
International Journal of Latest Technology in Engineering, Management & Applied Science (IJLTEMAS) 

Volume IX, Issue VII, July 2020 | ISSN 2278-2540 

 

www.ijltemas.in Page 12 
 

Sawi Transform of Bessel’s Functions with 

Application for Evaluating Definite Integrals 
Sudhanshu Aggarwal

1*
, Swarg Deep Sharma

2
, Aakansha Vyas

3
 

1
Assistant Professor, Department of Mathematics, National P.G. College, Barhalganj, Gorakhpur-273402, U.P., India 

2
Assistant Professor, Department of Mathematics, Nand Lal Singh College Jaitpur Daudpur Constituent of Jai Prakash 

University Chhapra-841205, Bihar, India 
3
Assistant Professor, Noida Institute of Engineering & Technology, Greater Noida-201306, U.P., India 

Abstract: Bessel’s functions have many applications to solve the 

problems of mathematical physics, nuclear physics, acoustics, 

radio physics, atomic physics, engineering and sciences such as 

flux distribution in a nuclear reactor, vibrations, fluid 

mechanics, hydrodynamics, stress analysis, heat transfer etc. In 

this paper, authors present Sawi transform of Bessel’s functions 

with application for evaluating definite integrals. Results show 

that Sawi transform provides the value of definite integrals, 

which contains Bessel’s functions in the integrand, in a very 

short time and without large calculation work. 
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theorem, Inverse Sawi transform, Definite integral. 

I. INTRODUCTION 

owadays, integral transformations are one of the mostly 

used mathematical techniques to determine the answers 

of advance problems of space, science, technology and 

engineering. The most important feature of these 

transformations is providing the exact (analytical) solution of 

the problem without large calculation work. Aggarwal and 

other scholars [1-8] used different integral transformations 

(Mahgoub, Aboodh, Shehu, Elzaki, Mohand, Kamal) and 

determined the analytical solutions of first and second kind 

Volterra integral equations. Solutions of the problems of 

Volterra integro-differential equations of second kind are 

given by Aggarwal et al. [9-11] with the help of Mahgoub, 

Kamal and Aboodh transformations. In the year 2018, 

Aggarwal with other scholars [12-13] determined the 

solutions of linear partial integro-differential equations using 

Mahgoub and Kamal transformations. Aggarwal et al. [14-20] 

used Sawi; Mohand; Kamal; Shehu; Elzaki; Laplace and 

Mahgoub transformations and determined the solutions of 

advance problems of population growth and decay by the help 

of their mathematical models. Aggarwal et al. [21-26] defined 

dualities relations of many advance integral transformations. 

Comparative studies of Mohand and other integral 

transformations are given by Aggarwal et al. [27-31]. 

Aggarwal et al. [32-39] defined Elzaki; Aboodh; Shehu; 

Sumudu; Mohand; Kamal; Mahgoub and Laplace 

transformations of error function with applications. The 

solutions of ordinary differential equations with variable 

coefficients are given by Aggarwal et al. [40] using Mahgoub 

transform. Aggarwal et al. [41-45] used different integral 

transformations and determined the solutions of Abel’s 

integral equations. Aggarwal et al. [46-49] worked on 

Bessel’s functions and determined their Mohand; Aboodh; 

Mahgoub and Elzaki transformations. Chaudhary et al. [50] 

gave the connections between Aboodh transform and some 

useful integral transforms. Aggarwal et al. [51-52] used Elzaki 

and Kamal transforms for solving linear Volterra integral 

equations of first kind. Solution of population growth and 

decay problems was given by Aggarwal et al. [53-54] by 

using Aboodh and Sadik transformations respectively. 

Aggarwal and Sharma [55] defined Sadik transform of error 

function. Application of Sadik transform for handling linear 

Volterra integro-differential equations of second kind was 

given by Aggarwal et al. [56]. Aggarwal and Bhatnagar [57] 

gave the solution of Abel’s integral equation using Sadik 

transform. A comparative study of Mohand and Mahgoub 

transforms was given by Aggarwal [58]. Aggarwal [59] 

defined Kamal transform of Bessel’s functions. Chauhan and 

Aggarwal [60] used Laplace transform and solved convolution 

type linear Volterra integral equation of second kind. Sharma 

and Aggarwal [61] applied Laplace transform and determined 

the solution of Abel’s integral equation. Laplace transform for 

the solution of first kind linear Volterra integral equation was 

given by Aggarwal and Sharma [62]. Mishra et al. [63] 

defined the relationship between Sumudu and some efficient 

integral transforms. 

In the advance time, Bessel’s functions appear in solving 

many problems of sciences and engineering together with 

many equations such as heat equation, wave equation, Laplace 

equation, Schrodinger equation, Helmholtz equation in 

cylindrical or spherical coordinates.  

The object of the present paper is to determine Sawi transform 

of Bessel’s functions and determine the value of definite 

integrals which contains Bessel’s functions in the integrand. 

