zero within the beam in the plane
state of stress. Equations (2.1) to (2.10) constitute the
mathematical formulation of the problem under consideration.

I11. SOLUTION OF THE PROBLEM

Applying Fourier sine transform to the equations (2.3), (2.4),
(2.5) and (2.8) and using (2.6), (2.7) one obtains

where P2 =m27z? (3.2)
Ts(a,m)=us(m) (3.3)
Ts(b,m)=gg(m) (34
Ts(&m)=fg(m) @5)

where T s denotes Fourier sine transform of T and m is sine
transform parameter.

Equation (3.1) is a Bessel’s equation whose solution gives
T<(r,m) = Al (pr)+ BK,(pr) (36)

where A, B are constants and lg(pr), Ko(pr) are modified
Bessel’s functions of first and second kind of order zero
respectively.

Applying the boundary conditions (3.3) and (3.5) to the
equation (3.6) one obtains

Al (pa) + BK,(pa) =u , (m) (37)

Aly(p&) +BK,y(p&) = f ,(m) (3.8)

Solving (3.7) and (3.8) one obtains
A f (MKo(pa)
lo(PS)Ko(Pa) — Ko (pS)Io(pa)
_ us(M)Ko (&)
lo(PS)Ko(Pa) - Ko(pS&)lp(pa)
_ fo(m)lo(pa)
lo(PSKo(pa) — Ko (p&)lg(pa)
. us(M)lo(p&)
lo(P&)Ko(pa) — Ko (p&)lg(pa)
Substituting the values of A and B in (3.6) one obtains

|o(pr)Ko(pa)—Ko(D")'o(pa)}
lo(p&)Ko(pa)—Ky(pé)lo(pa)

_gs(m)[ 1o(Pr)Ko(pS) - Ko(Pr)lo(pf)}
lo(PS)Ko(pa) - Ko(pS)lo(pa)

(3.9)
Using the condition (3.4) to the solution (3.9) one obtains

|o(pb)Ko(pa)—Ko(pb)lo(pa)}
1o(pE)Ko(pa) — Ko (PE)1o(pa)

|0(Pb)Ko(P§)—Ko(pb)|o(p¢f)}
lo(PE)Ko(pa)— Ko (pé)lg(pa)

(3.10)

Applying inverse Fourier sine transform to the equations (3.9)
and (3.10) one obtain the expression for the temperature
distribution T(r,z) and the unknown temperature gradient g(z)
as

Ts(r,m) =?S(m)[

as(m)=?s(m){

—Gs(m)[

1o [ 1o(pnKo(pa)—Ko(pr)lg(pa) |
Trh)==Y f, 0 0 0 0
()= 2, i pz[|0(P5)K0(pa)—Ko(pﬁf)'o(Pa)

m=1 J
LS msi pz[ lo(Pr)Ky(pE)~Ko(P)1o(PE)
T& lo(PE)Ko(Pa)~Ko(PE) o(pa)

(3.11)

lo(pb)Ko(pa) - Kq(pb)lo(pa)
lo(PE)Ko(pa) =Ky (pS)lo(pa)

o0

9(2) =£ZTS(m)sin pz{

m=
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1= o (ph)Ko(pé) = Ko (pb) o (pé) {
—— ) us(m)sin pz =2u(1 a f .(m)sin pz
7 20 m p{|o(p§)Ko(pa)—Ko(pf)lo(pa)} 7o 2LV Zl s(msin p
(3.12) | 1o (PKo(pa) — Ky (pr)lo(pa)
lo(PE)Ko(pa) — Ko(pé)lg(pa)

where ?S(m) =I f(z)sin pzdz and

o —2u(+ v)at[lias(m)sin pz |
as(m):ju(z)sin pzdz Tma
0

{IJ(pr)Ko(p@ - Kon(Pr)|o(p§)} 62

I\V. DETERMINATION OF THERMOELASTIC lo(PSKo(pa) — Ko (pS)1g(pa)

DISPLACEMENT FUNCTION

Substituting the value of T(r,z) from (3.11) in (2.1) one
obtains the thermoelastic displacement function U(r,z) as

