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Abstract: In this paper, we explore the uniform approximation of functions using Generalized Favard- Szasz-Mirakyan -
Durrmeyer operators of the max-product type with specific exponential weighted spaces. We analyze the approximation rate with
an appropriate continuity modulus.
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|. Introduction

Let f be a function defined on [0, «). The Favard- Szasz-Mirakyan operators S,, applied to f are given by
k
S.(f,x) =e (”")z (n) ( ) ¢))

The approximation properties of Favard- Szasz-Mirakyan operator have been studied by many authors; a few examples
[2],[6],[13] and [14].

x € [0,00) ve n € N The Durrmeyer-type modification, as defined by Mazhar and Totik [12], is given by,
k [e9]
Su(fx) = eI T EL £ Eyn [P, (Of (D,

k
where P, () = e_("")% and f € C[0, ).

The linear structure is not always preserved or sufficient in approximation operators. Furthermore, standard algebraic operations
such as addition and subtraction may be inadequate. To address these issues, maximum-product type approximation operators
were introduced, utilizing the maximum algebraic operation. These operators are nonlinear and positive, thereby expanding the
range of tools available in approximation theory. There is extensive research in this field [1-5],[8-11].

The max-product type Favard-Szasz-Mirakyan operator is defined as follows:

o, @ Ky

FOO(f, %) = neN (2

k )

where x € [0,0) and f:[0,) — R, is considered bounded on [0, ) (Bede et al. [4])

Many moadifications of the max-product type Favard-Szasz-Mirakyan operator have been studied. The Durrmeyer generalization
of these operators has been investigated in [3] and [4] for continuous and bounded functions defined on the interval [0,1] and a
different generalization has also been explored in [5].

In this paper, we demonstrate that the operators F, can be utilized for uniform approximation with the weight v = e*®®), where

¢ (x) = V/x. We also examine the rate of convergence of these operators. determine the rate of convergence of these operators to
the identity operator.

Any sequence of positive linear operators can be used for the uniform approximation of functions across a wide range of weights
defined by v = e*®™®), which are associated with certain operators ( [7] and [8]).

Let ¢: I — ] be a function defined over a non-compact interval I € R. This function ¢ is continuous and strictly monotonic. The
interval J € R corresponds precisely to ¢ (I). For « = 0, we denote the space of continuous functions as follows:

If (D

e®® ()

Cap =1{f € C(I), there exists M > 0 such that ( ) for every x € I}.

This space can be endowed with the norm
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IF (DI
Ifl = subxer Sapm PZIeok

The modulus of continuity w, ¢ (f;-) is given for every f € C, yand § = 0 as follows

If () = f(®)]
60 g0 1<s max(e®®®, a9 ()

We (f;x) =sup

where the supremum is taken for all x € [ and t € I such that

d(6) € (@) —6,¢(8) +6) N p(D).
For @ = 0 and ¢(x) = x, we get the usual modulus of continuity w(f; §), (see, [8]).
I1. Auxiliary Results

In this section, we define generalized Favard-Szasz-Mirakyan-Durrmeyer operators and present some supplementary results to
investigate the approximation properties of these operators.

Definition 1 f : [0,00) - R, an integrable function and x € [0, =).

Vi B R0 £ (£) e
Vi o(nX) n )" Po(t) dt

DI (f,x) =

,NEN

the operator is referred to as max-product type Favard-Szasz-Mirakyan -Durrmeyer operator, where P,, ;. (t) =
e Mt —— (nt) , (see [11]).

Definition2 f: [0,00) - R, an integrable function and x € [0, =),

o (b
NM “\/bz. _ no( w)” nf Pnk(t)e b"dt cN
A A (b )" &
n=0 Tlf Pnk(t)dt

the operator defined by the above equality is referred to as the generallzed max-product type Favard-Széasz-Mirakyan-Durrmeyer
-(nx) M

Operators, where P, ,(t) = e "

Lemma 1 For @ = 0 and (b,,) being a positive, increasing, and unbounded real sequence, we consider the following intervals for
n € N.