II. DEFINITION OF SAWI TRANSFORM 

Sawi transform of the function 𝐹 𝑡 , 𝑡 ≥ 0 was proposed by 

Mahgoub [64], in 2019 as:  

N 
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𝑆 𝐹 𝑡  =

1

𝑣2  𝐹 𝑡 𝑒− 
𝑡

𝑣𝑑𝑡
∞

0
= 𝑅 𝑣 ,

0 < 𝑘1 ≤ 𝑣 ≤ 𝑘2

 ,  where operator 𝑆  is 

called the Sawi transform operator. 

The Sawi transform of the function  𝐹 𝑡  for  𝑡 ≥ 0  exist if 

𝐹 𝑡  is piecewise continuous and of exponential order. The 

mention two conditions are the only sufficient conditions for 

the existence of Sawi transforms of the function  𝐹 𝑡 . He 

developed this transform for solving linear ordinary 

differential equations with constant coefficients.  

Linearity property of Sawi transforms [14]  

If 𝑆 𝐹 𝑡  = 𝐻(𝑣) and 𝑆 𝐺 𝑡  = 𝐼(𝑣) then  

𝑆 𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  = 𝑎𝑆 𝐹 𝑡  + 𝑏𝑆{𝐺 𝑡 } 

⇒ 𝑆 𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  = 𝑎𝐻 𝑣 + 𝑏𝐼 𝑣 , where 𝑎, 𝑏  are 

arbitrary constants. 

Proof: By the definition of Sawi transform, we have 

𝑆 𝐹 𝑡  =
1

𝑣2
 𝐹 𝑡 𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 

⇒  

𝑆 𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  

=
1

𝑣2
  𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

  

⇒  

𝑆 𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  

= 𝑎  
1

𝑣2
 𝐹 𝑡 𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 + 𝑏  
1

𝑣2
 𝐺(𝑡)𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 
  

⇒ 𝑆 𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  = 𝑎𝑆 𝐹 𝑡  + 𝑏𝑆{𝐺 𝑡 } 

⇒ 𝑆 𝑎𝐹 𝑡 + 𝑏𝐺 𝑡  = 𝑎𝐻 𝑣 + 𝑏𝐼 𝑣 ,  where 𝑎, 𝑏  are 

arbitrary constants. 

Change of scale property of Sawi transforms 

If 𝑆 𝐹 𝑡  = 𝑅(𝑣) then 𝑆 𝐹 𝑎𝑡  = 𝑎𝑅 𝑎𝑣 . 

Proof: By the definition of Sawi transform, we have 

𝑆 𝐹 𝑡  =
1

𝑣2
 𝐹 𝑡 𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 

⇒ 𝑆 𝐹 𝑎𝑡  =
1

𝑣2
 𝐹 𝑎𝑡 𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 

Put 𝑎𝑡 = 𝑝 ⇒ 𝑎𝑑𝑡 = 𝑑𝑝 in above equation, we have  

𝑆 𝐹 𝑎𝑡  =
1

𝑎𝑣2  𝐹 𝑝 𝑒
−𝑝

𝑎𝑣 𝑑𝑝
∞

0
  

⇒ 𝑆 𝐹 𝑎𝑡  = 𝑎  
1

 𝑎𝑣 2
 𝐹 𝑝 𝑒

−𝑝
𝑎𝑣 𝑑𝑝

∞

0

  

⇒ 𝑆 𝐹 𝑎𝑡  = 𝑎𝑅 𝑎𝑣 . 

 

Sawi transform of the derivatives of the function 𝐹 𝑡  [14, 64] 

If 𝑆 𝐹 𝑡  = 𝑅 𝑣  then  

a) 𝑆 𝐹′ 𝑡  =
𝑅 𝑣 

𝑣
−

𝐹 0 

𝑣2  

b) 𝑆 𝐹′′ 𝑡  =
𝑅 𝑣 

𝑣2 −
𝐹 0 

𝑣3 −
𝐹′  0 

𝑣2  

c) 𝑆 𝐹 𝑛  𝑡  =
𝑅 𝑣 

𝑣𝑛
−

𝐹 0 

𝑣𝑛+1 −
𝐹′  0 

𝑣𝑛
−⋯…−

𝐹 𝑛−1  0 

𝑣2 . 

Convolution theorem for Sawi transforms 

If 𝑆 𝐹 𝑡  = 𝐻(𝑣) and 𝑆 𝐺 𝑡  = 𝐼(𝑣) then  

𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  = 𝑣2𝑆 𝐹 𝑡  𝑆 𝐺 𝑡  = 𝑣2𝐻 𝑣 𝐼(𝑣) 

Proof: By the definition of Sawi transform, we have 

𝑆 𝐹 𝑡  =
1

𝑣2
 𝐹 𝑡 𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 

⇒ 𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  =
1

𝑣2
  𝐹 𝑡 ∗ 𝐺 𝑡  𝑒− 

𝑡
𝑣𝑑𝑡

∞

0

 

Now, by the definition of convolution of two functions, we 

have 

⇒  

𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  

=
1

𝑣2
   𝐹 𝑥 𝐺 𝑡 − 𝑥 𝑑𝑥

𝑡

𝑂

 𝑒− 
𝑡
𝑣𝑑𝑡

∞

0

  