VI. SPECIAL CASE

Set f(Z)—— u(z)= 2 6.1)
U(r,z):—(1+v)a{ i? sin pz 1+Z 1+2
o~ Applying Fourier sine transform to the equation (6.1) one
obtains
{ |0(pr)Ko(pa)—Ko(D")'o(pa)}
1o(PE)Ky(p) — Ko(PE) 1 (P) T .(m)= j( jsm o2}tz
1 OO us(m)
+(1+v)a{”; : sin DZ} :(ﬁj[e—p] 6.2)
> :
X{|0(Pr)Ko(p§)—Ko(W)'o(Df)} @) .
1o(p&)Ko(pa) — Ko (p&)lo(pa) gs(m):j( Zaz)sm(pz)dz
1+z
V. DETERMINATION OF STRESS FUNCTIONS °
Using the equation (4.1) in (2.9) and (2.10) the stress _ E -p
functions are obtained as _( 2 j[e ] (6.3)
o =2_'”(1+ v)a{ Z f (m)sm pz | Substituting the values of f .(m) and u .(m) from (6.2)
r 7T =1 and (6.3) in the equations (3.11), (3.12) one obtains
1y (Pr)Ko(pa) — Ky (pr)lo(pa) £ | 1o(PPKo(pa) —Ko(pr)lo(pa)
x T _5
{|0(p§)Ko(pa)—Ko(p§)|o(pa)} (r.2) ZSmp{Io(pg)Ko(pa)—Ko(pg)lo(pa)}
2u 150 um) _a N sin bz 1o (Pr)Ko(pS) — Ko (pr)1o(pS)
£aea| 23 ] 2 2% P oKy 00) Ko(pDo(pa
|10 (Ko (p8) Ky (p1)1g(pE) 1) ©4
lo(PE)Ko(pa) — Ko (pS)lo(pa)

e [ 1y(pb)Kg(pa) ~Ko(p)lo(p2)
0(2) =32, o p{lo(pf)Ko(pa)—Ko(pez)lo(pa)}
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_ei sin pz| Jo(PDYKo(PE) = Ko (PD) 1, (pE)
24 lo(PS)Ko(pa) — Ko (p&)lo(pa)

(6.5)
VII. NUMERICAL RESULTS
Set a=%, 7=314,a=05m,b=2m, £=1.5 mand in
the equation (6.4) to obtain

9@) _

(04

D sin(3.14mz)
m=1

y 15(6.28m)K;(3.14m) — K, (6.28m)1,(3.14m) (L5)
1o (4.71M)K(3.14m) — K (4.71m) 1, (3.14m) |

| 10(6.28m)K; (4.71m) — K (6.28m) 1 (4.71m) (05)
o (4.71M)K, (3.14m) — K, (4.71m)1(3.14m) |

(7.1)

VIII. STATEMENT OF THE PROBLEM-II

Consider semi-infinite annular beam occupying the space D :
a<r<b, 0<z< oo, The differential equation governing the
displacement function U(r,z,t) as [1] is

2

o“U 10U
—+——=1+v)aT 8.1
or? r 61
with U=0atr=aandr=hb (8.2)

where v and a; are the Poisson’s ratio and the linear
coefficient of thermal expansion of the material of the beam
respectively and T(r,z,t) is the temperature of the beam
satisfying the differential equation

0°T 1aT 8°T

T(r,z,t)| ;= =0 (8.8)
The interior condition is
T(&, z2,t)=f(z,t) Ja<e<b (known)  (8.9)

The stress functions oy and ogg are given by

opr =21 % %rj (8.10)
02U

cHH = 21— 8.11
or (811)

where p is the Lame’s constant, while each of the stress
function o, o, and oy, are zero within the beam in the
plane state of stress.

Equations (8.1) to (8.11) constitute the mathematical
formulation of the problem under consideration.
IX. SOLUTION OF THE PROBLEM

Applying Fourier sine transform to the equations (8.3), (8.4),
(8.5), (8.6) and (8.9) and using (8.7), (8.8) one obtains

42Ts 10T pr  1dTs

ar2 rodr STk dt (©.1)
where p2:m27r2

Ts(r,m0)=0 9.2)
Ts(a,mt)=us(m,t) 9.3)
Ts(b,mt)=gg(m,1) (9.4)
Ts(&,m,t)=fg(m,t) (9.5)

where 'Fs denotes Fourier sine transform of T and m is sine

_ 10T
8I‘2 +F or T 822 kot (8.3) transform parameter.