WkF1-Vk)
k=1

1o = [0,¢”T0)) and 1, = ke GOFFD gy )

The intervals are non-empty, disjoint, and collectively they span the positive half line.

Indeed I, = (k + 1)e ( )(W vo ke—(\%)(ﬁ—\/ﬁ) >0

Lemma 2 If Vb,x € I; then,

X . . 7
o G, Jy e @ o ea\/%dt = On ) 2 p=(u) @D ea\/%dt.
k! J! 0 Jj!

n=0 k!

Proof Let us denote a, = Vi (b"x) f Pnk(t)e bndt.

We get
a
—(-2)(vVrFT-vE)
0<ag <a enxel0,(k+1e <\/bn>

>k=0,
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[oe]

0 1
0< bnxf nte—® ea Edt < f e~ 4t
0 0

1
0< ban(Z)ea\/% <T(1)

0<a4,<a3

Os(b"x)4 ? (nt)* ot “\th<(b x)3 (nt)3
4 ), 4

_bux
xe” f (nt)*e~"tdt < e J:nf (nt)’e~"tdt

, 3
bndt

bxe\/an

0<— rG)<e \/:nl“(4)

0<hx< 4e_‘/_bn(ﬁ43)

b,x € [0,(k + e (i o ﬁ>,

as opposed to b,x € I° =

a

b,x<e Vbn

b xneVPnT(2) < nl'(2) = nT'(1)

[oe]

& ro
bnxne*/b_"j ue *du < nj e “du
0 0

[ee]

& roo
bnxnemf te‘"tdtsf e "dt
0 0
a; < ag

b,xe€l, =

a
- = |(V(k+1)—Vk)
b,x < (k+1e <\/bn>

L a\/F
e Vb, <e v bn

b, x
k+1

v+l vk
b k+1 yrTo b k N
%nea VPr Tk +2) < (bn) neaml“(k +1)

k < k k+1 k k
O G L () L GO

Jb—ndt
G+ ] Gern® =T h k!
0
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Ap 1 < Ay

Lemma 3 For a = 0 and (b,,) being a positive, increasing, and unbounded real sequence, n € N we have,
k a?
NM (ea\/%; x) < e®xghy,
Proof For Vb, x € I; and from lemma 2,

k k a |
13 il (by ) nfw("t) e~(t) bt
NM ea bn:y | = 0kl 0 k!
" ’ w (BpX)* o (m)*
meo Ty et dt

J o J J
GEaI e_(nt)@#ea@dt

w (bpx)k oo (nt)*
T My

e~mt) gt

Let m = |b, x|, from lemma 2, for « = 0 we have

[oe] [oe]

\/ =\t

n=0 n=0

and

[oe]

“ 1 (b, x)* nt)* “ 1 (b, x)™ oontm
T 0 0
! J ! v,ooml S ml

n=0

J o J J
5 (b".fc) ) (n.t,) e~ bt
_a&NM a\/b__n- _ J: 0 ]:
e nlé X | = - (bnx)m m(nt)m )
Viso—r—n [ e D dt

_ 71! (b,x)7 Y JbT_'n_m 'r(j + Dm!
JU(bpx)™ JjiT(m+1)

a -
= im0
J!
m! . = —(j=bpX)
=— (b,,x) "M eVPn(Ji+/®nx)
!

e € [je{ﬁ_n)(ﬁ_m' G+ 1)€_<\/%_n>(‘/j+—1_\/7)>
and

m<bx<(+ 1)6—(\/7—11)(%—@ <(G+1),

we havem < (j + 1).