By changing the order of integration, we have 

⇒  

𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  

=
1

𝑣2
 𝐹 𝑥   𝐺 𝑡 − 𝑥 𝑒− 

𝑡
𝑣𝑑𝑡

∞

𝑥

 𝑑𝑥
∞

0

  

Put 𝑡 − 𝑥 = 𝑢 so that 𝑑𝑡 = 𝑑𝑢 in above equation, we have 

⇒  

𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  

=
1

𝑣2
 𝐹 𝑥   𝐺 𝑢 𝑒−

(𝑥+𝑢)
𝑣 𝑑𝑢

∞

0

 𝑑𝑥
∞

0

  

⇒  

𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  

=
1

𝑣2
 𝐹 𝑥 𝑒−

𝑥
𝑣   𝐺 𝑢 𝑒− 

𝑢
𝑣𝑑𝑢

∞

0

 𝑑𝑥
∞

0

  

⇒ 𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  =  𝐹 𝑥 𝑒− 
𝑥
𝑣 𝑆 𝐺 𝑡   𝑑𝑥

∞

0

 

⇒ 𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  = 𝑣2𝑆 𝐺 𝑡   
1

𝑣2
 𝐹 𝑥 𝑒−  

𝑥
𝑣𝑑𝑥

∞

0

  

⇒  
𝑆 𝐹 𝑡 ∗ 𝐺 𝑡  

= 𝑣2𝑆 𝐹 𝑡  𝑆 𝐺 𝑡  = 𝑣2𝐻 𝑣 𝐼(𝑣)
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Table 1 Sawi transform of some elementary functions [14, 64] 

S.N. 𝐹 𝑡  𝑆 𝐹 𝑡  = 𝑅 𝑣  

1. 1 
1

𝑣
 

2. 𝑡 1 

3. 𝑡2 2! 𝑣 

4. 𝑡𝑛 , 𝑛 ∈ 𝑁 𝑛! 𝑣𝑛−1 

5. 𝑡𝑛 , 𝑛 > −1 Γ(𝑛 + 1)𝑣𝑛−1 

6. 𝑒𝑎𝑡  
1

𝑣 1 − 𝑎𝑣 
 

7. 𝑠𝑖𝑛𝑎𝑡 
𝑎

1 + 𝑎2𝑣2
 

8. 𝑐𝑜𝑠𝑎𝑡 
1

𝑣 1 + 𝑎2𝑣2 
 

9. 𝑠𝑖𝑛ℎ𝑎𝑡 
𝑎

1 − 𝑎2𝑣2
 

10. 𝑐𝑜𝑠ℎ𝑎𝑡 
1

𝑣 1 − 𝑎2𝑣2 
 

III. INVERSE SAWI TRANSFORM 

If 𝑆 𝐹 𝑡  = 𝑅(𝑣)  then 𝐹 𝑡  is called the inverse Sawi 

transform of 𝑅(𝑣) and mathematically it is defined as 𝐹 𝑡 =
𝑆−1{𝑅 𝑣 }, where the operator 𝑆−1 is called the inverse Sawi 

transform operator. 

Table 2 Inverse Sawi transform of some elementary functions [14] 

S.N. 𝑅 𝑣  𝐹 𝑡 = 𝑆−1{𝑅 𝑣 } 

1. 
1

𝑣
 1 

2. 1 𝑡 

3. 𝑣 
𝑡2

2!
 

4. 𝑣𝑛−1 , 𝑛 ∈ 𝑁 
𝑡𝑛

𝑛!
 

5. 𝑣𝑛−1 , 𝑛 > −1 
𝑡𝑛

Γ(𝑛 + 1)
 

6. 
1

𝑣 1 − 𝑎𝑣 
 𝑒𝑎𝑡  

7. 
1

1 + 𝑎2𝑣2
 

𝑠𝑖𝑛𝑎𝑡

𝑎
 

8. 
1

𝑣 1 + 𝑎2𝑣2 
 𝑐𝑜𝑠𝑎𝑡 

9. 
1

1 − 𝑎2𝑣2
 

𝑠𝑖𝑛ℎ𝑎𝑡

𝑎
 

10. 
1

𝑣 1 − 𝑎2𝑣2 
 𝑐𝑜𝑠ℎ𝑎𝑡 

Bessel’s functions of different order [46-49] 

Bessel’s function of order 𝑛, where 𝑛𝜖𝑁 is given by
 

𝐽𝑛 𝑡 =
𝑡𝑛

2𝑛𝑛!

 
 
 

 
 1 −

𝑡2

2. 2𝑛+2 

+
𝑡4

2.4. 2𝑛+2  2𝑛+4 

−
𝑡6

2.4.6. 2𝑛+2  2𝑛+4  2𝑛+6 

+⋯ . .  
 