) o N Applying Laplace transform to the equations (9.1), (9.3),
subject to the initial condition (9.4), (9.5) and using the conditions (9.2) one obtains
T(r,Z,O):O (8.4) dz?s*_i_ld?s* qu *_0

- - S = 9.6
The boundary conditions are dr2 rodr ©5)
T(a,z,t) =u(z,t) ©.5) where 02 = 2+ ©.7)
T(b,z,t)=9(z,t) (unknown) (8.6) Ts*(@mt)=us*(mt) 9.8)
T(r,z,t)7—0 =0 _ = .

(r,z,1) z=0 (8.7) Ts"(b,mt)=gg" (M) (9.9)
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Ts*(&mt)=f"(mt) (9.10)

where Ts™ denotes Laplace transform of T s and s is Laplace
transform parameter.

Equation (9.6) is a Bessel’s equation whose solution gives
Ts (r,m,s) = Al,(qr)+BK,(qr)

where A, B are constants and |, , K, are modified Bessel’s
functions of first and second kind of order zero respectively.

Using (9.8) and (9.10) in (9.11) one obtains

Al (qa) + BK,(qa) = u ,(m,s)

Al (9€) +BK,(a&) = f ,(m,s)
Solving (7.9.12) and (7.9.13) one obtains
_ (M, s)K,(qa)
lo(a$)Ko(ga) — Ko (&) lo(ga)
_ Us* (M, s)Kq(q&)
10(a$)Ko(aa) — Ko (qS)10(0a)
_ f.°(m,s)15(qa)
l0(aé)Ko(ga) — Ky (aé)lp(ga)

N us” (M, )1 (d<)
1o (aS)Ko(aa) — Ko (as)lo(aa)

Substituting the values of A and B in (9.11) and using
condition (8.9) one obtains

T (rm,s)=f.*(m S){ Io(qr)KO(qa)—Ko(qr)lo(qa)}
T 1G(a8)K(da) - Ko (@é)To(da)

G (m S){ lo(ar)Ko(ag) - Ko<qr)lo(q§)}
1 16(a8)Ko(ga) — Ko (a&) 1o(ga)
(9.14)

g (ms)=T *(m,s){ 1o(4b)Ko(92) — Ko (db) 1o (ga) }
S ) 1,(q&)Kq(ga) — Ko (aé)lo(ga)

G S){ lo(db)Ko(a8) - Ko(ab) ()
L 10(ad)Ko(ga) — Ko (aé) 1o(ga)

Applying inverse Laplace transform) to the equation (9.14)
one obtains

(9.11)

9.12)

(9.13)

} (9.15)

T (rhmt=LHF S (ms)xg, ()

. — ., (9.16)
_Lil{as (m,S)ng (S)}
where
7.5 (s) | o(@NKo(qa) — Ko(ar)lo(qa)
910 Lo(ano(qa)—Ko(qé)lo(qa)} ®.17)
~ ey | Jo(@nKe(ag) - Ko(ar)1o(9é)
920 Lo(qgc)Ko(qa)—Ko(qi)lo(qa)} (0.18)

To calculate the inverse Laplace transform of (9.17):

Applying inverse Laplace transform to the equation (9.17) one
obtains

410 I‘”e{ 1y(Ar)Ko(G2) ~ Ko(ar) o (Ge) }ds

27i 3 | 1(08)Ko(aa) ~ Ko(4E) o (0R)

(9.19)

where c is greater than the real part of the singularities of the
integer and the integrand is a single valued function of s. The
poles of the integrand are at the points

s=s, = —k[p2 +/1n2J
where A, are the positive roots of the transcendental equation
Jo(AnN)Yo(4na) Yo (4r)Jo(4ha) =0
(9.20)
The zeros of 1,(a¢)K,(qa) - K,(qé)l,(qa)

real and simple.

all are

The poles of the integrand (9.18) are at

S = —k[p2 +Zn2] n=123....

Using the contour of figure given below,

¥ L
]

M< };:c,nzn :

Ny

The integrand (9.19) is equal to 2xi times the sum of the
residues at the poles of the integrand.