Using the inequality 1 — e™ < x we get,

j—bux<j —je_<\/%_n)(ﬁ_\/m Sj(\jz—) Wi-vi-1)

a j—j+1

:"(Tb—n)ms“ i
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k jem = <(j—bpx)

j—m a? a2
< (bn_x) ebn(Vi+VU-D) < egbn,

— \m+1

2

L3 a‘
Remark 1 We have N [ max <ea\[;,e“‘/’7; x)) < e®*ebn for vx > 0 and a > b,,. Indeed

k k
NM | max <ea\[%,e“‘/’?; x)) =max | NM (ea\[%; x),N,’f’(e“‘/E; x)

2

a [ <
from Lemma 3 and N (e Von; x | < e*V¥ebn,

k a? a?
« [ a at
NY (max (e bn,e“‘/";x>) = max (e“‘/’?ebn,e“‘/’?> = e®VXgby

Remark 2 For V¥ (x) = vx, for every Vf € Cy o for thisreason Nj! € Cy
INM(f; 201 < N¥(fL; %)

< NY(llflle®V; x)

= [IFINY (e x)

a2
< ||f||e“‘/7ebn.

Lemma 4 For all x = 0 and n € N, the following inequality holds:

bk k _
Vi e DBy [~ (0 B~ )it -1

k k
Ve O%n ;o%e -(nt)q¢

Proof m = |b,x] and

o (bp)k oo mk w ()™ oo (mt)™ _
oo o e "9 dt = e *0 dt.

Ifm=0then 0= |b,x] <1 andk < b, x because itisk =0,

Vliosbnx nfom e~ (V bpx — O)dt

n fom e~ dt

=max./b,x < 1.

Ifm=1then1=|b,x| <2andk < b,x because itisk = 0,1,

Vipx (bp)n [ nte="0 (\/b,x — 1)dt
Voo (bpx)n fow nte—m) dt

:max(\/f— 1)<1

K oo (np)k .
Ifm > 2thenrn, = () nJ %e‘(’") (Vbnx — \/k) andifk =0

k! 0
o v bpx

Vio(bpx) m f, nte=0 dt (br;:lc')m nf® (7;;)'"‘ o-(n0) gt
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m!{b,x 1 2

T ()™ Jbxbax

m o,
b,x~

It remains to evaluate the maximum of r,, for k > 1

bax)¥ [ (nt)
rkz( T;;) n (nk!) e~ ({/byx — Vk)

0

0k bpx-k (bpx)k bpx—k
k! Jbpx+Vk = k! bpx+1’
(D) bpx—k

Let us denote ¢, = @ Jhar , We get
. n

<1 byx(byx — k) < k(/byx+1)

€k bpx byx—k
Cr-1 k /b,x+1
(byx — k)? < k = b,x < k + Vk for every integer k < b, x we get r;, < r by taking

k=23...,c; < c; © byx € [2,2 +/2), and 50 on. Let us denote

je=lk+Vkk+1+vVk+1),vk=123..

We deduce that if b,,x € j, then ¢, < ¢,_,1} for Yk = 1 we obtain

(byx)
Veksbyx Tk Vek<b,x Ck r]l'! bpx —k
m " m S nm S m
(mﬁ)nfw@q o) gt (%@ (mp Jbax +1
m. 0 m. m. m.

byx—k _j+1+J+1-j

Vbnx +1 i+Vj+1

LItV

Lemma 5 For Vx = 0 and a = 0, n€N, there exists a b,, = a? such that the following inequality holds:

K k I3
Vi Ly oo (10) e‘("”e“J;(\/F — /bx)dt 2a.
: <

k! 0 f . e®Vx gVby
w (bp)k o (m)* _ -
Voo~ nf, e o) g¢
Proof We have,
o (p0)* ook _ o Bp)™ oo () _
T Nl "0 dt = w0y e "0 dt

and m = |b,x]| form = 0,

k k 2
Vi 2 [ B -0 e\ (VE = Bt
avx . .

- ok
e K o [
oo B [ B o0
k k K _
Vi, @ o O ) () g
< ! !