 

 
 

  (1) 

In particular, when 𝑛 = 0, we have Bessel’s function of zero 

order and it is denoted by 𝐽0 𝑡 and it is given by the infinite 

power series 

𝐽0 𝑡 =  1 −
𝑡2

22 +
𝑡4

22 .42 −
𝑡6

22 .42 .62 + ⋯   (2) 

For 𝑛 = 1, we have Bessel’s function of order one and it is 

denoted by 𝐽1 𝑡 and it is given by  

𝐽1 𝑡 =  

𝑡

2
−

𝑡3

22 .4
+

𝑡5

22 .42 .6

−
𝑡7

22 .42 .62 .8
+ ⋯ . .

    (3) 

Another form of Equation (3) is given by 

𝐽1 𝑡 =  
𝑡

2
−

𝑡3

23 .2!
+

𝑡5

25 .2!.3!
−

𝑡7

27 .3!.4!
+ ⋯   (4) 

For 𝑛 = 2, we have Bessel’s function of order two and it is 

denoted by 𝐽2 𝑡  and it is given by  

𝐽2 𝑡 =  

𝑡2

2.4
−

𝑡4

22 .4.6
+

𝑡6

22 .42 .6.8

−
𝑡8

22 .42 .62 .8.10
+ ⋯

    (5) 

Relation between 𝐽0(𝑡) and 𝐽1(𝑡) [46-49]
 

𝑑

𝑑𝑡
𝐽0 𝑡 = −𝐽1 𝑡     (6) 

Relation between 𝐽0(𝑡) and 𝐽2(𝑡) [46-49]
 

𝐽2 𝑡 = 𝐽0 𝑡 + 2𝐽0
′′ 𝑡     (7) 

IV. SAWI TRANSFORM OF BESSEL’S FUNCTIONS 

In this section, authors present Sawi transform of Bessel’s 

functions. 

Sawi transform of 𝐽0(𝑡) 

Taking Sawi transform of equation(2), both sides, we have  

 
𝑆{ 𝐽0 𝑡 } = 𝑆{1} −

1

22
𝑆{𝑡2}

+
1

22 . 42
𝑆{𝑡4} −

1

22 . 42. 62
𝑆{𝑡6} + ⋯ . .

  

=  

1

𝑣
−

1

22
 2! 𝑣 +

1

22 . 42
 4! 𝑣3 

−
1

22. 42. 62
 6! 𝑣5 + ⋯…… .

  

=
1

𝑣
 

1 −
1

2
 𝑣2 +

1.3

2.4
 𝑣2 2

−
1.3.5

2.4.6
 𝑣2 3 + ⋯……… .

  

=
1

𝑣
 1 + 𝑣2 −1/2 =

1

𝑣  1+𝑣2 
   (8) 

Sawi transform of 𝐽1(𝑡) 

Taking Sawi transform of equation(6), both sides, we have  
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𝑆{ 𝐽1 𝑡 } = −𝑆 𝐽0
′ 𝑡      (9) 

Now applying the property, Sawi transform of derivative of 

the function on equation (9), we have 

𝑆{ 𝐽1 𝑡 } = −  
𝑆 𝐽0 𝑡  

𝑣
−

𝐽0(0)

𝑣2     (10) 

Using equation (2)  and equation (8)  in equation (10),  we 

have  

𝑆{ 𝐽1 𝑡 } = −  
1

𝑣2  1 + 𝑣2 
−

1

𝑣2
  

𝑆{ 𝐽1 𝑡 } =
1

𝑣2 −
1

𝑣2  1+𝑣2 
    (11) 

Sawi transform of 𝐽2 𝑡  

Taking Sawi transform of equation(7), both sides, we have  

𝑆{ 𝐽2 𝑡 } = 𝑆{ 𝐽0 𝑡 } + 2𝑆{ 𝐽0
′′ 𝑡 }   (12)  

Now applying the property, Sawi transform of derivative of 

the function and using equation (8) in equation(12), we have 

 𝑆{ 𝐽2 𝑡 } =
1

𝑣  1+𝑣2 
+ 2 

𝑆{𝐽0 𝑡 }

𝑣2

−
𝐽0(0)

𝑣3 −
𝐽0

′(0)

𝑣2

    (13) 

Using equation (2), equation (6) and equation (8) in equation 

(10), we have  

 
 
 
 
𝑆{ 𝐽2 𝑡 } =

1

𝑣  1+𝑣2 
+ 2  

1

𝑣2  
1

𝑣  1+𝑣2 
 

−
1

𝑣3 +
𝐽1(0)

𝑣2

 

 
 
 
 
  (14) 

Using equation (3) in equation (14), we have 

𝑆{ 𝐽2 𝑡 } =
1

𝑣  1 + 𝑣2 
+

2

𝑣3  1 + 𝑣2 
−

2

𝑣3
 

=
𝑣2+2−2  1+𝑣2 

𝑣3  1+𝑣2 
     (15) 

Sawi transform of 𝐽0(𝑎𝑡) 