To find the residue at the point, one requires the result:
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{S%(lo(qa)Ko(Qet) - Ko(qa)lo(qaf))}

= g (o (@Ko(a) ~ Ky (@@)10(a9) |

+j%{uﬁq@K;m§y—qu®%Yq@{

(9.21)
where S =—k[p2 +2n2J .q° = p? +E and
1,(08) _ Ko(08) _ 3,(4,0)
0(8)  Ko(ag)  Jo(4,6)

The equation (9.21) reduces to the form

302 (1y8) = 3¢’ (142)
(pzwz){ e 0.22
22,230 (2né) o () (©.22)
Also
(IO(qa) Ko(ar) — Ko (aa) Io(qr)*_—k(ﬂn%pz): —%
% (3o (An@)Yo (ZnF) = Yo (44@) 3o (A1) (9.23)

Using (9.21) and (9.23) in (9.19) one obtains
2 (39 (2a@)Yo (A1) = Yo (An@) Jo (2nT))
o + P2 36 (2n) - 30° (242)

x 3o (Ay@)Jg (An&) e KCn +Pt

g.(t)=—=

Applying the same arguments stated above to a 2*(5), one
obtains

2 (3g (A&)o () = Yo () o (Anr))
Uin? + P2 302 (28) = 302 (4) )

_ 2, .2
x Jo? (An&)e X P

9,(t) =

Applying convolution theorem to the equation (9.16) one

obtains
I’ 30 (@) do (A 5)
S(r m, S) ”Z(/l + pzl\]o (ﬂ, a) \]0 (/1 5))

% [J6(2n@)Yo (21) = Yo (Ay@) o (A1)

— 2 2 r
XJ‘f S(m’t/)e—k(/ln PPNt gt/

2
_ n ‘]0 (ﬂ“ 5)
”Z(z P2 02 (@)~ 362 ()
% [J0(AnEWo (Anh) = Yo (4e&) Jo (1]
t
XJ‘G S(m’tf)e—k(/ln2+p2)(t—t')dt/
0

(9.24)

Applying inverse Fourier sine transform to the
(9.24) one obtains

o0 0 5
T(r,z1) :ZSin pzz 20230 (2n@) o (Anf)
m= n=1

An2+p?

equation

X ‘]0 (ﬂ“na)YO (ﬂ*nr)_‘]O (ﬂ“nr)YO (/Ina)
30% (4n@)=3o” (£€)

—_ 2 2 r
XJ. f S(m,t!)e—k(in +p )(t—t)dt/
0

—Zsm pzz al ;0+(; né)

X(Jo(zné)vo(znr)—Jo(znr)Yo (zné)j

36% (2n@) =30 (2n€)

t
— 2 2 '
xj.us(m,t')e*k(’ln +p)(t) g (9.25)
0
where m, n are positive integers.

Applying inverse Laplace transform and then inverse Fourier
sine transform to the equation (9.15) one obtains the
expression for unknown temperature gradient g(z,t) as

N 40230 (A2) 30 (38)
o(a.=3 s pr3, At
m=1 n=1

A 4P

% ‘]0 (ﬂ'n a)YO (ﬂnb)_‘] 0 (ﬂ'nb)YO (/?'na)
30” (An@)=Jo” (1né)
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( oUnEoar)- Jouﬂr)Yo(Ané)j
362 (2@) 30’ (2nf)

t
_— 2 2 ’
><J. f (m,t)e U +PI gy
¢ — 2 2
xj'us(m,t')e—k“n PO gy (10.1)
0

_ Zsm pzz An ;o+(: né)

XI. DETERMINATION OF STRESS FUNCTIONS

Jo (AnE)Yo (A,0)=Jo (A,0)Y, (1,E) Using (10.1) in (8.10) and (8.11) the stress functions are
X 2 2 obtained as
‘]0 (%a)—‘]o (ﬂn‘f)
(- 2, 2yt =24 (1+v)a Zsm pzz ndolh@)lo(Ané)
« j Us (m,t)e KU PO ger 9.26) t PR
0
where m, n are positive integers and A,, are the positive roots % 3o (a@)Yp (A1) g (Aa1)Yo (22)
30% (An@)=3¢° (2n)

