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Abstract: In this study, we introduce a novel approach to the solution of a nonlinear Volterra -Fredholm integral equations by
applying the Adomian decomposition method under the effect of the Abaoub- Shkheam transform. We demonstrate the existence
and uniqueness of the solution in Banach space and illustrate this idea with an example.
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l. Introduction

We examine a Volterra Fredholm integral equations of second Kkind that is nonlinear, given by

x b
ulx) = f(x) +/1f kq (x, t)Fl(u(t))dt +/1] k, (x, t)Fz(u(t))dt, €Y)

where u(x) is the unknown function that will be determined, k;(x,t),i = 1,2, and the function f(x) are given real-valued
functions. The functions F; () are given nonlinear functions of u, A is the parameter, a and b are constants.

In 2020, Abaoub and Shkheam introduced a novel integral transform known as the Abaoub Shkheam transform [14], which they
utilized to address linear Volterra integral equations [15]. The following year, Shkheam and collaborators used the Abaoub
Shkheam trans form to solve the Linear Volterra Integro-Differential Equation of the First Kind [16]. In 2022, Asmaa Mubayrash
applied this transform to solve partial differential equations [19], and in 2022 Asma Mubayrash and her colleagues using this
transform for Solving Partial Differential Equations [17]. Building on this work, in 2023, Suad Zali employed the transform to
tackle linear partial integro-differential equations [20], while Nagah Elbhilil and colleagues used it to solve Volterra Integral and
Volterra Integro-Differential Equations [18].

The Adomian Decomposition Method (ADM) is a brand-new, extremely powerful method that Adomian [2],[21] first presented
in the early 1980s for solving a wide range of equations, including integral, differential, partial differential, and linear and non-
linear algebraic equations [22]-[31]. The solution series has shown to rapidly converge using this strategy. The non-linear term is
broken down into a set of specialized polynomials known as Adomian’s polynomials in order for it to function. Our main goal in
this paper is to solve non-linear Volterra Fredholm integral equations by using the Combined Aboub Shkheam Transform-
Adomian Decomposition Method.

The Abaoub Shkheam Decomposition Method

The nonlinear Volterra-Fredholm integral equation with difference kernels is expressed as follows:

x b
ulx) = f(x) + lf ki (x — t)Fl(u(t))dt + Af ky(x — t)Fz(u(t))dt, 2

Abaoub Shkheam transform method can solves the nonlinear Volterra-Fredholm integro differential equation (2). We utilize the
Abaoub Shkheam transform on bothe sides of (2) we get

x b
QLu()] = QI ()] + 2 [ [ - t)Fl(u(t))dt] +20 [ [ e-on@@)| @
using convolution theorem of the Q-Transform in (3), we obtain

Qu()] = QIf ()] + WwQlk; (M1Q[F (u())] + WLk, ()1Q[F, (u(x))] €))

The Adomian decomposition method, along with Adomian polynomials, can be employed to tackle equation (4) and address the
nonlinear term F; (w(t)),i = 1,2. Initially, we represent the linear term wu(x) on the left side as an infinite series of components,
given by:
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(oo}

ulx) = Z u, (x) 5)

n=0

where the components u,, (x), n > 0 will be determined recursively. However, the nonlinear terms F; (u(t)) and F, (u(t)) on the

right side of equation (4) will be expressed as infinite series involving Adomian polynomials A,,(t) and B, (t), respectively, in the
following form:

R = Y 4,0,  B@= Y B, ©)
n=0 n=0
where 4,, and B, n = 0 are defined by

oS - wo-2fah G

where the Adomian polynomials A,, can be computed for various forms of nonlinearity. Specifically, for a given nonlinear
function F; (u(t)), the Adomian polynomials are defined as follows:

Ay = Fi(uo)
Ay = uyFy' (ug)

! 1 n
Ay = upFy (u) +§ ufF," (o)
1 nr
Ay = uzFy (u) + uguy By (ug) + u1F1 (uo)

’ 1 1 1
Ay =usFy (o) + <2|u2 + u1u3)F1 (ug) + u1u2F1 "(ug) _|_ — ulpl(w)(u ).

Similarly, We can evaluated the Adomian polynomials B,, of the nonlinear function F, (u(x)) as following
By = F;(uo)
By = w;, ' (up)

! 1 n
B, = u,Fy (uo) +§ U%Fz (uo)
! n 1 3 nr
B; = uzF, (up) + uu, Fy " (ug) +§ uiFy " (uo)

1 1 nr 1
B4 = u4_F2 (uo) + ( u2 + u1u3)F2 (uo) + — uluze (uO) + E ulFZ(lV)(u )

2!
Substituting equation (5) and equation (6) into equation (4) leads to:

ZA ®

The recursive relation is presented by using the Adomian decomposition method

Qlo ()] = QI (o)
> 4,0 > Bn(wl @
n=0 n=0

Quns1 ()] = WwQ[k; (x)]Q
When the first part of equation (7) is applied with the inverse Abaoub-Shkheam transform, u,(x) is obtained. Determine u,(x)
and u,(x) vyields A;(x)and B;(x) is used to evaluate u,(x) and so on. This leads to the complete determination of the
components of u, (x),n > 0 upon applying the second part of Eq. (7). The series solution follows immediately after applying Eq.
(5). The obtained series solution may converge to an exact solution, if such a solution exists.