From equation (8), Sawi transform of 𝐽0(𝑡) is given by  

𝑆{ 𝐽0 𝑡 } =
1

𝑣  1 + 𝑣2 
 

Now applying change of scale property of Sawi transform, we 

have 

𝑆{ 𝐽0 𝑎𝑡 } = 𝑎  
1

𝑎𝑣  1+ 𝑎𝑣 2 
 =  

1

𝑣  1+𝑎2𝑣2 
   (16) 

Sawi transform of 𝐽1 𝑎𝑡  

From equation(11), Sawi transform of 𝐽1(𝑡) is given by  

𝑆{𝐽1 𝑡 } =
1

𝑣2
−

1

𝑣2  1 + 𝑣2 
 

Now applying change of scale property of Sawi transform, we 

have 

𝑆{𝐽1 𝑎𝑡 } = 𝑎  
1

(𝑎𝑣)2
−

1

(𝑎𝑣)2  1 + (𝑎𝑣)2 
  

=
1

𝑎𝑣2  1 −
1

  1+𝑎2𝑣2 
     (17) 

Sawi transform of 𝐽2 𝑎𝑡  

From equation(15), Sawi transform of 𝐽2(𝑡) is given by  

𝑆{𝐽2 𝑡 } =
𝑣2 + 2 − 2  1 + 𝑣2 

𝑣3  1 + 𝑣2 
 

Now applying change of scale property of Sawi transform, we 

have 

𝑆{𝐽2 𝑎𝑡 } = 𝑎  
(𝑎𝑣)2 + 2 − 2  1 + (𝑎𝑣)2 

(𝑎𝑣)3  1 + (𝑎𝑣)2 
  

=
1

𝑎2𝑣3  
𝑎2𝑣2+2−2  1+𝑎2𝑣2 

  1+𝑎2𝑣2 
    (18) 

V. NUMERICAL APPLICATIONS 

In this section, some applications are given in order to 

demonstrate the effectiveness of Sawi transform of Bessel’s 

functions for evaluating the definite integral which contain 

Bessel’s functions in the integrand. 

 Application: 1 Evaluate the integral  

𝐼(𝑡) =  𝐽0(𝑢)𝐽0(𝑡 − 𝑢)𝑑𝑢
𝑡

0
   (19) 

Applying the Sawi transform to both sides of equation (19), 

we have 

𝑆 𝐼(𝑡) = 𝑆   𝐽0(𝑢)𝐽0(𝑡 − 𝑢)𝑑𝑢
𝑡

0
    (20) 

Using convolution theorem of Sawi transform on 

equation (20), we have  

𝑆 𝐼 𝑡  = 𝑣2𝑆{ 𝐽0 𝑡 }𝑆{ 𝐽0 𝑡 } 

= 𝑣2 .  
1

𝑣  1+𝑣2 
 .  

1

𝑣  1+𝑣2 
 =

1

1+𝑣2   (21) 

Operating inverse Sawi transform on both sides of 

equation (21), we have  

𝐼 𝑡 = 𝑆−1  
1

1+𝑣2 = 𝑠𝑖𝑛𝑡    (22) 

which is the required exact solution of equation (19). 

Application: 2 Evaluate the integral  

𝐼 𝑡 =  𝐽0 𝑢 𝐽1 𝑡 − 𝑢 𝑑𝑢
𝑡

0
   (23) 



International Journal of Latest Technology in Engineering, Management & Applied Science (IJLTEMAS) 

Volume IX, Issue VII, July 2020 | ISSN 2278-2540 

 

www.ijltemas.in Page 16 
 

Applying the Sawi transform to both sides of equation (23), 

we have 

𝑆 𝐼(𝑡) = 𝑆   𝐽0(𝑢)𝐽1(𝑡 − 𝑢)𝑑𝑢
𝑡

0
    (24) 

Using convolution theorem of Sawi transform on 

equation (24), we have  

𝑆 𝐼 𝑡  = 𝑣2𝑆{𝐽0 𝑡 }𝑆{𝐽1 𝑡 } 

= 𝑣2 .  
1

𝑣  1 + 𝑣2 
 .  

1

𝑣2
−

1

𝑣2  1 + 𝑣2 
  

=
1

𝑣  1+𝑣2 
−

1

𝑣 1+𝑣2 
    (25) 

Operating inverse Sawi transform on both sides of 

equation (25), we have  

𝐼 𝑡 = 𝑆−1  
1

𝑣  1 + 𝑣2 
 − 𝑆−1  

1

𝑣 1 + 𝑣2 
  

= 𝐽0 𝑡 − 𝑐𝑜𝑠𝑡     (26) 

which is the required exact solution of equation (23). 

Application: 3 Evaluate the integral  

𝐼(𝑡) =  𝐽1(𝑡 − 𝑢)𝑑𝑢
𝑡

0
    (27) 

Applying the Sawi transform to both sides of equation (27), 

we have 

𝑆 𝐼(𝑡) = 𝑆   𝐽1(𝑡 − 𝑢)𝑑𝑢
𝑡

0
    (28) 

Using convolution theorem of Sawi transform on 

equation (28), we have  

𝑆 𝐼 𝑡  = 𝑣2𝑆{1}𝑆{𝐽1 𝑡 } 

= 𝑣2 .  
1

𝑣
 .  