n [ e~ de
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2 (VE—/Dpx
Vk>1 (by X) nf” (n]f!)ke—(nt) e\/ﬁ( ‘ ‘/b_)(\/ﬁ)dt

n [ e~ de

avk
=
2a
< eVbn,
aVk
evbnyx
Form >1and k > 2 we have d;, = m <max(d,,d,) <,

k . k L2
—avx Vlio>bnx (brllc)f) f (Tlt) _(nt) e“ b"( Vk — vV bnx)dt
e

0
w (by x) f°° (nt)k e-(t) dt

n=0 [l 0
(b,,x)* oo(nt) P o AL \/bn_x) k — b,x
_Vk>bnx 7(! nfo ] " \/_ Vi + /—b g
B w (BpX)k oo (mt)* _
n=0 7(') nJ, k) e"0 dt
k—bpx
(b X)k oo(Tlt) _( t) \/"_'_ bn )k — b X
Vicsbyx 7]1(! nfo k! ¢ Vb g Vk + /b x
= CONTICOL
Il LS
k —b,x k b,x
\/_+w/b x 2/by,
V (b x) foo (nt)ke—(nt) (I; 2nx>k bn‘x dt
3 k>bpx =[] 0 k! zm
< T
(brrlr):') nf, (n) me‘("f) dt
(CREIL ’;ﬁk bnx
< Vidbnx 5 n 2bnx
—_ (bnx)m 1

m!

(bpx)k Zm) k—bpx _ (bnx)f (Zm) j=bnx

Vk>bnx k! bpx ! 2/bpx
and for b, x € [je ( )(\/— (] + 1e ( n>(m_ﬁ)> we have
afi
by . bn -
(b, f)’ (é\/ﬂ J=bux . \/%—n ;/—f . aJ
i STSAREE S
n

i \2 j}_e—(ﬁ_n)(ﬁ—m /

PRI« e
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=j<1 - e_<\/%_n>(ﬁ_\/j__l)> s(fb—n) i-vi-1)

/mL = m - \
A »(

a 1
a em<(\/;+\/]_1)

<e

\__

IA
®
G

Lemma 6 For Vx,a > 0, n € N and b,, > a* we have

Proof We have

where

from lemma 5,

k
NY (max (ea\/%, e“‘/’?>

2a
k Iz
- . < —— VX Vbn i
b VX|,X)_\/—6 e

1
bn
k
jb_:_&

k o X
Vicsbyx (bk)f) fooo (nt) e~ e ‘/b_n <\/bz_ﬁ> dt

w (0t e ()"
n=0 [l 0 k!

%
NY (max (e“\/b:n, e“‘/’?>

) X) = max(An: Bn)

A, =

e~m0) gt

w (nt)k e
1 Vidbx (bk),c) nJf (nkt!) e‘("f)ea\/b_n (Vk — /b,x)dt

0

K o (ni)k
Vbn o0 (b’k’,‘) nJ ("kt,) e~ dt

n=0 0

2a

eax/fe bn

n

- b, x o (nt)k _ k
Vi & k') nly (k!) e (ﬁ_\/b:n)dt

e Vi=o (b,;:!c)" fooo (nkt!)k e~ dt
1 Ve % [ @O om0 (/b — VR )
RE oy Ly, o % oo g
< \/%_n e®Vx

Approximation in Weighted Space with Generalized Max-Product Type Favard-Szasz-Mirakyan-Durrmeyer Operators
Theorem 1 For ¥(x) = Vx and Vf € Cy
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22 2a

INY (5 ) = fllge < (eE + eﬁ) Wy o (f\/%_n) vn €N, b, > a?.
Proof N} (1;x) = 1 we get,
INZ' (f; ) = fI < INJ'(F(8); %) — fGONR' (15 x)1

= [NM(F(©); %) — NM(f (x); %)l
< [NM(F(®) - F0)); %)

S NYAfF@) = O x)

1+|\f Vx|

and [f (1) = fF(0)] < weo(f,6,) < (——)ww(f, §,) according to this

/ « [ / \/bEn_\/;
o S

< NM| max [ 1+

I3 1 L3 ’ k
< erlw (max (ea\[;: ea&> ) x) wll’,a(f; 511) + 5_N1{|Ll max (e“\/:n’ eaﬁ) b_ - \/E 3 X w‘{—',a(f; 6n)
n n

using remark 1 and lemma 6 also taking the value &,, = (J%) we obtain

N
(Zz 2a 1
D)
Vbr
a 1
e VX |NM(f;x) — f| = (ebn +e*/bn>wq,a<f, )

which proves the theorem.
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