of the transcendental equation

Jo(4,8)Y, (4,b) = I, (4, b)Y, (4,2) =0 (9.27) . ,
f (m’tr)e—k(ﬂn2+ pz)(t—t )dtr

o'.—..—c-

T.(mt) =j f (z,t)sin pzdz and
_2 = (L+v)a E sin pz E ljo (f) ne)
+

Gs(m,t) =Iu(z,t)sin pzdz
( oung“)vo (AaN)-Jo (ﬂnr)Youn:)j

X. DETERMINATION OF THERMOELASTIC JO (Ana)— Jo (48)

DISPLACEMENT
t

Substituting the value of T(r,z,t) from (9.25) in (8.1) one - k(A2 4 P2Y(Et) 4er
obtains the thermoelastic displacement function U(r,z,t) as XIUs(m,t )e " dt (11.2)

0

Jo (4h@)Jg(458)

U r,Z,t _—1+Va Sln 7 0\ "n%/Y0\"n5/
(r,z,t)=—(1+v) t§l P Z W 21p? " An’ 3o (@) 3o (An)
Tpp = 21( +V)at§ ,Sm pZZ |, o 2%p?

m=1

o[ JoUn@)Yo (aD)=Jo (a)Yo (2n2)
30" (a@)=30° (né)

X ‘]0 (ina)YO (ﬂ“nr)_JO (/q“nr)YO (lna)
307 (An@)=3o” (4

t
i 2 2 r
XJ‘ fs(m,t’)e*k(’l” +p?)(t-t) gy :
< [T (m e KO P gy

(i s‘)
+(1+v)a, ) sin pz 2 Unf)
Z Z —Zﬂ(1+V)atZS'” pzz 239 Un)

/1+p

www.ijltemas.in Page 51



International Journal of Latest Technology in Engineering, Management & Applied Science (IJLTEMAS)
Volume VII, Issue Il, February 2018 | ISSN 2278-2540

o(ﬂnff)Yo (ﬂnr) Jo (lnr)YO(ﬂ'ng) 202302 (2,8)
( 32 Un@) 302 (1) j ( )Ze "sin(pz Z e
t
 [us(m e PO g (11.2) (Jouncfm (%r)—Jounr)Youncf))
0 30° (2)=30” (Aé)

XIl. SPECIAL CASE

t
At k(2 PRt g
Setf(Z,t):[ ZézJ(l—e—t), XI<1 € dt' (104
1+z 0
u(Z,t)=( “ J(l—e_t) (12.1) @t =| = Ze Psin ZZ A" Do Uig) )y ()
1+72 W&H=175 P 2,24 p?

Applying Fourier sine transform to the equation (12.1) one

obtains y ( 35 (42)Yg (A,0)~Jo (1,0)Yo (A,2) )
o > - 5
Tumo-Ja-e 25 o 357 (o@)=30" ()
0 +2Z .
w (= et bx +p")t-t) 47
and . s
— e IOsm z 20 ne)
4 [ty 22 (ZJZ (p )nz_; 2o +p
u s(mvt) = _(‘J‘(l_e )(1+ ZZ jdz

X(Jowf)Younb)—Jo(znb)Yo (ﬂnf)j

2 2
_ty| T Jo" (4h@)=do" (4n$)
=(1-e t)[7e p} (12.3)
t 2 2
where m is positive integer. - . xj(l—e‘t')e"‘”n +PO)(E-) g 125
Substituting the values of f ((m,t) and u  (m,t) from 0
(12.2) and (12.3) in the equations (9.25), (9.26) one obtains XI1l. NUMERICAL RESULT
T(r,z,t) [ jze Psin pzz An JO(/l a)JO(Ag) Set a—E,a:O.S mb=2m,§{=15m andt=1sec and
o'+ p? An are the roots of the transcendental equation
( oUna)oUar)- Jounr)vouna)j 30 (2n2)Y0 (Anb) — 0 (nb)Yo (Ana) =0
Jo (Ana)— Jo (4é) as [3] in (12.4) one obtains
t 2. 2 c 2:234(14,)30(151.)
—t" k(A po)(t—t") 447 zZ,t = n Jold4q) gl 1o,
xj(l—e )e dt g(a ):Ze Psin(3.14mz) Z; (2,2+9.87m?)
0 m=1 n=
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