1

𝑣2 −
1

𝑣2  1+𝑣2 
 =

1

𝑣
−

1

𝑣  1+𝑣2 
  (29) 

Operating inverse Sawi transform on both sides of 

equation (29), we have  

𝐼 𝑡 = 𝑆−1  
1

𝑣
 − 𝑆−1  

1

𝑣  1+𝑣2 
 = 1 − 𝐽0 𝑡  (30) 

which is the required exact solution of equation (28). 

VI. CONCLUSIONS 

In this paper, authors successfully determined the Sawi 

transform of Bessel’s functions with application for evaluating 

definite integrals. Results show that Sawi transform provides 

the value of definite integrals, which contains Bessel’s 

functions in the integrand, in a very short time and without 

large calculation work. 

 

 

REFERENCES 

[1]. Aggarwal, S., Chauhan, R., & Sharma, N. (2018). A new 
application of Mahgoub transform for solving linear Volterra 

integral equations. Asian Resonance, 7(2), 46-48. 

[2]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Application of 
Mahgoub transform for solving linear Volterra integral equations 

of first kind. Global Journal of Engineering Science and 

Researches, 5(9), 154-161. 
[3]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). A new 

application of Aboodh transform for solving linear Volterra 

integral equations. Asian Resonance, 7(3), 156-158. 
[4]. Aggarwal, S., Gupta, A. R., & Sharma, S. D. (2019). A new 

application of Shehu transform for handling Volterra integral 

equations of first kind. International Journal of Research in 
Advent Technology, 7(4), 439-445. 

[5]. Aggarwal, S., Chauhan, R., & Sharma, N. (2018). Application of 
Elzaki transform for solving linear Volterra integral equations of 

first kind. International Journal of Research in Advent 

Technology, 6(12), 3687-3692. 
[6]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Application of 

Aboodh transform for solving linear Volterra integral equations of 

first kind. International Journal of Research in Advent 
Technology, 6(12), 3745-3753. 

[7]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Solution of 

linear Volterra integral equations of second kind using Mohand 
transform. International Journal of Research in Advent 

Technology, 6(11), 3098-3102. 

[8]. Aggarwal, S., Chauhan, R., & Sharma, N. (2018). A new 
application of Kamal transform for solving linear Volterra integral 

equations. International Journal of Latest Technology in 

Engineering, Management & Applied Science, 7(4), 138-140. 
[9]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Solution of 

linear Volterra integro-differential equations of second kind using 

Mahgoub transform. International Journal of Latest Technology in 
Engineering, Management & Applied Science, 7(5), 173-176. 

[10]. Aggarwal, S., & Gupta, A. R. (2019). Solution of linear Volterra 

integro-differential equations of second kind using Kamal 
transform. Journal of Emerging Technologies and Innovative 

Research, 6(1), 741-747. 

[11]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Application of 
Aboodh transform for solving linear Volterra integro-differential 

equations of second kind. International Journal of Research in 

Advent Technology, 6(6), 1186-1190. 
[12]. Chauhan, R., & Aggarwal, S. (2018). Solution of linear partial 

integro-differential equations using Mahgoub transform. Periodic 

Research, 7(1), 28-31. 
[13]. Gupta, A. R., Aggarwal, S., & Agrawal, D. (2018). Solution of 

linear partial integro-differential equations using Kamal 

transform. International Journal of Latest Technology in 
Engineering, Management & Applied Science, 7(7), 88-91. 

[14]. Singh, G. P., & Aggarwal, S. (2019). Sawi transform for 

population growth and decay problems. International Journal of 
Latest Technology in Engineering, Management & Applied 

Science, 8(8), 157-162. 

[15]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Solution of 
population growth and decay problems by using Mohand 

transform. International Journal of Research in Advent 

Technology, 6(11), 3277-3282. 
[16]. Aggarwal, S., Gupta, A. R., Asthana, N., & Singh, D. P. (2018). 

Application of Kamal transform for solving population growth and 

decay problems. Global Journal of Engineering Science and 
Researches, 5(9), 254-260. 

[17]. Aggarwal, S., Sharma, S. D., & Gupta, A. R. (2019). Application 

of Shehu transform for handling growth and decay 
problems. Global Journal of Engineering Science and 

Researches, 6(4), 190-198. 
[18]. Aggarwal, S., Singh, D. P., Asthana, N., & Gupta, A. R. (2018). 

Application of Elzaki transform for solving population growth and 



International Journal of Latest Technology in Engineering, Management & Applied Science (IJLTEMAS) 

Volume IX, Issue VII, July 2020 | ISSN 2278-2540 

 

www.ijltemas.in Page 17 
 

decay problems. Journal of Emerging Technologies and 
Innovative Research, 5(9), 281-284. 

[19]. Aggarwal, S., Gupta, A. R., Singh, D. P., Asthana, N., & Kumar, 

N. (2018). Application of Laplace transform for solving 
population growth and decay problems. International Journal of 

Latest Technology in Engineering, Management & Applied 

Science, 7(9), 141-145. 
[20]. Aggarwal, S., Pandey, M., Asthana, N., Singh, D. P., & Kumar, A. 