[Z U, (x)l QLf )] + AwQlk,(x)]Q

+ wQ[k,()]Q [Z B.(0)|

+ wQ[k, (0)]Q
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Existence and Uniqueness Analysis of Solutions

We shall introduce and prove the results regarding the existence and uniqueness of solution to Equation (2). In order to prove
these results, we first present the suitable hypotheses.

(Hy) F;(u) € C™inaneighborhood of u, and for any n (the derivatives of F;(u) at u are bounded in norm);
5wl < M, j=12
(H,) There exists a constant M < 1 such that, for any w; in Banach space C([a, b] Il. II).
lu;l =M,i=1.2,..

(H3) We suppose that foralla <t < x < b the kernels k;(x —t),j = 1,2 are satisfies the conditions:

{fx|k,-(x - t)|2dt}2 <.

(H,) The functions F; (), satisfying the Lipschitz condition:
||F}-(u) —F}-(v)” < Lillu=vll, L; >0,j =1,2.
Theorem 3.1 [ 32]

Under the previous hypotheses (H,)and (H), the series X% A,, is absolutely convergent and, furthermore

2
14,1l < <exp <n ’§n>> M'M™,
Theorem 3.2 (Existence and Uniqueness)

Suppose that (H,), (H;), (H3),and (H,) hold. If 0 < a, < 1, where
a= |/1|(C1M1 + CzMz),

where M’ is the minimal of M;.

and

B = 1AI(C,Ly + C,Ly).
Then there exists a unique solution u(x) € € ([a, b}, . ) to Eq.(2).
Proof:

By using the Adomian decomposition method, we get

[oe]

>unw =@+ [kl(x— 0 4,0
a n=0

n=0

( U()=f(x)

dt.

dt + ij [kz(x — t)i B, (t)
a n=0

b
{un () = xf ey (x — )4, (O)dt + Af ey (x — OB, ()dt,n > 1 ®

\

taking the norm of equation (8), yields

llu, Il < 121 + 141

X b
[ G- na,,@a [ ot 08, @t

2
)

l b
x 2
<1 { [ |k1(x—t>An_1(t>|2dt} 1 { [ |kz(x—t)Bn_1(t>|2dt}

utilizing the Cauchy- Schwarz inequality, we get

1

x % b 2
e GO sm{f |k1(x—t>|2dt} {f |An_1(t>|2dt}

a
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1

b % b 3
+|A|{f |k2(x—t)|2dt} {f |Bn_1(t)|2dt}

1

x % b 2
=|z|{ f |k1(x—t)|2dt} ||An_1(t>||+m|{ f |k2(x—t)|2dt} 1B, (Olln=1.

Now by using hypotheses (H,), (H,), (H3) and the theorem (3.1), we get

I, GOl < 121Cy (exp (n ’;(n - 1))) M, M™ 1 + |A|C, | exp (n E(n - 1)> M,M"1
2
=aM" lexp <1t ’g(n - 1))

Since 0 < a < 1, then

1

M<a77—r—
A CiM; + C,M,

9
Under the aforementioned condition (9), the bound ensures that the infinite series Y.o_, u,, (x)converges uniformly. Consequently,
the function u(x)can be expressed as:

[oe]

u(x) = Zun(x).

n=0

Since each u,, (x) is continuous, u(x) inherits this property, demonstrating that u(x) is continuous and convergent. This confirms
the existence of a solution to Equation (2).

Now, we shall prove the uniqueness solution, suppose that Eq. (2) has two solutions u(x), and v(x). Applying the norm on both
sides of Eq.(2), we obtain

b
lu) — vl < 121 + 14 jkz(x — O[F(w®) — F,(v(®)]dt

[ = 018 ) - B el

x % b %
SIAIU Ikl(x—t)[Fl(u)—Fl(v)]Izdt} +I/1I{j |kz(x_t)[Fz(u)_Fz(U)“zdt}-

By Cauchy-Schwarz inequality and Using hypotheses (H,), (H3) and (H,), we have

x % b %
() — w00l sm{f Ikl(x—t)lzdt} {f |F1(u)—F1(v)|2dt}

b b %
+I/1I{f Ikz(x—t)lzdt} {f IFz(u)—Fz(v)lzdt}

< CGHIF @) = FLM)II + 12CGIIF, @) — FW)II.
We apply the Lipschitz condition
lu@x) = vl < IA[CLy + CoL,] llu(x) — vl < Bllulx) —v@)|l,

SIS

hence

(8= DlluC) — vl = 0.
Since 0 < B < 1 this implies that u(x) = v(x). O
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Theorem 3.3 (Convergence).