(2018). Application of Mahgoub transform for solving population 

growth and decay problems. Journal of Computer and 
Mathematical Sciences, 9(10), 1490-1496. 

[21]. Aggarwal, S., Sharma, N., & Chauhan, R. (2020). Duality 

relations of Kamal transform with Laplace, Laplace–Carson, 
Aboodh, Sumudu, Elzaki, Mohand and Sawi transforms. SN 

Applied Sciences, 2(1), 135. 

[22]. Aggarwal, S., & Bhatnagar, K. (2019). Dualities between Laplace 
transform and some useful integral transforms. International 

Journal of Engineering and Advanced Technology, 9(1), 936-941. 

[23]. Chauhan, R., Kumar, N., & Aggarwal, S. (2019). Dualities 
between Laplace-Carson transform and some useful integral 

transforms. International Journal of Innovative Technology and 

Exploring Engineering, 8(12), 1654-1659. 
[24]. Aggarwal, S., & Gupta, A. R. (2019). Dualities between Mohand 

transform and some useful integral transforms. International 

Journal of Recent Technology and Engineering, 8(3), 843-847. 
[25]. Aggarwal, S., & Gupta, A. R. (2019). Dualities between some 

useful integral transforms and Sawi transform. International 

Journal of Recent Technology and Engineering, 8(3), 5978-5982. 
[26]. Aggarwal, S., Bhatnagar, K., & Dua, A. (2019). Dualities between 

Elzaki transform and some useful integral 

transforms. International Journal of Innovative Technology and 
Exploring Engineering, 8(12), 4312-4318. 

[27]. Aggarwal, S., Sharma, N., Chaudhary, R., & Gupta, A. R. (2019). 

A comparative study of Mohand and Kamal transforms. Global 
Journal of Engineering Science and Researches, 6(2), 113-123. 

[28]. Aggarwal, S., Mishra, R., & Chaudhary, A. (2019). A comparative 

study of Mohand and Elzaki transforms. Global Journal of 
Engineering Science and Researches, 6(2), 203-213. 

[29]. Aggarwal, S., & Sharma, S. D. (2019). A comparative study of 

Mohand and Sumudu transforms. Journal of Emerging 
Technologies and Innovative Research, 6(3), 145-153. 

[30]. Aggarwal, S., & Chauhan, R. (2019). A comparative study of 
Mohand and Aboodh transforms. International Journal of 

Research in Advent Technology, 7(1), 520-529. 

[31]. Aggarwal, S., & Chaudhary, R. (2019). A comparative study of 
Mohand and Laplace transforms. Journal of Emerging 

Technologies and Innovative Research, 6(2), 230-240. 

[32]. Aggarwal, S., Gupta, A. R., & Kumar, A. (2019). Elzaki transform 
of error function. Global Journal of Engineering Science and 

Researches, 6(5), 412-422. 

[33]. Aggarwal, S., & Singh, G. P. (2019). Aboodh transform of error 
function. Universal Review, 10(6), 137-150. 

[34]. Aggarwal, S., & GP, S. (2019). Shehu Transform of Error 

Function (Probability Integral). Int J Res Advent Technol, 7, 54-
60. 

[35]. Aggarwal, S., & Sharma, S. D. (2019). Sumudu transform of error 

function. Journal of Applied Science and Computations, 6(6), 
1222-1231. 

[36]. Aggarwal, S., Gupta, A. R., & Kumar, D. (2019). Mohand 

transform of error function. International Journal of Research in 
Advent Technology, 7(5), 224-231. 

[37]. Aggarwal, S., & Singh, G. P. (2019). Kamal transform of error 

function. Journal of Applied Science and Computations, 6(5), 
2223-2235. 

[38]. Aggarwal, S., Gupta, A. R., Sharma, S. D., Chauhan, R., & 

Sharma, N. (2019). Mahgoub transform (Laplace-Carson 
transform) of error function. International Journal of Latest 

Technology in Engineering, Management & Applied Science, 8(4), 

92-98. 

[39]. Aggarwal, S., Singh, A., Kumar, A., & Kumar, N. (2019). 
Application of Laplace transform for solving improper integrals 

whose integrand consisting error function. Journal of Advanced 

Research in Applied Mathematics and Statistics, 4(2), 1-7. 
[40]. Aggarwal, S., Sharma, N., Chauhan, R., Gupta, A. R., & 

Khandelwal, A. (2018). A new application of Mahgoub transform 

for solving linear ordinary differential equations with variable 
coefficients. Journal of Computer and Mathematical 

Sciences, 9(6), 520-525. 

[41]. Aggarwal, S., & Sharma, S. D. (2019). Application of Kamal 
transform for solving Abel’s integral equation. Global Journal of 

Engineering Science and Researches, 6(3), 82-90. 

[42]. Aggarwal, S., & Gupta, A. R. (2019). Sumudu transform for the 
solution of Abel’s integral equation. Journal of Emerging 

Technologies and Innovative Research, 6(4), 423-431. 

[43]. Aggarwal, S., Sharma, S. D., & Gupta, A. R. (2019). A new 
application of Mohand transform for handling Abel’s integral 

equation. Journal of Emerging Technologies and Innovative 

Research, 6(3), 600-608. 
[44]. Aggarwal, S., & Sharma, S. D. (2019). Solution of Abel’s integral 

equation by Aboodh transform method. Journal of Emerging 

Technologies and Innovative Research, 6(4), 317-325. 
[45]. Aggarwal, S., & Gupta, A. R. (2019). Shehu Transform for 

Solving Abel’s Integral Equation. Journal of Emerging 

Technologies and Innovative Research, 6(5), 101-110. 
[46]. Aggarwal, S., Chauhan, R., & Sharma, N. (2018). Mohand 

transform of Bessel’s functions. International Journal of Research 

in Advent Technology, 6(11), 3034-3038. 
[47]. Aggarwal, S., Gupta, A. R., & Agrawal, D. (2018). Aboodh 

transform of Bessel’s functions. Journal of Advanced Research in 

Applied Mathematics and Statistics, 3(3), 1-5. 
[48]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Mahgoub 

transform of Bessel’s functions. International Journal of Latest 

Technology in Engineering, Management & Applied Science, 7(8), 
32-36. 

[49]. Aggarwal, S. (2018). Elzaki transform of Bessel’s 

functions. Global Journal of Engineering Science and 
Researches, 5(8), 45-51. 

[50]. Chaudhary, R., Sharma, S.D., Kumar, N., & Aggarwal, S. (2019). 

Connections between Aboodh transform and some useful integral 
transforms. International Journal of Innovative Technology and 

Exploring Engineering, 9(1), 1465-1470. 
[51]. Aggarwal, S., Chauhan, R., & Sharma, N. (2018). Application of 

Elzaki transform for solving linear Volterra integral equations of 

first kind. International Journal of Research in Advent 
Technology, 6(12), 3687-3692.  

[52]. Aggarwal, S., Sharma, N., & Chauhan, R. (2018). Application of 

Kamal transform for solving linear Volterra integral equations of 
first kind. International Journal of Research in Advent 

Technology, 6(8), 2081-2088. 

[53]. Aggarwal, S., Asthana, N., & Singh, D.P. (2018). Solution of 
population growth and decay problems by using Aboodh 

transform method. International Journal of Research in Advent 

Technology, 6(10), 2706-2710. 
[54]. Aggarwal, S., & Bhatnagar, K. (2019). Sadik transform for 

handling population growth and decay problems. Journal of 

Applied Science and Computations, 6(6), 1212-1221. 
[55]. Aggarwal, S., & Sharma, S.D. (2019). Sadik transform of error 

function (probability integral). Global Journal of Engineering 

Science and Researches, 6(6), 125-135. 
[56]. Aggarwal, S., Gupta, A.R., & Sharma, S.D. (2019).  Application 

of Sadik transform for handling linear Volterra integro-differential 

equations of second kind. Universal Review, 10(7), 177-187.  
[57]. Aggarwal, S., & Bhatnagar, K. (2019). Solution of Abel’s integral 

equation using Sadik transform. Asian Resonance, 8(2), (Part-1), 

57-63. 
[58]. Aggarwal, S. (2019). A comparative study of Mohand and 

Mahgoub transforms. Journal of Advanced Research in Applied 

Mathematics and Statistics, 4(1), 1-7. 



International Journal of Latest Technology in Engineering, Management & Applied Science (IJLTEMAS) 

Volume IX, Issue VII, July 2020 | ISSN 2278-2540 

 

www.ijltemas.in Page 18 
 

[59]. Aggarwal, S. (2018). Kamal transform of Bessel’s functions. 
International Journal of Research and Innovation in Applied 

Science, 3(7), 1-4. 

[60]. Chauhan, R., & Aggarwal, S. (2019). Laplace transform for 
convolution type linear Volterra integral equation of second kind. 

Journal of Advanced Research in Applied Mathematics and 

Statistics, 4(3&4), 1-7. 
[61]. Sharma, N., & Aggarwal, S. (2019). Laplace transform for the 

solution of Abel’s integral equation. Journal of Advanced 

Research in Applied Mathematics and Statistics, 4(3&4), 8-15. 

[62]. Aggarwal, S., & Sharma, N. (2019). Laplace transform for the 
solution of first kind linear Volterra integral equation. Journal of 

Advanced Research in Applied Mathematics and Statistics, 

4(3&4), 16-23. 
[63]. Mishra, R., Aggarwal, S., Chaudhary, L., & Kumar, A. (2020). 

Relationship between Sumudu and some efficient integral 

transforms. International Journal of Innovative Technology and 
Exploring Engineering, 9(3), 153-159. 

[64]. Mahgoub, M.M.A. (2019). The new integral transform ''Sawi 

Transform''. Advances in Theoretical and Applied Mathematics, 
14(1), 81-87. 

 

 

 

 

 