Assume that (H3), and (H,), then the series solution (5) of the equation (2) converges to the exact solution provided ||u, ()| <
o,and 0< B < 1.

Proof

Let (C[a,b],|l. 1) denote the Banach space of all continuous real-valued functions defined on [a, b]. Consider the sequence of
partial sums S,, defined by:
= ww
i=0

which represents the partial sums of the series solution (5).Since

(Zu@) ZA@) F(Zu@) ZB@

14

So,
n n
ARG =Y 40, RS)= ) B (10)
i=0 i=0
Let S,, and S,,,be arbitrary partial sums with n > m, then

[ jkl(x DA, () dt +Aj ky(x — t)B,_ 1(t)dt]

i=m+1

= AJxkl(x—t)nZ_fAi(t)dt+/1jbk2(x—t)riBi(t) dt

from (10), we have

N =

IS, = Sl < 14l {f”ﬁ(x —O[F(Sp-1) — F1(Sm—1)]|2dt}

1

b z
+lAl {j ey (x — O[F,(Sp-1) — Fz(sm—1)]|2dt}

x % b %
suqumvﬁwm}{fmwma—a@mmm4
1

b (b 2
+I/1IU Ikz(x—t)lzdt} {f IFZ(Sn—l)_FZ(Sm—l)IZdt}

< [IAIECLLy + CoLo )] 1Spo1 = Syl
= BlISp-1 = Small - an
Let n=m+1,then
ISm+1 = Smll < BlISm = Sall < B2MISmy = Szl < -+ < ™ISy — Sl
and since
1S, = Sl < WSm1 = Sl + ISms2 = Smgall + -+ + 1S, = Spall
1—pnm

<MLL B+t S - Soll S 7 (o

Yl (12)

Since 0< B < 1, then
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m

IS, = Sl < Il I - (13)

1-p
But |lu, || < o, s0, as m — oo, then
IS, =Sl - 0.

We conclude that {S,,} is a Cauchy sequence in Banach space, the convergence of the sequence is equivalent to the convergence
of the series. O

4. Applications:

An examination of the following example demonstrates the Abaoub Shkheam decomposition method for solving the nonlinear
Volterra Fredholm equations.
Example. Consider the NVFIE, the nonlinear Volterra-Fredholm integro differential equation of the second kind

X 1

u(x) = e* —e?* —x e3* +f e3xDy3(t) dt + f e2(=0y2(t) dt, (14)
0
Taking the Q-ttransform of both sides of the equation (14) gives

2

v v uv S
Qlu(x)] = 1—uv 1-2uv (3uv_1)2+Q[e3 sud ()] + Qe *u?(x)]
v 4 uv?
T1-uv 1-2uv (3uv—1)2 Q[u3(x)]
uv
Ty (@I (15)

Utilized the Adomian decomposition method to both sides of the equation (15), gives:

ZA )

[oe]

Z o = v v uv? uv
WO =TT T T 20y G102 T 1= 3w

n=0

Q

IZ B, ().

The Adomian decomposition method presents the recursive relation:

v uv?

v
1—uv 1-2uww QBuw-1)2

ZA |+ ZB (x)l n>0, (16)

where A, (x) and B, (x) are the Adomian polynomials for the nonlinear term u3(x), and u?(x), respectively. The Adomian
polynomials for F, (u(x)) = u3(x) and F, (u(x)) = u?(x) are given by:

Qlue ()] =

Qluns1 ()} =

Ay = F(up) = u3,

Ay = uF'(up) = 3ufu,

1
AZ - u2F (uo) + _ulF”(uo) - 3u0u2 + 3u0u1,

By = F(uy) = uj,

By = uiF'(uo) = 2uouy,

1
Bz - u2F (uo) + _ulF”(uo) - Zuouz + ul,

Substituting in Eq.(16), we obtain

Uy = eX — e2X _ xp3%

Qur (0} = 77— QA (] + 5 QB ()],
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w() = @ {T5—0luwl + 75— 03}
100 = 07 {250 (e* — €% = xe¥)] + T—=—Ql(e” — ¢ — xe¥)’]}

6X 4x 3 2
u; (x) = xe3*(1 — 3xe*™) + ET (?x —5x2% — ﬁ) +e—(x——x—+E —l).

81 3 6 2 9 9

that converges to the exact solution

u(x) = e*.
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